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Preface 


The last treatise on the theory of determinants, by T. Muir, revised and 
enlarged by W.H. Metzler, was published by Dover Publications Inc. in 
1960. It is an unabridged and corrected republication of the edition origi- 
nally published by Longman, Green and Co. in 1933 and contains a preface 
by Metzler dated 1928. The Table of Contents of this treatise is given in 
Appendix 13. 

A small number of other books devoted entirely to determinants have 
been published in English, but they contain little if anything of importance 
that was not known to Muir and Metzler. A few have appeared in German 
and Japanese. In contrast, the shelves of every mathematics library groan 
under the weight of books on linear algebra, some of which contain short 
chapters on determinants but usually only on those aspects of the subject 
which are applicable to the chapters on matrices. There appears to be tacit 
agreement among authorities on linear algebra that determinant theory is 
important only as a branch of matrix theory. In sections devoted entirely 
to the establishment of a determinantal relation, many authors define a 
determinant by first defining a matrix M and then adding the words: “Let 
det M be the determinant of the matrix M” as though determinants have 
no separate existence. This belief has no basis in history. The origins of 
determinants can be traced back to Leibniz (1646-1716) and their prop- 
erties were developed by Vandermonde (1735-1796), Laplace (1749-1827), 
Cauchy (1789-1857) and Jacobi (1804-1851) whereas matrices were not in- 
troduced until the year of Cauchy’s death, by Cayley (1821-1895). In this 
book, most determinants are defined directly. 
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It may well be perfectly legitimate to regard determinant theory as a 
branch of matrix theory, but it is such a large branch and has such large 
and independent roots, like a branch of a banyan tree, that it is capable 
of leading an independent life. Chemistry is a branch of physics, but it 
is sufficiently extensive and profound to deserve its traditional role as an 
independent subject. Similarly, the theory of determinants is sufficiently 
extensive and profound to justify independent study and an independent 
book. 

This book contains a number of features which cannot be found in any 
other book. Prominent among these are the extensive applications of scaled 
cofactors and column vectors and the inclusion of a large number of rela- 
tions containing derivatives. Older books give their readers the impression 
that the theory of determinants is almost entirely algebraic in nature. If 
the elements in an arbitrary determinant A are functions of a continuous 
variable x, then A possesses a derivative with respect to x. The formula for 
this derivative has been known for generations, but its application to the 
solution of nonlinear differential equations is a recent development. 

The first five chapters are purely mathematical in nature and contain old 
and new proofs of several old theorems together with a number of theorems, 
identities, and conjectures which have not hitherto been published. Some 
theorems, both old and new, have been given two independent proofs on 
the assumption that the reader will find the methods as interesting and 
important as the results. 

Chapter 6 is devoted to the applications of determinants in mathemat- 
ical physics and is a unique feature in a book for the simple reason that 
these applications were almost unknown before 1970, only slowly became 
known during the following few years, and did not become widely known 
until about 1980. They naturally first appeared in journals on mathemat- 
ical physics of which the most outstanding from the determinantal point 
of view is the Journal of the Physical Society of Japan. A rapid scan of 
Section 15A15 in the Index of Mathematical Reviews will reveal that most 
pure mathematicians appear to be unaware of or uninterested in the out- 
standing contributions to the theory and application of determinants made 
in the course of research into problems in mathematical physics. These usu- 
ally appear in Section 35Q of the Index. Pure mathematicians are strongly 
recommended to make themselves acquainted with these applications, for 
they will undoubtedly gain inspiration from them. They will find plenty 
of scope for purely analytical research and may well be able to refine the 
techniques employed by mathematical physicists, prove a number of con- 
jectures, and advance the subject still further. Further comments on these 
applications can be found in the introduction to Chapter 6. 

There appears to be no general agreement on notation among writers on 
determinants. We use the notion Ay, = |aij|n and Bp = |bij|n, where i and 
j are row and column parameters, respectively. The suffix n denotes the 
order of the determinant and is usually reserved for that purpose. Rejecter 
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minors of A, are denoted by OE etc., retainer minors are denoted by 


N,;, etc., simple cofactors are denoted by ag etc., and scaled cofactors 
are denoted by A¥, etc. The n may be omitted from any passage if all the 
determinants which appear in it have the same order. The letter D, some- 
times with a suffix zx, t, etc., is reserved for use as a differential operator. 
The letters h, i, 7, k, m, p, q, r, and s are usually used as integer param- 
eters. The letter / is not used in order to avoid confusion with the unit 
integer. Complex numbers appear in some sections and pose the problem 
of conflicting priorities. The notation w? = —1 has been adopted since the 
letters 2 and 7 are indispensable as row and column parameters, respec- 
tively, in passages where a large number of such parameters are required. 
Matrices are seldom required, but where they are indispensable, they ap- 
pear in boldface symbols such as A and B with the simple convention 
A = det A, B = det B, etc. The boldface symbols R and C, with suffixes, 
are reserved for use as row and column vectors, respectively. Determinants, 
their elements, their rejecter and retainer minors, their simple and scaled 
cofactors, their row and column vectors, and their derivatives have all been 
expressed in a notation which we believe is simple and clear and we wish 
to see this notation adopted universally. 

The Appendix consists mainly of nondeterminantal relations which have 
been removed from the main text to allow the analysis to proceed without 
interruption. 

The Bibliography contains references not only to all the authors men- 
tioned in the text but also to many other contributors to the theory of 
determinants and related subjects. The authors have been arranged in al- 
phabetical order and reference to Mathematical Reviews, Zentralblatt fir 
Mathematik, and Physics Abstracts have been included to enable the reader 
who has no easy access to journals and books to obtain more details of their 
contents than is suggested by their brief titles. 

The true title of this book is The Analytic Theory of Determinants with 
Applications to the Solutions of Certain Nonlinear Equations of Mathe- 
matical Physics, which satisfies the requirements of accuracy but lacks the 
virtue of brevity. Chapter 1 begins with a brief note on Grassmann algebra 
and then proceeds to define a determinant by means of a Grassmann iden- 
tity. Later, the Laplace expansion and a few other relations are established 
by Grassmann methods. However, for those readers who find this form of 
algebra too abstract for their tastes or training, classical proofs are also 
given. Most of the contents of this book can be described as complicated 
applications of classical algebra and differentiation. 

In a book containing so many symbols, misprints are inevitable, but we 
hope they are obvious and will not obstruct our readers’ progress for long. 
All reports of errors will be warmly appreciated. 

We are indebted to our colleague, Dr. Barry Martin, for general advice 
on computers and for invaluable assistance in algebraic computing with the 


viii Preface 


Maple system on a Macintosh computer, especially in the expansion and 
factorization of determinants. We are also indebted by Lynn Burton for 
the most excellent construction and typing of a complicated manuscript in 
Microsoft Word programming language Formula on a Macintosh computer 
in camera-ready form. 


Birmingham, U.K. P.R. VEIN 
P. DALE 
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Determinants, First Minors, and 
Cofactors 


1.1 Grassmann Exterior Algebra 


Let V be a finite-dimensional vector space over a field F. Then, it is known 
that for each non-negative integer m, it is possible to construct a vector 
space A”V. In particular, ASV = F, AV = V, and for m > 2, each vector 
in AV is a linear combination, with coefficients in F’, of the products of 
m vectors from V. 

Ifx; € V,1 <i <™m, weshall denote their vector product by x; x2q---X. 
Each such vector product satisfies the following identities: 


Te 1 (OX UY Xa Xp = OX 1X +X, 1 KX ** Xq 
+bx1XQ°°*Xp_1¥-+*Xp41°-:Xn, where a,b e€ F and x,y € V. 

ii. If any two of the x’s in the product x;x2---X, are interchanged, then 
the product changes sign, which implies that the product is zero if two 
or more of the x’s are equal. 


1.2 Determinants 


Let dim V = n and let e;,e2,...,@, be a set of base vectors for V. Then, 
if x; € V, 1 <i <n, we can write 


nr 
xi = odie, az € F. (21) 
isl 
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It follows from (i) and (ii) that 


n 


nm 
XExXoee Xa > tae y Q1k, Gk, *** Onk,, Ck; Cks *** Ckn- (1.2.2) 
il ke 


When two or more of the k’s are equal, ex, ex, +++ €k,, = 0. When the k’s are 
distinct, the product ex, ex, ---ex,, can be transformed into --e;e2---e, by 
interchanging the dummy variables k, in a suitable manner. The sign of 
each term is unique and is given by the formula 


(n! terms) 
X1XQ°°:Xp = ae OnG1k, 22k, *** Onk, | €1€2°°-* en; (192.3) 
where 
- 12 3 4 ++ (n-1) n 
Tn == SEN { ee ah alice. I \ (12:4) 


and where the sum extends over all n! permutations of the numbers k,, 
1 <r <n. Notes on permutation symbols and their signs are given in 
Appendix A.2. 

The coefficient of e,e2---e, in (1.2.3) contains all n? elements aij, 
1 < i,j < n, which can be displayed in a square array. The coefficient 
is called a determinant of order n. 


Definition. 
oe Gin (n! terms) 
An = @21 422 *** Gan = Me OnQ1k, 42k. *** OAnk, > (1.2.5) 
Qni An2 ann bn 


The array can be abbreviated to |a,;|,. The corresponding matrix is 
denoted by [a;;],. Equation (1.2.3) now becomes 


X1X2°°+ Xp, = |aij|n@1e2 OO es (1.2.6) 
: Tl 2 ss mye ; 
Exercise. If { . | . | is a fixed permutation, show that 

pil J2 lies In 

n! terms 9 ; F 
Ss = J Jono +> 
An = Jaig|n - S aan (a es me) Q5,k, Ajgke '** Aj,k, 

ki,..skn 
n! terms j j : 

_ 1 2 DOS ips 

= Ye ee (a = oO Bk: 51 %ka jo ** Uknjn: 


Kay ceskr 
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1.3 First Minors and Cofactors 


Referring to (1.2.1), put 
Yi = Xi — Ajje; 


= (a;1€1 Si @i,j—1€;-1) + (4¢,541€7-+41 ferret Binen) (a) 
=1 
_ x 2 
=> 5 aie, (i322) 
ill 


where 


ej, = ex fas 7-1 


=en1, Jj<k<n-1 (1.3.3) 
a = Os 1<k<j-1 
=O 7 =k Sae— 1, (1.3.4) 


Note that each aj, is a function of j. 
It follows from Identity (ii) that 
Vaivowenyin 0 (1.3.5) 
since each y;, is a linear combination of (n — 1) vectors ex, so that each of 
the (n — 1)” terms in the expansion of the product on the left contains at 
least two identical e’s. Referring to (1.3.1) and Identities (i) and (ii), 
X10 Xj—-1€jXi41 °°" Xn 
= (yi + 41;€5)(¥2 + a2je;) «+ (Ys—1 + Os-1,585) 
€5 (Viti + 41,705) + (Yn + Onzey) 


EVP yee Yn (1.3.6) 
Saya eis Vn Cy. (1.3.7) 
From (1.3.2) it follows that 
Vie ¥i-1¥eg1 + Yn = Mij(ejeg-:eh-1), (1.3.8) 
where 
Mj = S5 on-101 4, 82K, ged gyey Oct eye On—1,hy a (1.3.9) 


and where the sum extends over the (n — 1)! permutations of the numbers 

1,2,...,(n—1). Comparing M,; with Aj, it is seen that M,; is the deter- 

minant of order (n — 1) which is obtained from A, by deleting row 2 and 

column j, that is, the row and column which contain the element a,;;. M;; 

is therefore associated with a,;; and is known as a first minor of Ap. 
Hence, referring to (1.3.3), 


Xp °° Kj—-1©jXi41°°"' Xn 
= (1)? Mij(eje)---e,-1)e; 
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(—1)""* Mi; (e4 + eh_1) (5 +: Ons) es 
(-1)"7*-Mi;(e1 --- ej-1) (541° One; 
= (—1)'t7 M,;(e1e2- -+@n). (1.3.10) 


\ 


I 


Now, e; can be regarded as a particular case of x, as defined in (1.2.1): 


nr 
e = 5 Qikek, 
k=1 


where 
Qik = Oe: 
Hence, replacing x; by e,; in (1.2.3), 
X1 +++ X¢_1€;Xj41°°° Xn = Ayj(e1e2---en), (Leda) 
where 
Ag Sonik, O2k, os Gek: 7° Grike 5 
where 


pO |e a: 
=1 k=j. 


Referring to the definition of a determinant in (1.2.4), it is seen that Aj; is 
the determinant obtained from |a;j|, by replacing row i by the row 


(OR 0.1 0.20) 


where the element 1 is in column j. Aj; is known as the cofactor of the 
element aj; in Ap. 
Comparing (1.3.10) and (1.3.11), 


Aij = (-1)'*9 Mj. (i312) 
Minors and cofactors should be written Me and AS but the parameter 


nm can be omitted where there is no risk of confusion. 
Returning to (1.2.1) and applying (1.3.11), 


nm 
2 SP 8 2G SS 2.G) O09, 65 3 (> cues] Xj41°'' Xn 
k=1 


Qip(X1 °° “Xe 1 Op Kyat - Xe 


7M: 


it 


= > oda] Cjeo- =, (1d2413) 
1 


nr 
k= 
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Comparing this result with (1.2.5), 


n 
laijln = So ain Ai (1.3.14) 
= 


which is the expansion of |a;;|, by elements from row i and their cofactors. 
From (1.3.1) and noting (1.3.5), 
X1X2+++Xn = (yi + a1je;)(y2 + a2j3e;) +>: (Yn + anje;) 
= 01j€jY2Y3°** Yn + G2j3Y1€j¥3°** Yn 
Hess + Ongy1¥2°**Yn-1€; 
= (a1; A1j + G2; Aaj + +++ + nj Anj)e1e2+--en 


n 
= bs anj Ak; 


kK 


€1€o°+- en. (1.3.15) 


Comparing this relation with (1.2.5), 


layin = > ang Any (1.3.16) 


k=! 


which is the expansion of |a;;|, by elements from column j and their 
cofactors. 


1.4 The Product of Two Determinants — 1 


Put 
nr 
x= So ainye, 
k=1 
nr 
yh So bnje; 
j=l 
Then, 
XjXQ-'* Xp = |GiglnYi1Y2°°* Yn, 
Vivo: "Yn = |0i;\,€162°"- en. 
Hence, 
X1XQ°-*Xn = [aiz|n|biz|ne1e2 +++ en. (ea) 
But, 


n n 
xj = ) Qik > bee; 
all jel 
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n 
= > Cig@3, 
j=1 


where 
Ci = So ainda s- (1.4.2) 
k=1 
Hence, 
X1X2-°*Xn = |Cij|ne1€2 +++ en. (1.4.3) 
Comparing (1.4.1) and (1.4.3), 
laijln|bigjln = {cigln- (1.4.4) 


Another proof of (1.4.4) is given in Section 3.3.5 by applying the Laplace 
expansion in reverse. 

The Laplace expansion formula is proved by both a Grassmann and a 
classical method in Chapter 3 after the definitions of second and higher 
rejector and retainor minors and cofactors. 


ys 


A Summary of Basic Determinant 
Theory 


2.1 Introduction 


This chapter consists entirely of a summary of basic determinant theory, a 
prerequisite for the understanding of later chapters. It is assumed that the 
reader is familiar with these relations, although not necessarily with the 
notation used to describe them, and few proofs are given. If further proofs 
are required, they can be found in numerous undergraduate textbooks. 

Several of the relations, including Cramer’s formula and the formula for 
the derivative of a determinant, are expressed in terms of column vec- 
tors, a notation which is invaluable in the description of several analytical 
processes. 


2.2. Row and Column Vectors 


Let row 7 (the ith row) and column 7 (the jth column) of the determinant 
An = |@ij|n be denoted by the boldface symbols R; and C; respectively: 


R; = [ai i2 a:3 +++ Ain], 


rf 
C; = far; a2; A3;°°° Gng| (22) 


where T denotes the transpose. We may now write 
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Ri 
Ro 
Ay, = | BRa| = |C; Cy C3---C,|. (2.2.2) 
Ry 
The column vector notation is clearly more economical in space and will 
be used exclusively in this and later chapters. However, many properties 
of particular determinants can be proved by performing a sequence of row 
and column operations and in these applications, the symbols R,; and C, 
appear with equal frequency. 


If every element in C; is multiplied by the scalar k, the resulting vector 
is denoted by kC;: 


T 
kC; = (kar; kao; ka3; seu kan; | : 


If k = 0, this vector is said to be zero or null and is denoted by the boldface 
symbol O. 

If a,j is a function of x, then the derivative of C; with respect to x is 
denoted by C’, and is given by the formula 


2.3 Elementary Formulas 


2.3.1 Basic Properties 
The arbitrary determinant 
A =leijln—|Cr Co Cy---C,,|, 


where the suffix n has been omitted from A,, has the properties listed 
below. Any property stated for columns can be modified to apply to rows. 


a. The value of a determinant is unaltered by transposing the elements 
across the principal diagonal. In syinbols, 


[again = lala 


b. The value of a determinant is unaltered by transposing the elements 
across the secondary diagonal. In symbols 


| Qesptesaprepsinensibags = |Qxjln- 


c. If any two columns of A are interchanged and the resulting determinant 
is denoted by B, then B = —A. 
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Example. 
|C; C3 Cy C,| a —|C, Co Cy C3| = |C; C2 Cz Cal. 
Applying this property repeatedly, 
t 
\ern (Spare are Oe Or C2---Cr—i| = (Ot tA. 
Ln < 7. 


The columns in the determinant on the left are a cyclic permutation 
of those in A. 
HG e,-1 Cr_-2--- C2 Cy| = (1) YA. 


. Any determinant which contains two or more identical columns is zero. 
[Cy ++» C5++-Cz-+-Cp| = 0. 


. If every element in any one column of A is multiplied by a scalar k and 
the resulting determinant is denoted by B, then B = kA. 


B= |C; C2---(kKC;)---C,| = 0A; 
Applying this property repeatedly, 
kaijin = |(BC1) (#C2) (RC) +++ (Cn) 
= ala alere 
This formula contrasts with the corresponding matrix formula, namely 
[Kaig]n = k[aiy|n. 
Other formulas of a similar nature include the following: 
i. |(—1)’aij|n = laagln, 


ii. liaaj|n = ljaij|n = ni \aij\ns 
ii. j2?H—Tas |p = orntt—r)iga ln, 


. Any deterininant in which one column is a scalar multiple of another 
column is zero. 


|Cy «+ Cy +++ (kj) -+- Cp] =) 


. If any one column of a determinant consists of a sum of m subcolumns, 
then the determinant can be expressed as the sum of m determinants, 
each of which contains one of the subcolumns. 


m m 
Cre (ssc) ow =) |Ci---Cy.--- Cp. 
s=1 s=1 


Applying this property repeatedly, 


Ee) Ee) Es) 
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m ™m m 
= De De De NCtia tt Cnta ls 
iy ko=1 i 


The function on the right is the sum of m” determinants. This identity 
can be expressed in the form 


_ kj 
- DS Gale 


n k1,k2,...,kn=1 


h. Column Operations. The value of a determinant is unaltered by adding 
to any one column a linear combination of all the other columns. Thus, 
if 


then 
|C, C2---Cj---C,| = en C2 ---Cj-++ Cy. 


C; should be regarded as a new column j and will not be confused 
with the derivative of C;. The process of replacing C; by C; is called a 
column operation and is extensively applied to transform and evaluate 
determinants. Row and column operations are of particular importance 


in reducing the order of a determinant. 


Exercise. If the determinant A, = |a;;|n is rotated through 90° in the 
clockwise direction so that aj; is displaced to the position (1,7), @1n is dis- 
placed to the position (n, 7), etc., and the resulting determinant is denoted 
by Bn = |bij|n, prove that 


bij = Aj n-i 
Bn = (—1) Pee. 


2.38.2. Matriz-Type Products Related to Row and Column 
Operations 


The row operations 


=) ugRy, ux=1, 1<1<3; uy =O, 3>5, (23.1) 


2.3 Elementary Formulas Wut 


namely 

1 = Rit ueRe + u13R3 
2= Re + u23R3 
- = Rs, 


can be expressed in the form 


1 1 wy Uiz} | Ry 
2| = 1 ug3] | Re 
5 1 R3 


Denote the upper triangular matrix by U3. These operations, when per- 
formed in the given order on an arbitrary determinant A3 = |a;;|3, have 
the same effect as premultiplication of Az by the unit determinant U3. In 
each case, the result is 


Q41 + Uj2401 + U13431 G12 + Ui2G22 + U13G32 13 + 442093 + U13433 


A3 = a21 + 23431 Q22 + U23832 a23 + 423833 
Q31 Q32 Q33 
(2.3.2) 


Similarly, the column operations 
3 
Coe, tt lee 8 = 0, 1 Sy, (2.3.3) 
j=i 


when performed in the given order on As, have the same effect as 
postmultiplication of A3 by UZ’. In each case, the result is 


Qi1 + Uj2Q12 + U13413 G12 + U23813 213 
Ag = | @21 + U12G22 + U13023  a22 + 423023 A923] . (2.3.4) 


Q31 + U12432 + U13433 G32 + U23033 433 


The row operations 
i 
j=1 


can be expressed in the form 


/ 1 ie 
2|=|va 1 Ry 
3 v31 vu32 1} | Rg 


Denote the lower triangular matrix by V3. These operations, when per- 
formed in reverse order on A3, have the same effect as premultiplication of 
Az by the unit determinant V3. 
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Similarly, the column operations 
7 
C, = Soe Up = eS, Vig = OQ; tee (223:6) 
1 
when performed on Ag in reverse order, have the same effect as 
postmultiplication of A3 by V3". 


2.3.8 First Minors and Cofactors; Row and Column 
Expansions 


To each element a,j; in the determinant A = |a;j|n, there is associated a 
subdeterminant of order (n — 1) which is obtained from A by deleting row 
i and column j. This subdeterminant is known as a first minor of A and 
is denoted by M,;. The first cofactor A;; is then defined as a signed first 
minor: 


Ai = (—1)**9 My). (230%) 


It is customary to omit the adjective first and to refer simply to minors and 
cofactors and it is convenient to regard M,; and A;; as quantities which 
belong to a;; in order to give meaning to the phrase “an element and its 
cofactor.” 

The expansion of A by elements from row 7 and their cofactors is 


n 
fs em S| aij Ais, It < 1 —< TT. (273.8) 
j=! 
The expansion of A by elements from column j and their cofactors is 
obtained by summing over 7 instead of 7: 


nr 
i=1 
Since A,; belongs to but is independent of a,;, an alternative definition of 
Aij is 
OA 


Dae ; 
d 0a; ; 


(2.3.10) 


Partial derivatives of this type are applied in Section 4.5.2 on symmetric 
Toeplitz determinants. 


2.8.4 Alien Cofactors; The Sum Formula 


The theorem on alien cofactors states that 


So aijAnj =0, Sign, 1<k<n, k Fi. (2/3811) 
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The elements come from row i of A, but the cofactors belong to the elements 
in row k and are said to be alien to the elements. The identity is merely 
an expansion by elements from row k of the determinant in which row k = 
row 7 and which is therefore zero. 

The identity can be combined with the expansion formula for A with the 
aid of the Kronecker delta function 6;, (Appendix A.1) to form a single 
identity which may be called the sum formula for elements and cofactors: 


So aigAny = 5A, 1Sicn, 1<k<n. (2.3.12) 


It follows that 


eC 10-0 40...0)', i<r<n, 
j=l 


where the element A is in row 7 of the column vector and all the other 
elements are zero. If A = 0, then 


WeAGe;—0, 1aisn, (2.3.13) 
j=l 


that is, the columns are linearly dependent. Conversely, if the columns are 
linearly dependent, then A = 0. 


2.3.5 Cramer’s Formula 
The set of equations 
n 
Sey Se, 
j=l 


can be expressed in column vector notation as follows: 


E C;2; = Be 
j=l 


where 
B = [by bp bg ++ Bn] 


If A = |a;;|, # 0, then the unique solution of the equations can also be 
expressed in column vector notation. Let 


A= |C, C2 ---C;--- Cy]. 
Then 
a zc CC Boa -C,| 
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1 n 
= 5 Ay (2.3.14) 
ta 


The solution of the triangular set of equations 


a 
>. 9455; == Dj, ied one anes 


jek 


(the upper limit in the sum is 7, not n as in the previous set) is given by 
the formula 


by a1 
bo ai a22 


_—_(-1)* | bs ag, age ag 
aiden eee a) as ae 
Off Gy tt SGs21 2 Oe Git 
b; Ait aj2 G30 2 GE ae 
(2.3.15) 
The determinant is a Hessenbergian (Section 4.6). 

Cramer’s formula is of great theoretical interest and importance in solv- 
ing sets of equations with algebraic coefficients but is unsuitable for reasons 
of economy for the solution of large sets of equations with numerical coeffi- 
cients. It demands far more computation than the unavoidable minimum. 
Some matrix methods are far more efficient. Analytical applications of 
Cramer’s formula appear in Section 5.1.2 on the generalized geometric se- 
ries, Section 5.5.1 on a continued fraction, and Section 5.7.2 on the Hirota 
operator. 


Exercise. If 


f= pyres, ae bern, 


a= 
and 
fi =0, Veen, Se 7, 
prove that 
Ay: 
ae 
Tn 
pom) An(&n + 1) 
n ne ’ 
where 
Ae [Gerla 
provided 


AMA0, 1<i<n. 
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2.3.6 The Cofactors of a Zero Determinant 
If A = 0, then 
Apin Aya = Apog Ay, a2: (2.3.16) 
that is, 
Apin Ap, a 


P241 Ap, q2 


| =0, 1<pi,pe,qi,g2 <n. 


It follows that 
Apia Apia Apxas 
p241 Anza Apoas | = 9 
P39 Apgaa Apsaa 
since the second-order cofactors of the elements in the last (or any) row are 
all zero. Continuing in this way, 


Apig Ap, 20 mats Ap, ar 
pee Aas he Aisa =) 2a 71, (273787) 
Ap, Ap,q2 aa Ap,.ar T 


This identity is applied in Section 3.6.1 on the Jacobi identity. 


2.3.7 The Derivative of a Determinant 


If the elements of A are functions of x, then the derivative of A with respect 
to x is equal to the sum of the n determinants obtained by differentiating 
the columns of A one at a time: 


= SD > ayy. (2.3.18) 


3 


Intermediate Determinant ‘Theory 


3.1 Cyclic Dislocations and Generalizations 


Define column vectors C; and Cj as follows: 


Cy [a1; Q2; Q35°°*Anj 
SG OT cole cy), 
where 

ina 

a, = > (1 — bir) Airary, 

(peal! 
that is. the element ay, in C> is a linear combination of all the elements 
nay, Gxt diy Bhie coetiicients \,. being independent of j but otherwise 
arbitrary. 


Theorem 3.1. 


PROOF. 
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DE &  Gl- F ae ee 


=4&3° a - eit 


—) Gs 
=% 


which completes the proof. Oo 


ca 


re 


Ain = ie 


Viliatess. 


al a = 
“ae Co 8 ee cee woe coe weed fron Co tev iene ing or diaplering 
ee cee ee phe Geter oc cote iene, the beet eter in 
C, appearing as the first element in C7. that is. 
- T 
C5 = (ang 415 025---On—1.j] - 
ie Rae pecaedee: mee Laeewre 31 con te: comes! io wired: ee bothers. 


Theereus 6.0. Gee 20 erterery semrwees 4. forms eile: Geter- 
ee ee ee ee a a Ar 


0 epee eer i pm Them cee ome of Be nh acer eee 
formed & ZETO. 
¥ 
st a ee t= ei 
ee ke 
seers 


ne T 
Cj = yine;, 202; az; ---(m—Ljan15) - 


These gecteeter cee bb copies’ be Secon LES we fae eee of = 
Taneemes aise A pped “enereie peek aisha Carte nd Com © EPL a BF. 
Servewe 5. dom owner stwieenntedl pin Vinekiond: ot OEE teal: 


18 3. Intermediate Determinant Theory 


Exercises 


1. Let 6” denote an operator which, when applied to C,, has the effect 
of dislocating the elements r positions downward in a cyclic manner 
so that the lowest set of r elements are expelled from the bottom and 
reappear at the top without change of order. 

5 Tt 
6°C; = [eecati Qn—r+2,j °° Anj A1j G2j°° ee ’ 
Learn — I, 
&°C, = 6G; = C;. 
Prove that 


~ - Ol a7 eae 
y|C.---6 C;---C,,| = ia OE. 


j=1 


2. Prove that 


where 


Hence, prove that an arbitrary determinant A, = |a;j|n, can be 
expressed in the form 


il n 
A, = — S 193. 
noe 8595 (Trahan) 


3.2 Second and Higher Minors and Cofactors 


3.2.1 Rejecter and Retainer Minors 


It is required to generalize the concept of first minors as defined in 
Chapter 1. 

Let An = |aij|n, and let {i,} and {j,}, 1 < s < r < n, denote two 
independent sets of r distinct numbers, 1 < 7, and j, < n. Now let 
WO eesucsnants denote the subdeterminant of order (n — r) which is ob- 
tained from A, by rejecting rows i;,i9,...,7- and columns Ee eee Pe 


is known as an rth minor of A,. It may conveniently be 
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called a rejecter minor. The numbers i, and j, are known respectively as 
row and column parameters. 

Now, let Ni, ig...in3j1j9...j, denote the subdeterminant of order r which is 
obtained from A, by retaining rows i,,i2,...,i, and columns iy 8 Ip 
and rejecting the other rows and columns. Nj, ig...i,;;j9...j, May conve- 
niently be called a retainer minor. 


Examples. 
(5) G21 @23 424 
My3/95 =|@41 @43 G44} = Noas,134, 
51 453 454 
5) a12 15 
Ms = = N 5 
24 13,25: 
ease 432 435 
(n) i 
The minors Mj éesiyjo...j, O00 Nirio...ingija..j. are said to be mutually 


complementary in A,, that is, each is the complement of the other in Aj. 
This relationship can be expressed in the form 


(n) oe o 
Ne ae = comp Nivianinifijaedr> 
5 re = (n) 
Nivig..cipidija.-jr = COMP LUE ieee aaa (3.2.1) 


The order and structure of rejecter minors depends on the value of n but 
the order and structure of retainer minors are independent of n provided 
only that n is sufficiently large. For this reason, the parameter m has been 
omitted from N. 


Examples. 


Nip = laeeta =Qip, nl, 


N, ij,pq = 


Nijkpar =| jp 4jq Ajr|, N23. 
Qkp Akq kr 
Both rejecter and retainer minors arise in the construction of the Laplace 
expansion of a determinant (Section 3.3). 


Exercise. Prove that 
Nij,pq Nij,pr 


== V,,1Ni ck 
p+Vijk,pqr: 
Nik,pa Nik,pr 


3.2.2 Second and Higher Cofactors 


The first cofactor Ay? is defined in Chapter 1 and appears in Chapter 2. 
It is now required to generalize that concept. 
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In the definition of rejecter and retainer minors, no restriction is made 
concerning the relative magnitudes of either the row parameters 7, or the 
column parameters j,. Now, let each set of parameters be arranged in 
ascending order of magnitude, that is, 


ts <%541, Js od) Pas 1 


Then, the rth cofactor of A,, denoted by Ae inwjijo...j. 18 defined as a 
signed rth rejecter minor: 
(n) = k yg (™) 
Ain. trsJJ200Jr (—1) ee eee (3.2.2) 


where k is the sum of the parameters: 


ie 


k= eG: oe) 


Si 


However, the concept of a cofactor is more general than that of a signed 
minor. The definition can be extended to zero values and to all positive and 
negative integer values of the parameters by adopting two conventions: 


i. The cofactor changes sign when any two row parameters or any two 
colunin parameters are interchanged. It follows without further assump- 
tions that the cofactor is zero when cither the row parameters or the 
column parameters are not distinct. 

ii. The cofactor is zero when any row or column parameter is less than 1 
or greater than n. 


Illustration. 


4 4 4 
A, fon = a —ASy see) ae = ~~ FO — Me a N3a, 14; 


(6) (6) — A@ 6) (6) 
Aj35,23 235 = —Aj35 953 aa Ai35,523 = a Ae 253 — = — M735 935 a —N246,146; 
(n) _ _ a(n) __ a(n) 
@221235;91I293 Ae Ao 
AM =0 ifp=o 


41%2%3;Jij2(n—p) 
orp>n 


or p=n—ji 


or p=N — Joa. 


3.2.3 The Expansion of Cofactors in Terms of Higher 
Cofactors 


Since the first cofactor An is itself a determinant of order (n — 1), it can 
be expanded by the (n—1) elements from any row or column and their first 
cofactors. But, first, cofactors of ae are second cofactors of A,,. Hence, it 
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is possible to expand AY ) by elements from any row or column and second 


cofactors A’” 


‘og? Lhe formula for row expansions is 
23,Pq 


n 
oa s;,AD Vejen, 77% (3.2.3) 
q=1 

The term in which q = p is zero by the first convention for cofactors. Hence, 
the sum contains (n — 1) nonzero terms, as expected. The (n — 1) values of 
j for which the expansion is valid correspond to the (n — 1) possible ways 
of expanding a subdeterminant of order (n — 1) by elements from one row 
and their cofactors. 

Omitting the parameter n and referring to (2.3.10), it follows that if i < 7 
and p < q, then 


OA; 
Aij.pq = Day, 
07A 
a (3.2.4) 
O0ipOQ jq 
which can be regarded as an alternative definition of the second cofactor 
Ajj,pq: 
Similarly, 
7 
Av na a Se Wee 1<k<n, k a POL): (3.2.5) 
nl 


Omitting the parameter n, it follows that ifi <j <kandp<q<_r, then 
OAij.nq 

OQkr 
7 OA 
 OdipO0;q0QKr 


Aixk,par aa 
(3.2.6) 


which can be regarded as an alternative definition of the third cofactor 
Aijk,par- 

Higher cofactors can be defined in a similar manner. Partial derivatives of 
this type appear in Section 3.3.2 on the Laplace expansion, in Section 3.6.2 
on the Jacobi identity, and in Section 5.4.1 on the Matsuno determinant. 

The expansion of an rth cofactor, a subdeterininant of order (n —1r), can 
be expressed in the form 


(n) aa (n) 
Nee = ee ete (3. 2e%) 
l<p<n, pHis, loser 


The r terms in which g = j,, 1 < s < 1, are zero by the first convention 
for cofactors. Hence, the sum contains (n — r) nonzero terms, as expected. 
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The (n —r) values of p for which the expansion is valid correspond to the 
(n —r) possible ways of expanding a subdeterminant of order (n — r) by 
elements from one row and their cofactors. 

If one of the column parameters of an rth cofactor of Ani is (n+ 1), 
the cofactor does not contain the element @n+41.n+1. If none of the row 
parameters is (n + 1), then the rth cofactor can be expanded by elements 
from its last row and their first cofactors. But first cofactors of an rth 
cofactor of An+; are (r + 1)th cofactors of An+1 which, in this case, are 
rth cofactors of A,. Hence, in this case, an rth cofactor of An i; can be 
expanded in terms of the first n elements in the last row and rth cofactors 
of A,. This expansion is 


n 


(n+1) nee a (n) 
Be een ae Gg iia Aa ts dei faedecia” (3.2.8) 
q=1 


Th : ae: 
e corresponding column expansion is 


n 
(n+1) an S (n) 
nen ee = Opn ey Sepaieene (3.2.9) 
p=1 


Exercise. Prove that 


PA _ J 07A 
O0,00;, Oddy, 
oA OPA oA 


OGipOQ;qIOGEr OAxpOQigDGj;, DAjp0AK Od:, 


without restrictions on the relative magnitudes of the parameters. 


3.2.4 Alien Second and Higher Cofactors; Sum Formulas 


The (n — 2) elements ang, 1 < qg < n, g #/A or p, appear in the second 


cofactor Ae if h £7 or j. Hence, 


n 
Sia 0, hoe, 
eal 


since the sum represents a determinant of order (n — 1) with two identical 
rows. This formula is a generalization of the theorem on alien cofactors 
given in Chapter 2. The value of the sum of 1 < h < n is given by the sum 
formula for elements and cofactors, namely 


» (AO eae 
nm 

> ana Ai og = — A), he=weeg (3.2.10) 

g=1 


0, otherwise 
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which can be abbreviated with the aid of the Kronecker delta function 
[Appendix A}: 


n 
Do aha Avi pg = Atp ony ~ Alp Ohi. 
G— 


Similarly, 
n 2 
L One Ak par _ AL pont - ATR pg Shi aly Ae, 
a 
se Che ee: = Ales Ohm aa AMD par Ohi 
=i 
+ 7 ne — Re (8241) 

etc. 


Exercise. Show that these expressions can be expressed as sums as follows: 


mr 
U wv 
Yo anedlf, = Dosen {YF} Abn. 
q=1 


U,V 
(n) os UV iW 

De thr Ae par S De sen { i jk hag. pqohws 

1 U,U,w 
n 

(n) uvw ce 

> Aes = yy sen i j kom } A ne 
Sr U,V,W, x 


etc., where, in each case, the sums are carried out over all possible cyclic 
permutations of the lower parameters in the permutation symbols. A brief 
note on cyclic permutations is given in Appendix A.2. 


3.2.5 Scaled Cofactors 


Cofactors AS, Av: Ae. etc., with both row and column parameters 
written as subscripts have been defined in Section 3.2.2. They may conve- 
niently be called simple cofactors. Scaled cofactors A%?, At#-P9, Ats*par 
etc., with row and column parameters written as superscripts are defined 


as follows: 


(n) 
AP — Ai 

n A, ? 
(n) 

Aisa Avge 
n Phe, 
(n) 

Aiskspar — ia (3.2.12) 


nr 
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etc. In simple algebraic relations such as Cramer’s formula, the advantage 
of using scaled rather than simple cofactors is usually negligible. The Jacobi 
identity (Section 3.6) can be expressed in terms of unscaled or scaled cofac- 
tors, but the scaled form is simpler. In differential relations, the advantage 
can be considerable. For example, the sum formula 


»s aij AK” = An bx; 
Qe 


when differentiated gives rise to three terms: 


> [aij AR? + 44;(AQ?)'] = Anon 


j=l 


When the cofactor is scaled, the sum formula becomes 
ie . 
> ij AP = Oni (3.2.13) 
j=l 


which is only slightly simpler than the original, but when it is differentiated, 
it gives rise to only two terms: 


> leis AR? + 4g(AR?)'] =0. (3.2.14) 
The advantage of using scaled rather than unscaled or simple cofactors will 


be fully appreciated in the solution of differential equations (Chapter 6). 
Referring to the partial derivative formulas in (2.3.10) and Section 3.2.3, 


aAP 8 (Ay 
Qaj, Oa, \ A 


_ ee. 4, 28 
AOR "? Olga 
il 
= Az [A Aij.pq as Aip Ajq| 
= Athpa _ Ap Aja. (3.2.15) 
Hence, 
a 7 
Aja 4 ) Ai? = Aiea. 3.2.16 
( OA;q ' 
Similarly, 
(4¥ + : jae — Atik.par (32517) 
kr 


The expressions in brackets can be regarded as operators which, when 
applied to a scaled cofactor, yield another scaled cofactor. Formula (3.2.15) 
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is applied in Section 3.6.2 on the Jacobi identity. Formulas (3.2.16) and 
(3.2.17) are applied in Section 5.4.1 on the Matsuno determinant. 


3.3 The Laplace Expansion 


3.38.1 A Grassmann Proof 


The following analysis applies Grassmann algebra and is similar in nature 
to that applied in the definition of a determinant. 
Let 7, and j;,1<s<r,r <n, denote r integers such that 
es 09 St Sty Sh, 
ej <§2 6 nS 


and let 


Then, any vector product is which the number of y’s is greater than r or 
the number of z’s is greater than (n — 1) is zero. 
Hence, 
X1°+¢Xn = (yi + 21)(y2 + Z2) +++ (Yn + Zn) 


aS 21° Viz °° Vig? Vin 0° Zns (33.1) 
Onece’d 


I 


where the vector product on the right is obtained from (z; --- Zp) by replac- 
ing z;, by y:,, 1 <.s <r, and the sum extends over all a combinations of 
the numbers 1,2,...,n taken r at a time. The y’s in the vector product can 
be separated from the z’s by making a suitable sequence of interchanges 
and applying Identity (ii). The result is 


* 


Pee Va Yann = (ya, Yai Zn), (3-2-2) 
where 
nr 
p= Si is — 5r(r +1) (33.3) 
c= 
and the symbol * denotes that those vectors with suffixes 7,22,...,% are 


omitted. 
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Recalling the definitions of rejecter minors M, retainer minors N, and 
cofactors A, each with row and column parameters, it is found that 


Vis ge Yi, = Neda (e;, ae e;,), 
* 


* 
Zs Bn = Mig. ipsja ge (€1 °** Cn), 


where, in this case, the symbol * denotes that those vectors with suffixes 
41,J2,-++;Jr are omitted. Hence, 


xX] 
* 


oe “Xn 
== ye (-L) ON eee. Mian Arse (e;, ae -e;,.)(e1 mee en). 
Cnecn 


By applying in reverse order the sequence of interchanges used to obtain 
(3.3.2), it is found that 


* 


(ej, ++ ej,)(e1 -*+ en) = (—I)*(e1-+ en); 


where 

nr 

= 5 : 1 
q= je 

s—l 

Hence, 
— Dataqi Nine a . ets oe axa 6 sine 
xq | ) (—1) Nc titind Mantas el en 
41.-.tr 


5 Nacht ttts C1, °° en. 
i1..4 


Comparing this formula with (1.2.5) in the section on the definition of a 
determinant, it is seen that 


An = |aigln ae . IN eteaiesdidas de Aiinu der tpiees (3.3.4) 
Gilatat) 


which is the general form of the Laplace expansion of A, in which the sum 
extends over the row parameters. By a similar argument, it can be shown 
that A, is also equal to the same expression in which the sum extends over 
the column parameters. 

When r = 1, the Laplace expansion degenerates into a simple expansion 
by elements from column 7 or row 7 and their first cofactors: 


An = >, NiyAuy, 


Orn) 


S- a7 Aig. 


2 or} 


{| 
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When r = 2, 
Ane Mae summed over 7, r or j, 8, 


>> 


Ajj Ais 


Air, js: 


Qrj Ars 


3.3.2 A Classical Proof 


The following proof of the Laplace expansion formula given in (3.3.4) is 
independent of Grassmann algebra. 
Let. 


A= Gene 


Then referring to the partial derivative formulas in Section 3.2.3, 


OA 
Ainj, = Te. (3.3.5) 
Ainiaijija = ile ty < tg and ji < ja, 

252 

2 
a oa (3.3.6) 

O4;, 5; 00, 52 
Continuing in this way, 
OTA 

LE Pees GRR yes ; (3.3.7) 


Oa; 5, 00425, °** O05,5, 


provided that 74; < ig <--- <i, and ji < Jo <-++ < Jr. 
Expanding A by elements from column j, and their cofactors and 
referring to (3.3.5), 


nm 
A= 5 ig Aa, 


i:=1 


a OA 
= Vo ons, a (3.3.8) 


to 


n 
= >> CR Sos oe ree 41 < ig and NN < Ja. (3.3.9) 


ig=1 
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Substituting the first line of (3.3.9 and the second line of (3.3.8), 


y = Z 
A= ay a; 
ener 8a}, j, O82 jn OOiz jn 


hell io— 
n n 


= bS = i,j Qings Semen 41 <%q and 7) < Jo. (33:10) 


ial oll 


Continuing in this way and applying (3.3.7) in reverse, 


ew oe as 
is j1 Vingg °° * Vig ip So 
ee me O0is 5, O0i» jn ads O4:,.5, 


i eyes! a 
n 

=e y > tn dian 9 Wi5p Aaviasinifi jade (3.3.11) 
le , 


subject to the —_— associated with (3.3.7) which require that the 7, 
and j, shall be in ascending order of magnitude. 

In this multiple sum, those rth cofactors in which the dummy variables 
are not distinct are zero so that the corresponding terms in the sum are 
zero. The remaining terms can be divided into a number of groups according 
to the relative magnitudes of the dummies. Since r distinct dummies can 
be arranged in a linear sequence in r! ways, the number of groups is r!. 
Hence, 


(r! terms) 


re rs 


where 
Cee a : Din. jk, ae De 
tNtky <theg <i <tK,, Sn 
"Din, jap Vin, the tepid, Teg dun (3.3.12) 
In one of these r! terms, the dummies 7), i2,...,7, are in ascending order 


of magnitude, that is, 7, < is41, 1 < s < r—1. However, the dummies 
in the other (r! — 1) terms can be interchanged in such a way that the 
inequalities are valid for those terms too. Hence, applying those properties 
of rth cofactors which concern changes in sign, 


A= S b | F7 Qi j, Vina = ai, 3,| Aj iemmpmegugee 5 


1<ij <ig<--<ip<n 


12 ee 
a= san i. a a (3.3.13) 


(Appendix A.2). But, 


where 


5 Fri, 5, iggy °° W.5,, = Nizig..insivjr de 


3.3 The Laplace Expansion 29 


The expansion formula (3.3.4) follows. 


Illustrations 


1. When r = 2, the Laplace expansion formula can be proved as follows: 
Changing the notation in the second line of (3.3.10), 


As 3 Sa pee 


p=1 q=1 


This double sum contains n? terms, but the n terms in which q = p are 
zero by the definition of a second cofactor. Hence, 


A= » " GiptjqAij,pq ata > GiptjqAgjipn: 
p<q q<p 


In the second double sum, interchange the duinmies p and q and refer 
once again to the definition of a second cofactor: 


Lin Gig 
A= a2 | Aisin 
pan oe ie 
= ys Nea gee t<j, 
p<q 


which proves the Laplace expansion formula from rows 2 and 7. When 
(n,i,7) = (4,1, 2), this formula becomes 


A = Nj2,12A12,12 + Ni2,13A12,13 + Ni2,14A12,14 
+ Ny2,03A12,23 + Ni2,24A12,24 
+ N42,34A12,34- 
2. When r = 3, begin with the formula 
nonin 
A SO eae Ackman t<5 =' 
paliq=ir=i 


which is obtained from the second line of (3.3.11) with a change in 
notation. The triple sum contains n° terms, but those in which p, q, 
and r are not distinct are zero. Those which remain can be clivided into 
3! = 6 groups according to the relative magnitudes of p, q, and r: 


eee Lr 


p<q<r p<r<q q<r<p a<p<r r<p<q Tr<q<P. 
QipAjqAkr Aijk,par- 
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Now, interchange the dummies wherever necessary in order that p < 
q <r in all sums. The result is 


p<q<r 
— BigQjpakr + AirAjpAkq — QirAjqAkp| Aijicpar 
Qip Aiq Air 
= >) Sip Sj Gye! Avjk par 
P<Q<T1Qkp QAkq kr 
== y IN; gar At7 hens t< j << k, 
p<q<r 


which proves the Laplace expansion formula from rows 1, j, and k. 


3.8.3 Determinants Containing Blocks of Zero Elements 
Let P, Q, R, S, and O denote matrices of order n, where O is null and let 


P Q 


Ao, = R S 


2n 

The Laplace expansion of Ag, taking minors from the first or last n rows or 
the first or last n columns consists, in general, of the sum of () nonzero 
products. If one of the submatrices is null, all but one of the products are 
Zero. 


Lemma. 

| 2) 
alos ad 

O Q a 
b. RS anes Peon 


Proor. The only nonzero term in the Laplace expansion of the first 
determinant is 


TVD 7412... epee 


The retainer minor is signless and equal to P. The sign of the cofactor is 
(—1)*, where k is the sum of the row and column parameters. 


nr 
k=2)°r=n(n+), 
pesll 


which is even. Hence, the cofactor is equal to +S. Part (a) of the lemma 
follows. 


The only nonzero term in the Laplace expansion of the second 
determinant is 


Neate TOMO Da cee Le eee Dee 
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The retainer minor is signless and equal to R. The sign of the cofactor is 
(—1)*, where 


k= S0(n+ 2r) = 2n? +n. 


Hence, the cofactor is equal to (—1)”Q. Part (b) of the lemma follows. © 


Similar arguments can be applied to more general determinants. Let pays 
Ypq, Zpq, and Opq denote matrices with p rows and g columns, where Op, 
is null and let 
Xpq Yps 
Org Zrs 


where p+ r =q+s =n. The restriction p > q, which implies r < s, can 
be imposed without loss of generality. If A, is expanded by the Laplace 
method taking minors from the first g columns or the last r rows, some 
of the minors are zero. Let U,, and V,, denote determinants of order m. 
Then, A, has the following properties: 


CA 


(3.3.14) 


nr 


alur--g¢g > nethen A, = 0. 
belie ¢ = patie | 61, g =p, 37, and A, = Xp Zpr: 
c. Ifr+q<_n, then, in general, 


An = sum of (7) nonzero products each of the form U,V; 
= sum of (2) nonzero products each of the form U,V,. 
Property (a) is applied in the following examples. 
Example 3.2. Ifr+s=n, then 


Bor Fe Ore 
Ey,2r Ons F 


PROOF. It is clearly possible to perform n row operations in a single step 
and s column operations in a single step. Regard U2, as having two “rows” 
and three “columns” and perform the operations 


Von = = 0. 


HOES ||Oyn 


Ri, = R, — Ro, 
: = Co + Cz. 
The result is 
(Pa On,2r Fns —F ps 
ie E,,,2r Ons F,; Qn 
On,2r Ons —F ns 
En, 2r Fis Fre Qn 


since the last determinant contains an n x (2r + s) block of zero elements 
and n+ 2r+s > 2n. o 
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Example 3.3. Let 


He Fuoee 
Von = Bip Gi Rig ’ 
Ojp Hyq Kyq |, 


where 27 + j = p+ 2q = 2n. Then, Von = O under each of the following 
independent conditions: 


aap) et 
ip > %, 
lili. Hyg + Kjg = Ojg. 


Proor. Case (i) follows immediately from Property (a). To prove case 
(ii) perform row operations 


LO By Gu 
Co Ole (Ge. a Beg) le ri Gia) 
Ojp Hyg K5q Qn 


This determinant contains an (i -+ j) x p block of zero elements. But, i + 
j+p> 2+ 7 =2n. Case (ii) follows. 
To prove case (iii), perform column operations on the last determinant: 


2n 


This determinant contains an (2 + j) x (p+ q) block of zero elements. 
However, since 2(i+j) > 2n and 2(p+q) > 2n, it follows that 1+j+p+q> 
2n. Case (iii) follows. oO 


3.3.4 The Laplace Sum Formula 


The simple sum formula for elements and their cofactors (Section 2.3.4), 
which incorporates the theorem on alien cofactors, can be generalized for 
the case r = 2 as follows: 


S puree cee = bijrsA, 


p<@q 


where 6;;,r5 is the generalized Kronecker delta function (Appendix A.1). 
The proof follows from the fact that if r 4 i, the sum represents a determi- 
nant in which row r = row 2, and if, in addition, s 4 7, then, in addition, 
row s = row 7. In either case, the determinant is zero. 


Exercises 


1. Ifn = 4, prove that 


(row 4 = row 3), by expanding the determinant from rows 2 and 3. 


Q11 

a21 
S N93,pqA24,pq = 

a31 
p<q 

a31 


3. 


(ou) 


Q\2 
22 
32 
32 


The Laplace Expansion 


13 
23 
33 
433 


2. Generalize the sum formula for the case r = 3. 


Q14 
Q24 0 
34 
434 


3.3.5 The Product of Two Determinants — 2 


Let 


Then 


where 


An = [aegis 
Ay ee = eal 


142 
Cij = y QindK;. 
k=1 


33 


A similar formula is valid for the product of two matrices. A proof has 
already been given by a Grassmann method in Section 1.4. The following 
proof applies the Laplace expansion formula and row operations but is 
independent of Grassmann algebra. 

Applying in reverse a Laplace expansion of the type which appears in 


Section 3.3.3, 


Qi 
a2] 


Onl 
—1 


a12 
22 


Ain 

Q2n 

GQnn 
b11 
boi 


bi2 
bea 


bn2 


bin 
bon 


Onn lon 


(3.3.15) 


Reduce all the elements in the first n rows and the first n columns, at 
present occupied by the a,;, to zero by means of the row operations 


n 
Re = R; + Do aR. il S a Si 


j=1 


(3.3.16) 
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The result is: 


C11 C12 ose Cin 
Cai -C99—=i«w«jw=s «SC 
_ Cni Cn2 +--+ Cnn . Be lire 
AnBn =| _4 Bey bia sci Ce 
—1 ba boo aon bon 
—1 bhi bn2 ene Dias Qn 


The product formula follows by means of a Laplace expansion. ¢;; is most 
easily remembered as a scalar product: 


bi; 
= ; bay 3.18 
Cpe Gat 02 one ale ele (3.3.18) 
bn 


Let R; denote the ith row of A, and let C; denote the jth column of 
B,. Then, 


Ci = Rie C;. 
Hence 
Aout, © C.F 

R, eC, R, eC, Ry C,, 

R2eC;, RoeCez Rez eC, (3.3.19) 

R,eC, R,eCo Ryn eC, |, 
Exercise. If An = |aij|n, Bn = |bij|n, and Cp = |cij|n, prove that 

AnBaCn = \dain; 

where 


@ 
oF = y y ip by sCg;. 


i— ies! 


A similar formula is valid for the product of three matrices. 


3.4  Double-Sum Relations for Scaled Cofactors 


The following four double-sum relations are labeled (A)-(D) for easy refer- 
ence in later sections, especially Chapter 6 on mathematical physics, where 
they are applied several times. The first two are formulas for the derivatives 


3.4 Double-Sum Relations for Scaled Cofactors 


A’ and (A’’)’ and the other two are identities: 


A = (log 4)! => oat, Ar, 


P= cel 
a =9 seue AMAM, 
Cs 
n n n 
SS Yo + gs)arsA™ = S°(f, + 97); 
r=1 s=l1 r=1 


Ue + ge)arsA A” = (fe + 95)A%. 


Pall c= 


Proor. (A) follows immediately from the formula for A’ in terms 
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(D) 


of un- 


scaled cofactors in Section 2.3.7. The sum formula given in Section 2.3.4 


can be expressed in the form 


» GrsA Oe 
which, when differentiated, gives rise to only two terms: 
S54 = — >) ars(A™). 
s=1 s=1 
Hence, beginning with the right side of (B), 
n n 
3 oat, ita = a7 ral," 
r=1 s=1 iG s 
a yy A’ 2 ane. 
Ue & 
SAY Dana 
= ec; 


gs 


= -(Aty 


I 


which proves (B). 


Le + sedareAlea? 
= DAY Land Dod Doe 


(3.4.1) 


(3.4.2) 
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= > frA ba +> 9sA'6s; 
ie § 


= fA + 954% 


which proves (D). The proof of (C) is similar but simpler. oO 
Erercises 
Prove that 
1. S> So fr* — 7 —1)* + 5* — (s—1)*]a,,A"® = 2n*. 

es 7 
2. a;; = — pe Deer (A. 

r=1 s=1 

3. we LG + 9s )QisarjA™* = Pa: 95 Qi. 

r=] s=1 


Note that (2) and (3) can be obtained formally from (B) and (D), respec- 
tively, by interchanging the symbols a and A and either raising or lowering 
all their parameters. 


3.5 The Adjoint Determinant 


gon Deaenon 
The adjoint of a matrix A = |[a;;|, is denoted by adj A and is defined by 
, adj A => Age 


The adjoint or adjugate or a determinant A = |a;;|n = det A is denoted by 
adj A and is defined by 


adj A = |Ajiln = |Aij|n 
= det(adj A). (ses) 


3.5.2 The Cauchy Identity 
The following theorem due to Cauchy is valid for all determinants. 
Theorem. 
adj A = A™-!. 
The proof is similar to that of the matrix relation 


AadjA = AI. 


3.5 The Adjoint Determinant oi 


PROOF. 
Aadj A = laiglnlAjiln 
= lOerlns 


where, referring to Section 3.3.5 on the product of two determinants, 


n 
bi = > air Ajr 
i 
= 6A. 
Hence, 
[bey |n = diag|A Ae Aln 
ie 


The theorem follows immediately if A 4 0. If A = 0, then, applying (2.3.16) 
with a change in notation, |A;;|, = 0, that is, adj A = 0. Hence, the Cauchy 
identity is valid for all A. 0 


8.9.3 An Identity Involving a Hybrid Determinant 


Let A, = |aij|n and By = |bj;|n, and let H,; denote the hybrid determinant 
formed by replacing the jth row of A, by the 7th row of B,. Then, 


Hig = ) bis Ajs- (3.5.2) 
SI 
Theorem. 
le Gs 
Jaigri + bijln = An |Oigtit Go| > An #0. 


In the determinant on the right, the x; appear only in the principal diagonal. 
Proor. Applying the Cauchy identity in the form 
|Agiln = An 
and the formula for the product of two determinants (Section 1.4), 
lasgri + digln AQ * = laigri + bij|n|Ayiln 
= |cij|n, 


where 
Tr 
Cj = iiaaa. + bis) Ajs 
iS 
nr nr 
= 2; oe Gig Ags + SS bis Ajs 
ill Ss= 1) 


= Oj Anti ar lok. 
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Hence, removing the factor A, from each row, 


Hi; 
leigin = An |Osgars + 4 
Ue Mp 
which yields the stated result. 
This theorem is applied in Section 6.7.4 on the K dV equation. Oo 


3.6 The Jacobi Identity and Variants 


3.6.1 The Jacobi Identity — 1 


Given an arbitrary determinant A — |a;j|n, the rejecter minor Mp, p,...p,:4149. 


ofsender (n— r) and thesretainermminor: Ny o5:,9)19)¢9..00, Of Onder r ane 
defined in Section 3.2.1. 
Define the retainer minor J of order r as follows: 


J = Jp, po...0739192--4r = 84) Nop, po..-p7394192---4r 


Apia Apna, — Apa: 
Apia Apyqe a Ap,.q2 : (3.6.1) 
Ap,q, Apna, Prar 'r 


J is a minor of adj A. For example, 


J23,24 = adj No3,24 


a22 a 
ladle sted 


a32 434 
_ |Ag2 Ase 
Aos Asa 


The Jacobi identity on the minors of adj A is given by the following theorem: 
Theorem. 


— ar-l 
J py pa.--PriQt 92-9 eae A Moipapaiah ge: 1 < te < n—1. 


Referring to the section on the cofactors of a zero determinant in Section 
2.3.7, it is seen that if A= 0, r > 1, then J = 0. The right-hand side of the 
above identity is also zero. Hence, in this particular case, the theorem is 
valid but trivial. When r = 1, the theorem degenerates into the definition 
of Ap,g, and is again trivial. It therefore remains to prove the theorem 
when A#0,r>1. 

The proof proceeds in two stages. In the first stage, the theorem is proved 
in the particular case in which 


jl = Up = i l<asae 


ali 
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It is required to prove that 


dae mo sae AN MD 19.7 
= 7; Vaaia: pe aee 
The replacement of the minor by its corresponding cofactor is permitted 


since the sum of the parameters is even. In some detail, the simplified 
theorem states that 


ai. WA ec An Qryirtl Grtiyr+2 «++ Ar+ijn 

Aig Alp Ape) Ar-1[Grt2,rt1 Ar+2,rt2 +--+ Or+2,n 

Apr Aas Gre Arr “ On,r+1 On,r+2 tee Qnn In—r 
(3.6.2) 


PROOF. Raise the order of Ji2....12...- from r to n by applying the Laplace 
expansion formula in reverse as follows: 


Ai Art 
: : \, rows 
Alr eee Apr 
J42...7;12...7 a rr > (36.3) 
ara Bleu al 
; (n — Tr) rows 
Aart isa Aye Lite 


Multiply the left-hand side by A, the right-hand side by |a,;|,, apply the 
formula for the product of two determinants, the sum formula for elements 
and cofactors, and, finally, the Laplace expansion formula again 


A Qj r+1 Beare Qin 
j : i \. TOWS 
A Or,r+1 aera’ arn 
7 Gee tee ea eee en eee 
Qr+i,r+1 Gr+1,n Mi ~ r) rows 
Qn,r+1 see ann 
Qr+ti,rt+i +--+ OQr+ijn 
= A’ . ° 
Qn, r+1 sa Ann esi 
ie 
=A Anes 12.04 


The first stage of the proof follows. 
The second stage proceeds as follows. Interchange pairs of rows and then 
pairs of columns of adj A until the elements of J as defined in (3.6.1) appear 
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as a block in the top left-hand corner. Denote the result by (adj A)*. Then, 
(adj A)* = oadj A, 
where 


o= (= 1) Oa RR a Ber) + aE (Ga 2) ae”) 
= (—1)@r teat ter) tai taate tar), 


Now replace each Aj; in (adj A)* by a@,), transpose, and denote the result 


by |a;;|*. Then, 


* 
Jaiy|" = olaij| = oA. 
Raise the order of J from r to mn in a manner similar to that shown in 
(3.6.3), augmenting the first r columns until they are identical with the 
first r columns of (adj-A)*, denote the result by J*, and form the product 
|a;;|*J*. The theorem then appears. Oo 


Illustration. Let (n,r) = (4,2) and let 


A392 
J =Jx0= (07 om. 
23,24 = 14 Any 
Then 
Agog Aze2 Ain Ade 
ee Aoy Aza Ata Ads 
(adj A)* = 
Ag, Asi Ai Ag 
Ag3 A33 Aig Aas 
= 0 adj A, 
where 
o = (—1)?+3424+4 
and 
Q22 G24 G21 093 
je — | 232 G34 @31 433 
|az;| == 


Q12 Qi4 yy, Q13 
Q42 G44 Agi 43 
= ala;;| SoA. 


! 


The first two columns of J* are identical with the first two columns of 


(adj A)": 


Agog Az 
_ qx _|Aaag Asa 
aaa! ion lege «1 j 
A23 Aas 1 


oAJ = |a;;|*J* 
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A a21 23 
oh A a31 33 
Gait 413 
G4, G43 
ay 42) || te 3 
G41 443 
2 
= A*Mo3,24 
2 
— On A23,24- 
Hence, transposing J, 
Azo Aga 
J= = A Ao3 24 
Azo A34 


which completes the illustration. 


Restoring the parameter n, the Jacobi identity with r = 2,3 can be 
expressed as follows: 


As) | 
poe ae a AAS (3.6.4) 
(n) 4 (n) netgPa 
Ajp Aig 
a. ee ee 
po": AY ae ee a A 8 (3.6.5) 


8.6.2 The Jacobi Identity — 2 


The Jacobi identity for small values of r can be proved neatly by a technique 
involving partial derivatives with respect to the elements of A. The general 
result can then be proved by induction. 


Theorem 3.4. For an arbitrary determinant A, of order n, 
Ay Ata 


— AP.J4q 
AP) Apa| = Ans 
nr Th 


where the cofactors are scaled. 


Proor. The technique is to evaluate 0A” /Oa,, by two different methods 


and to equate the results. From (3.2.15), 
0A¥ 1 


5a = gal AAswia — Ais Ava]: (3.6.6) 
Pq 


Applying double-sum identity (B) in Section 3.4, 


GA® Oars 48 AT 
OApq 4 oe) ae a” 
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=—)> > bpbag At A? 


— —A%d API 
1 
= — G5 lAigAry. (3.6.7) 
Hence, 
| | Vee (3.6.8) 
Pj Pq 


which, when the parameter n is restored, is equivalent to (3.6.4). The 
formula given in the theorem follows by scaling the cofactors. oO 


Theorem 3.5. 


Ati AXq Av 
APJ APY Apv| — AtPrujaqv 
Avs Aur Auv 
where the cofactors are scaled. 
PROOF. From (3.2.4) and Theorem 3.4, 
07A 
SS Se Ww, qv 
OapgOQi, ae 
SASS 
APa = Apu 
=A Ava jue |: (3.6.9) 


Hence, referring to (3.6.7) and the formula for the derivative of a 
determinant (Section 2.3.7), 


OFA 
OG FOC OO a, 
BA | Apa Ape SAR” Apa SA 
= Ee ne ro +A pats Aw +A uq ge 
aaj aij A a; 
Delp Are, Ave a APi Apu ip | APE APS 
_ Ai; Ava Avy ee Av Av awa! Avg Avs 
= a | Apa Ape Apj Apv 
> A? [as Aug Auy ~ Aig Anuj Awy 
Ap; Apg 
aI Ain Auj A 


qa | Ari Apa me : (3.6.10) 
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But also, 
OFA 
Aaa iu jqu 6. 
00;;00pDQuy ee (3.6.11) 
Hence, 
Ay Aig Aw 
Any Apqg Apu | = A? Appiiges (3.6.12) 
Uj ug wv 


which, when the parameter n is restored, is equivalent to (3.6.5). The for- 
mula given in the theorem follows by scaling the cofactors. Note that those 
Jacobi identities which contain scaled cofactors lack the factors A, A?, 
etc., on the right-hand side. This simplification is significant in applications 
involving derivatives. O 


Exercises 
1. Prove that 


ys Aye Agrai — 0, 


ep{p,q,7} 


where the symbol ep{p, q,r} denotes that the sum is carried out over 
all even permutations of {p,q,r}, including the identity permutation 
(Appendix A.2). 

2. Prove that 

Aq Arrs4 

Avi  APT:s3 


APs APIs Avi Arp;a3 
Ava ArtI49 Ate Aipas 


3. Prove the Jacobi identity for general values of r by induction. 


3.6.38 Variants 
Theorem 3.6. 


AO ACT etn 

Ae” cet) a AnAjjp.n+1 —; (A) 
IP j,n+1 

AY ae (n+1) 

ceed) AtD | AnAintiypa = 9 (B) 
n+1,p n+1,q 

a eis nce (C) 

nmr nr 


These three identities are consequences of the Jacobi identity but are dis- 
tinct from it since the elements in each of the second-order determinants 
are cofactors of two different orders, namely n—1 and n. 
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Proor. Denote the left side of variant (A) by EF. Then. applying the 
Jacobi identity, 


Ap aged) jag? aan 
Ana Ee = Anat On Cet) A ore yen 
| Ajp Aj, n+1 “SHR. “45 n+l 
ea (n+1) 981° 
SA es =F ee os (3.6.13) 
where 
Fy = ApASt) — Anyi A 
+1) (n+1) 
x, Fc 2§ AS AD, yah) 
fea) n+1 + Aynt1 Antip 
Any) ‘Pp y. Wiis ere 
A) (n+1) 
A; n+l igs p° 
Hence, 


; -_ (n41) 4(n41) g(Mtb) g(ntl)7 4(nth) 
AnsiE = [Avnet 43. n+i~ ¢ eee. BORA Liyp 


=0. (3.6.14) 


The result follows and variant (B) is proved in a similar manner. Variant 
(A) appears in Section 4.8.5 on Turanians and is applied in Seetion 6.5.1 
on Toda equations. 

The proof of (C) applies a particular case of (A) and the Jacobi identity. 
InGA), put ©.) p) = (rent): 
AM (n+1) | 


m+ | mer git!) 0. A ) 
= 1 
AD Ae ae ( 


Denote the left side of (C) by P 


a(n) A? 


4(p) Alaty 
Ae) gine) | — 


rn+l 
(n) q(n+l) 
Sntee ““n.n-bl 


(n+1) 


A, P at An n+l,r 


[aw ae? ages 
1 1 
=|a Aap a 
Abney (n+1) | 
n+1,r +1.n+1 


= AIG, = AME, (3.6.15) 


where 


gre (n+1) 
=|" A; n+1 
intl) Gna 
Pay), r i 


1) : 
= A, ie, srn+1" (3.6.16) 


Hence, 


= , (n+1) (n+1) 
AnP = Ansi [Ae n+thirnn+1 — Aga). a - 
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But aot) a A . Hence, A, P = 0. The result follows. o 


Three particular cases of (B) are required for the proof of the next 
theorem. 
Put (i,p,q) = (r,7,n), (n~—1,r,n), (n,r,n) in turn: 


AM Ar) fa 
Ath) A@ED a AA = 0, (B1) 
n+1,r n+1,n 
AY A a 
(oti) gent) | — Ann aintiimn = 0, (Bo) 
Aven, ALG 


n n 
| eon Fas oa Andes =0. (Bs) 
n+1,r n+1,n 
Theorem 3.7. 
Ae, Ag) aly 
A orn ane 7 ANZ n =i) 
Avntim Ase Ann 


Proor. Denote the determinant by Q. Then, 


Qar = —ApAl?-, 
Qa, = A, A™ (3.6.17) 


n**r,n—l1;rn° 


Hence, expanding Q by the elements in column | and applying (B,)-(Bs3), 
Q yan [Awa Ae) = Arty Aln-}) 


ryn+1l3rn* “n—1,r n—1,n+l;rn 
1 
at A rn (3.6.18) 
(n) (n) 
= Ae) A Arn — A(r—1) ANE, Anan 
ia = n+ n rr 1 + 
po eae Aa) aed) 
ASD Aw” 
A” nr nn 
ee A 
(n—1) (n) 
(n+1) | 4(n) a(n) SA Apr 
f= A anes aon ioe A | 


Ar > At 
a Ae POs _ An) A” (3.6.19) 
n—Il,r n—I1,n 
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The proof is completed by applying (C) and (A) with n — n—1. Theorem 
3.7 is applied in Section 6.6 on the Matsukidaira-Satsuma equations. O 
Theorem 3.8. 


+1 ful 
Aes = ANin - 


where 
-1 1 
a re Ang | acutt) gn) 
rae =il Je nj r,n—lirn’ 
Aes) Acay 


ProoFr. Return to (3.6.18), multiply by Ap,41;/An and apply the Jacobi 
identity: 


+1 +1 
gon | AB? ARDY goon] Arie An“ in 
=i, n n rr il 1 
: ; AGC years Ae aa) 
(n $1) ALD 
A” ; Ar mn = 0, 
© oon an aa, 
ae = at ail 
AE AD A A A AA oe 


n+l se n+l n oll 
= ae [A@ ye = Ara of At” seg Ae, 
(n—-1) (n+1) 
+1) || A A 
Ae Ar) Ath) a wad 


n—1,r n—l1,n 


= AGH [Ain Aen |- ACOA al. 
n—1,r n—l,r 
The theorem follows. oO 
Exercise. Prove that 
res Ay ae A, Ae 
ae) Ay. a Ae, A = ATA anal 
ee Re al) 


When r = 2, this identity degenerates into Variant (A). Generalize Variant 
(B) in a similar manner. 


3.7 Bordered Determinants 
3.7.1 Basic Formulas; The Cauchy Expansion 


Let 


An = lene 
= |C, Cz C3--- Ca], 
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and let B, denote the determinant of order (n + 1) obtained by bordering 
Ay, by the column 


b es [a1 wv 23°+-%n] 


on the right, the row 
Y = [yi y2 y3--- Yn] 


at the bottom and the element z in position (n + 1,n +1). In some detail, 


@11 G12 *** Ain 

@21 422 °** Qn 2 
alee 5 ere (3.71) 

Qni An2 Qnn In 

Y1 Y2 sts Un z n+1 


Some authors border on the left and at the top but this method displaces 
the element a;; to the position (i + 1,7 +1), which is undesirable for both 
practical and aesthetic reasons except in a few special cases. 

In the theorems which follow, the notation is simplified by discarding the 
suffix n. 


Theorem 3.9. 


B=zA- 3 ea 


r=1 s=1 
PROOF. The coefficient of y, in B is (—1)"*%t!F, where 
pe |Cy en @ ae, Opn ea, Ors x 
=(-1)"#6, 
where 
G= |\Crenessi » Sl Oo ee 
The coefficient of z, in G is A,;,. Hence, the coefficient of x,y, in B is 


(aie ts? Ae, = =e 


noe 


The only term independent of the x’s and y’s is zA. The theorem 
follows. oO 


Let E,; denote the determinant obtained from A by 
a. replacing a;; by z, i,j fixed, 


b. replacing a,; by z7, 1<r<n,r 7, 
c. replacing aj, by yz, 1<s<n, sj. 


Theorem 3.10. 


nr nr 
By = zAy — S- Denice = Ei. 


n—is—! 
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PROOF. 
Qi1 a12 @1,j-1 Q1,5+1 Qin nal 
a2) a22 = Ao 5=] Q2,5+1 Bee Q2n a) 
ie (ne Qi—~1,1 @i-1,2 °° @—-1,j-1 Q@i-1,j41 *** Qi-1yn Vi-1 
a 
4 Qi41i Gi41,2 °° Gi4ij—1 Gitij41 °° Gitin Vi+t 
ani Gn2 Qn,j—1 Qn,j+1 ann In 
Y1 Y2 Cee Yj-1 Yj+1 Boo Yn cs II 


The expansion is obtained by applying arguments to B,; similar to those 
applied to B in Theorem 3.9. Since the second cofactor is zero when r = 2 
or s — j the double sum contains (n — 1)? nonzero terms, as expected. It 
remains to prove that B,; = E;;. 

Transfer the last row of B;; to the 7th position, which introduces the sign 
(—1)"~* and transfer the last column to the jth position, which introduces 
the sign (—1)”-9. The result is E;;, which completes the proof. oO 


The Cauchy expansion of an arbitrary determinant focuses attention on 
one arbitrarily chosen element a,;; and its cofactor. 


Theorem 3.11. The Cauchy expansion 


n n 
A = aj Ajj + S S AisArj Air, sj. 


(fal = 


First Proof. The expansion is essentially the same as that given in Theorem 
3.10. Transform E;; back to A by replacing z by a;j, x, by a,; and ys by 
ais. The theorem appears after applying the relation 


Age = Aaa: (3eG2) 
Second Proof. It follows from (3.2.3) that 


> arg Air,sj = (1 a 075) Ais. 
rll 


Multiply by a;, and sum over s: 


Tt nr nr n 
> Gis Aine = ~ disAis — De O7sQspAys 
r=1 s=1 s=1 s=1 
= A—aijAiy, 
which is equivalent to the stated result. O 


Theorem 3.12. ify; =1,1<s<n, andz=0, then 


n 
>> By =0, 1<isn. 
FI) 
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PROOF. It follows from (3.7.2) that 


se See =), liir <n. 


j=l s=1 


Expanding B;; by elements from the last column, 


n n 
B= — ee.) Amys: 
r=1 i! 
Hence 
n n n 
By = — S Lr 5 S Air. js 
j=l r=1 j= s=l 


= 0. 


Bordered determinants appear in other sections including Section 4.10.3 
on the Yamazaki Hori determinant and Section 6.9 on the Benjamin -Ono 
equation. 0 


3.7.2 A Determinant with Double Borders 
Theorem 3.13. 


Ui VY 
Ug v2 
[a3] Ss 
a = Uy UglrlsAna.rs; 
Un Un 
1D. Gstys— 
Zi £2 In 
Yi Y2 °° Un e O |g 
where 
A => la; ila 
J 


ProoF. Denote the determinant by B and apply the Jacobi identity to 
cofactors obtained by deleting one of the last two rows and one of the last 


two columns 
Baiiindt Pntins2 As BBn+i,nt2:nt1,n+2 (3.7.3) 
Bn+2n+1 Bn+an+2 BA. 


Each of the first cofactors is a determinant with single borders 


Ul 
V2 
Batin+1 = [aegis 


Mio Une © | 
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nr Tr 


= > ye. 


q—is— 


Similarly, 


n on 
Bn+1,n4+2 = + es > upyiaee, 


es s=1 
Bn+2, nti =+ S y Ug, A qr) 
el yal 
Bn+2n4+2 = — y y UpLr Apr. 
D— hei 


Note the variations in the choice of dummy variables. Hence, (3.7.3) 
becomes 


Apr Ape 
Whos 


y Unvawe ts 


P,4,7,8=1 


qs 


The theorem appears after applying the Jacobi identity and dividing 
by A. Oo 


Exercises 


1. Prove the Cauchy expansion formula for A,;, namely 


n nm 


Aiz = Ap Aip,jq -~5 y aesaeA ipr,jqs) 


psi il 


where (p,q) 4 (i,j) but are otherwise arbitrary. Those terms in which 
r =1or p or those in which s = 7 or q are zero by the definition of 
higher cofactors. 

2. Prove the generalized Cauchy expansion formula, namely 


A=NijnrAijnket+ > > Bee rank. 
l<p<q<n 1<r<s<n 


where Njj,p% iS a retainer minor and Ajj;,;,x is its complementary 
cofactor. 


4 


Particular Determinants 


4.1 Alternants 


4.1.1 Introduction 


Any function of n variables which changes sign when any two of the vari- 
ables are interchanged is known as an alternating function. It follows that 
an alternating function vanishes if any two of the variables are equal. 
Any determinant function which possess these properties is known as an 
alternant. 

The simplest form of alternant is 


fit) foGa) --- falta) 
fj (2i)|In = fila) fal@2) «++ Fala) | (4.1.1) 


The interchange of any two 2’s is equivalent to the interchange of two rows 
which gives rise to a change of sign. If any two of the x’s are equal, the 
determinant has two identical rows and therefore vanishes. 

The double or two-way alternant is 


f(mi.m1) f(e1,y2) = £(£1,9n) 
f(v2,y1) f (x2, ya) ee: f(z2, Yn) : (4.1.2) 


ee 


f(Zn,¥1) Fen, ¥2) eae T(Gev) n 


F(Z. )In = 
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If the z’s are not distinct, the determinant has two or more identical rows. If 
the y’s are not distinct, the determinant has two or more identical columns. 
In both cases, the determinant vanishes. 


Illustration. The Wronskian |D3~!(f;)|, is an alternant. The double 
Wronskian |DJ~'Di~'(f)|n is a double alternant, D, = 0/02, etc. 


Exercise. Define two third-order alternants ¢ and w in column vector 
notation as follows: 


o = |e(x1) c(x2) c(z3)|, 
y = |C(x1) C(x) C(zx3)|. 
Apply l’Hopital’s formula to prove that 


_ (¢\__le(x) (a) ea) 
sa e ~ [C(a) C(x) O(a)’ 


where the limit is carried out as 7; — x, 1 <7 <3, provided the numerator 
and denominator are not both zero. 


4.1.2 Vandermondians 
The determinant 


a = |x? -In 


eee ce 
teens fet 
1 gee, clea 
=) (1, diana By) (4.1.3) 


is known as the alternant of Vandermonde or simply a Vandermondian. 
Theorem. 
DG — Il (o, as ie 
1<r<s<n 
The expression on the right is known as a difference -product and contains 


(n/2)= in(n — 1) factors. 


First Proof. The expansion of the determinant consists of the sum of n! 
terms, each of which is the product of n elements, one from each row and 
one from each column. Hence, X, is a polynomial in the x, of degrec 


0+1+42+3+---+(n—1) = gn(n-1). 


One of the terms in this polynomial is the product of the elements in the 
leading diagonal, namely 


+ goatee? ...gt1, (4.1.4) 
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When any two of the x, are equal, X, has two identical rows and therefore 
vanishes. Hence, very possible difference of the form (x, — z,) is a factor 
of X,,, that is, 
a K (xq — 21)(x3 — 21)(@¥4 — 21) +--+ (2p — 21) 
(x3 = X2)(x4 a £2) oiaae (a, = X2) 
(tq — £3) -+- (In — Zs) 


=K II (xs — 2), 


l<r<s<n 


which is the product of K and 4n(n — 1) factors. One of the terms in the 
expansion of this polynomial is the product of K and the first term in each 


factor, namely 
Kage). 


Comparing this term with (4.1.4), it is seen that K = 1 and the theorem 
is proved. 


Second Proof. Perform the column operations 
Ci = Cc; at tn 


in the order 7 = n,n—1,n—2,...,3,2. The result is a determinant in which 
the only nonzero element in the last row is a 1 in position (n, 1). Hence, 


Xn = (—ies*V,,-1; 


where V,,-; is a determinant of order (n — 1). The elements in row s of 
V,—1 have a common factor (x, — Z,). When all such factors are removed 
from V,,_1, the result is 


n—1 
Xn = Xn IGA = 2) 
rh 


which is a reduction formula for X,,. The proof is completed by reducing 
the value of n by 1 repeatedly and noting that X2q = x2 — 7. C 


Exercises 
iL. Wet 
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Postmultiply the Vandermondian V,,(x) or V,(%1,22,---,2n) by An, 
prove the reduction formula 


Viiyoy. sg Ca Vast ee Ol eee n—n) Te p — £1), 


and hence evaluate V,,(x). 
2. Prove that 


chen eae Yr Lr 
|x; ee n= I[ : 
EPO peak ee 
Sele 
Barn 
Ly 
p 


prove that 
le la pe es 


which is independent of z. This relation is applied in Section 6.10.3 on 
the Einstein and Ernst equations. 


4.1.8 Cofactors of the Vandermondian 


Theorem 4.1. The scaled cofactors of the Vandermonian X;, = |Zij|n, 
where 24; = ile are given by the quotient formula 
( 
ee eee 
i Gri(Zi) 
where 


n—-1 
dor(2) = Y(—1)*0f9) 2-1" 
s=0 


Notes on the symmetric polynomials oi”) and the function gnr(x) are given 
in Appendix A.7. 


PROOF. Denote the quotient by F;;. Then, 


nr 


1 
ye Lik lok = So(-1)"" ca hee we) (Put k= — 3) 
Geo) = 


ope ja (n) gr-s-l 


ae 25) 
& Gage.) 

Gnj (Xj) 
= on. 
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Hence, 
(tig\n[Fjiln = I, 
[Fjaln = [x,,]~° 
im bee 
The theorem follows. Oo 


Theorem 4.2. 


ue = (—1)"- ee of” Nae os 


PROOF. Referring to cetelies (A.7.1) and ae in Appendix A.7, 


n—1 


Xn = Xn-1 lee <a Ey) 


T=) 
n-ifn—1 es) 
n—19nn(Zn): 

From Theorem 4.1, 


Glee 


x” _ NN—-J 
i 9nn(Ln) 
== Gi Xie 
The proof is completed using equation (A.7.4) in Appendix A.7. Oo 


4.1.4. A Hybrid Determinant 
Let Y,, be a second Vandermondian defined as 
Yn = yen 


and let H,, denote the hybrid determinant formed by replacing the rth 
row of X,, by the sth row of Yj. 


Theorem 4.3. 


PROOF. 


18 n 
gee jth 
= ¥ 
Gy » : z 


1 < mere . 
ge lo ee ; (Put j =n -- k) 


Inr (Lr) “=F 


1 k(n), n—1l-k 
a > =i 
rey me 
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This completes the proof of Theorem 4.3 which can be expressed in the 
form 


Us — 23) 
Aye _ I i ; 

Be 4 oO 

a (Ys ) ul (Lr ts ©) 
a 
Let 
A, = acai 
ia ae am 
= one oe Anos eb Ty 
one tly pate n 


Theorem 4.4. 
ves = (dy ae 
PROOF. 


Ay, = |Cn CvOra0 ©, i;| 


n 


where, from the lemma in Appendix A.7, 


C; = a lors” oh ae — ce 


= = oh cae vi], Ue oe oy” ae le 
Applying the column operations 
Cag, Soom Ginx 


in the order 7 — 1,2, 3,...so that each new column created by one operation 
is applied in the next operation, it is found that 


ae, ;T 
Ree re ee — 
Cf = [vj Up U3 ov | ’ = Oy oe 


Hence 
An = |v aan 
Sy 
= (1a 


In: 


Theorem 4.4 follows. oO 
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4.1.5 The Cauchy Double Alternant 
The Cauchy double alternant is the determinant 


1 


Li Yj 


Av 


ff 
which can be evaluated in terms of the Vandermondians X, and Y, as 


follows. 
Perform the column operations 


C,=C;-C,, l<j<n-1, 


and then remove all common factors from the elements of rows and columns. 
The result is 


n—-l 

Il (Yr — Yn) 
A, = = ———— Ba, (4.1.5) 

eg — Yn) 


where B,, is a determinant in which the last column is 


eT 
Ei ie Paes a 


and all the other columns are identical with the corresponding columns of 
Ay. 
Perform the row operations 


fh, Uois<n—1, 


on B,,. which then degenerates into a determinant of order (n — 1). After 
removing all common factors from the elements of rows and columns. the 
result is 


n—1 
I] (zy, am! rr) 

= a ——— A,-1. (4.1.6) 
IT (tn = or) 


Eliminating B,, from (4.1.5) and (4.1.6) vields a reduction formula for Ay. 
which, when applied. gives the formula 


18 ae 
II (z, aa Ys) 


es 


An = 
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Exercises 


1. Prove the reduction formula 


n—1 ie a n—-1 y y 
AM — g@-D eas Zee) 
= eo Lr — Yn In — Ys 


per $4) 
Hence, or otherwise, prove that 
Ati — —1 __ flys)9(z:) 
7 ayy F'(zadg’ (ys) 
where 
f(t) = [[t-«,), 
a 
g(t) = | [ (ty). 
Ss— 
2. Let 
f(21) 
f(z2) 
Vee [aijln 
flan) 
ilaged 1 Se ee 
f(x1) 
f (x2) 
W, = [aij]n 
f(tn) 
-1 -l —1 Bee, 
where 
= 1 2; 
ayy = (a) 1 re 
f(z) = [[@ — Yi) 
i=1 
Show that 


Vn = (2° ae [[(«: a 1) (yi a y 


i=1 
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W, = (-1)° 9? X,Y, [][ (ci + 1) — 0). 
t=1 
Removing f(x1). f(z)..... f(Zn), from the first n rows in V, and W,, 


and expanding each determinant by the last row and column, deduce 
that 


Le zis | 1 1 S 
——! =- xi t1\(y-1 
ai, = i 2a ye ut My ) 
+][][@-Dm%+ o 
i=1 


4.1.6 A Determinant Related to a Vandermondian 
Let P,(z) be a polynomial defined as 


r 
Pee) = > ene ~ peu 
s=1 
Note that the coefficient is a,,, not the usual a,.,. 
Let 
= 
— = = Le 
Theorem. 
|Pi(23)|n = (ai (i2)- > Gin) Xn. 
PROOF. Define an upper triangular determinant C7, as follows: 


Un = lass ins aij = oO, ty; 


= @11 422°°°Gnn- (40-7) 


Some of the cofactors of U; are given by 


—_ 0. je 2 

a ee 2, Uy = 1. 
Thase cofactors for which j < 7 are not required in the analysis which 
follows. Hence. oe, is also upper triangular and 


r(1) 77(2) (n at) 
yO), = {Ui Ue Une, Uy’ =1, (4.1.8) 
ai U, U2---Un-1.- 


Applying the fornmla for the product of two determinants in Section 1.4. 


gy alte) \n = lgiz\n, (4.1.9) 
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where 


9 = bs Ua 
Meee? 
= Ss u® pa (22a) 
Sl 


ll 


i a 
= s—l (2) 
= y zy S QsrU, 
s a 


Hence, referring to (4.1.8), 
laigla = (U1 Uo---U;,)|z7 | 
=U ee 
The theorem follows from (4.1.7) and (4.1.9). o 


4.1.7 A Generalized Vandermondian 


N n n 
me s—l a-| 
= DD UTD oe fT ples 
n Ky...Kn—b \r=1 gS 


PROOF. Denote the determinant on the left by A, and put 


al?) = ypxt tt =f 


in the last identity in Property (g) in Section 2.3.1. Then, 


Lemma. 


p05 2 


N 


i+-j—2 
Ae 5S ye; 2x, jJ- a 
ki..kn=1 


Now remove the factor yx, ae ' from column j of the determinant, 1 <j < 
n. The lemma then appears and is applied in Section 6.10.4 on the Einstein 
and Ernst equations. Oo 


4.1.8 Simple Vandermondian Identities 


Lemmas. 
n—-1 
as Vi = Veer ie = Zr )y te 1, ae 


ait 
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b. Vz =V(x2,23,.--,2n) | [ (2, — 21). 
2, 


n 
c. V(r1,2241,---) En) = V(t41, Ct42,-++, Pn) II (rp — 22). 
r=t+l 
_1\n+1 
dV? = (=1)"'V (23, a5,...,2n) = Hee Ve 
[I (ar — 21) 
es r=2 
e. Ven = (—1)"**V (24, sae » U4—1, Vi41,--. or 
a5) aye. 
Il (@i-2,) [] (@, — 2) 
r=1 r=i+ 


LP 1) 
Vea a) sen ; : 
( fir Pj2 da) & a oe oom 


The proofs of (a) and (b) follow from the difference product formula 
in Section 4.1.2 and are elementary. A proof of (c) can be constructed as 


61 


follows. In (b), put n = m—t+1, then put 2, = y,42-1, r =1,2,3,..., and 


change the dummy variable in the product from r to s using the formula 


s=r+t-—l. The resut is (c) expressed in different symbols. When t = 1, 


(c) reverts to (b). The proofs of (d) and (e) are elementary. The proof 
of (f) follows from Property (c) in Section 2.3.1 and Appendix A.2 on 


permutations and their signs. 
Let the minors of V,, be denoted by M;;. Then, 


Theorems. 


m -l 
Vig iG Bs sy) | Tl 
a. |] M, V(2m+1)Fm42+++»%n)Vn" l1<m<n-1 


? 
= Viiv, na: oe.) 

pt 
ea M.= Vi? 

rah 

m —1 
c I] M Vig. ’ Tkin+e ot tert Ce Van 

. lee =e 
reeil V Gi Dig, 25 kep,) 


Proor. Use the method of induction to prove (a), which is clearly valid 
when m = 1. Assume it is valid when m = s. Then, from Lemma (e) and 
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referring to Lemma (a) with n > s+ 1 and Lemma (c) with m — s +1, 


ue Vn Veet... av 
[[™ = . e VE. fos 2s) 
r=1 (ts41—2r) [I (tr — £541) 
r=l1 r=s+2 
ae, Whe Vien, Bais, tae ee) 
[V (21,22, er) I eo. rN Il (z; = Le41) 
r=1 r=s+2 
= Vigsy3; Ls+3,--- roa 
V (23, es, a ad) 
Hence, (a) is valid when m = s + 1, which proves (a). To prove (b), put 
m =n-— 1 in (a) and use M,, = V,-1. The details are elementary. 
The proof of (c) is obtained by applying the permutation 
2 a ere 
ki ko kg +++ ky 


to (a). The only complication which arises is the determination of the sign 
of the expression on the right of (c). It is left as an exercise for the reader 
to prove that the sign is positive. oO 


Exercise. Let Ag denote the determinant of order 6 defined in column 
vector notation as follows: 
R ; 
Cj = [a; ajr; aja; by jy; byyj], 1S 5 <6. 
Apply the Laplace expansion theorem to prove that 


Ag = ) TA;0;0p0_bgb,V (2;,2;,26)V (Yn, Yas Ur) 
i<j<k 
p<q<r 


where 
a ees 
~My Gk pag 6 


and where the lower set of parameters is a permutation of the upper set. 
The number of terms in the sum is () = 741) 
Prove also that 


Ag = 0 when a; = b;, bs9 <6; 


Generalize this result by giving an expansion formula for A, from the 
first m rows and the remaining (2n - m) rows using the dummy variables 
k,, 1 <r < 2n. The generalized formula and Theorem (c) are applied in 
Section 6.10.4 on the Einstein and Ernst equations. 
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4.1.9 Further Vandermondian Identities 
The notation 
Nek 2x. 
Im = {hi j2-** Im}, 
Km = {ky ko-++km)}, 


where J,, and Ky, are permutations of Nj», is used to simplify the following 
lemmas. 


Lemma 4.5. 


Ni N. m 
V4e3,25---tm) = Soaen {No} Sra 
If ™?) pal 


m 


Proor. The proof follows from the definition of a determinant in 
Section 1.2 with a;; > La oO 


Lemma 4.6. 
Nn 
Viet.) sen J V(a1,22,--.,;2m): 
m 
This is Lemma (f) in Section 4.1.8 expressed in the present notation with 
nm. 
Lemma 4.7. 


Sore N Nin 
De ce a) — | pe Gee .). 
Im 


Jin 


In this lemma, the permutation symbol is used as a substitution operator. 


The number of terms on each side is m?. 


Miictration. Pita = 2,7 {7,07.,)— 2-7 oe and denote the left and 
right sides of the lemma by P and Q respectively. Then, 


(ee + Tj, see + 2p, 


iB 
ae g, plea tat +a +23) 


= P. 
Theorem. 
Nm m 
a. SL (II “;*) V (apoyo ca We), 2,202,017, 
then Sead 


Kin m 3 
b. ye ( “,'| \ 7 (enor ae = Rae or.- +e, )| ; 
if Fe 
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Proor. Denote the left side of (a) by S,,. Then, applying Lemma 4.6, 


N. m. 
™m es N 
cer = pe (TI Ly, ' san { i \ Vine. os cae) 
nl 


Jm 
Non N m 
= 
= V(er,ta,---.2%m) P8804 if } Jes ; 
dan (fell 
The proof of (a) follows from Lemma 4.5. The proof of (b) follows by 
applying the substitution operation { By } to both sides of (a). oO 
m 


This theorem is applied in Section 6.10.4 on the Einstein and Ernst 
equations. 


4.2 Symmetric Determinants 


If A = |aj;|n, where aj; = a;;, then A is symmetric about its principal 
diagonal. By simple reasoning, 
Aji = Aij, 
Ajs,ir = Air ja; 
etc. If any1—jn+1-i = Qj, then A is symmetric about its secondary diago- 
nal. Only the first type of determinant is normally referred to as symmetric, 
but the second type can be transformed into the first type by rotation 
through 90° in either the clockwise or anticlockwise directions. This oper- 


ation introduces the factor (—1)"("—)/?, that is, there is a change of sign 
ifn = 4m+2 and 4m+ 3, m=0,1,2.,.... 


Theorem. If A 1s symmetric, 
DS Apg,rs = 0, 
ep{p,q,r} 


where the symbol ep{p,q,r} denotes that the sum is carried out over all 
even permutations of {p,q,r}, including the identity permutation. 


In this simple case the even permutations are also the cyclic permutations 
[Appendix A.2]. 


Proor. Denote the sum by S. Then, applying the Jacobi identity 
(Section 3.6.1), 


AS = AApga,rs ar AAgr,ps an AArp,qs 
Apr Aps a Agp Ags 
Age Ags Tp TS 
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Apg Ag 8 
Apr Ars 


The theorem follows immediately if A 4 0. However, since the identity is 
purely algebraic, all the terms in the expansion of S as sums of products 
of elements must cancel out in pairs. The identity must therefore be valid 
for all values of its elements, including those values for which A = 0. The 
theorem is clearly valid if the sum is carried out over even permutations of 
any three of the four parameters. QO 


Notes on skew-symmetric, circulant, centrosymmetric, skew-centrosym- 
metric, persymmetric (Hankel) determinants, and symmetric Toeplitz 
determinants are given under separate headings. 


4.3. Skew-Symmetric Determinants 


4.3.1 Introduction 


The determinant A, = |a;;|, in which a;, = —a,;,»which implies\a,, = 0, 
is said to be skew-symmetric. In detail, 


O Q\2 Q13 Qj4 
A ® a23 24 
—@ —Q93 ® QA34 ... 
An=| *% Z (4.3.1) 


Theorem 4.8. The square of an arbitrary determinant of order n can be 
expressed as a symmetric determinant of order n if n is odd or a skew- 
symmetric determinant of order n if n is even. 


PROOF. Let 
A = ae 
Reversing the order of the rows, 


eet) ices N =|. (4.3.2) 


Transposing the elements of the original determinant across the secondary 
diagonal and changing the signs of the elements in the new rows 2,4, 6,..., 
A= (-1)"|(-1) "an 41—j,n-41-iln- (4.3.3) 


Hence. applying the formula for the product of two determinants in 
Section 1.4, 


A? =e lag lal(=1) np ieyn+i—cln 
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= |eiyjlns 
where 
n 
Cy = (I Gardner eee 
(pes 
nm 
= (—1)"*? ea ee ee 
st 
= (alee (4.3.4) 
The theorem follows. Oo 


Theorem 4.9. A skew-symmetric determinant of odd order is identically 
zero. 


Proor. Let A$,,_, denote the determinant obtained from A2,_-; by 
changing the sign of every element. Then, since the number of rows and 
columns is odd, 


eae a reels 
But, 
16 
net = Adn-1 = Agn-1- 
Hence, 
Aon-1 = 0, 
which proves the theorem. oO 


The cofactor Ae ”) is also skew-symmetric of odd order. Hence, 


AG”) — 0, (4.3.5) 
By similar arguments, 
Ag = A 
A (4.3.6) 
It may be verified by elementary methods that 
As G5, (437) 
Ag = (12034 — 413024 + 014023)”. (4.3.8) 


Theorem 4.10. Ao, is the square of a polynomial function of its 
elements. 


Proor. Use the method of induction. Applying the Jacobi identity 
(Section 3.6.1) to the zero determinant Ao,_1, 


(Qn-1 Qn-1 
Age) anv 


AQP-D ened = 0, 
jt jI 
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(2h) (2n= 1 en—1) 
i ea). (4.3.9) 
It follows from the section on bordered determinants (Section 3.7.1) that 
Ly 
A i 2n—1 2n-1 
on—1 : =-> APD aay, (4.3.10) 
Picpocae cece) © L2n-1 1 j=l 
Wi 2 Ube e Dp 
Put ©; = 4;,2, and y; = —a@;.2n. Then, the identity becomes 
2n—1 2n-1 
Za SO renee (4.3.11) 
i=1 j= 
2n—1 2n-1 ae 
Qn—1 = 
= a a5 2n0.an 
i=l j=l 
2n-1 1/2 2n—t 1/2 
2n-1 - 
= [ETA PT Mason] | LAPT 
j=l y=) 
2n-1 1/2 . 
a SI Teal oa ; (432) 
i=1 


However, each A? a , 1 <i < (2n —1), is a skew-symmetric determinant 
of even order (2n — 2). Hence, if each of these determinants is the square 
of a polynomial function of its elements, then Ag, is also the square of a 
polynomial function of its elements. But, from (4.3.7), it is known that Ag 
is the square of a polynomial function of its elements. The theorem follows 
by induction. Oo 


This proves the theorem, but it is clear that the above analysis does not 
yield a unique formula for the polynomial since not only is each square root 
in the series in (4.3.12) ambiguous in sign but each square root in the series 
for each TN 1 <i < (2n — 1), is ambiguous in sign. 

A unique polynomial for Pies known as a Pfaffian, is defined in a later 
section. The present section ends with a few theorems and the next section 
is devoted to the solution of a number of preparatory lemmas. 


Theorem 4.11. /f 
Aji — — Giz; 


then 


a. jaij + roa == lasjlon, 


the square of a polyomial function 
b. lai + Blon= i = © X 


of the elements aj; 
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Proor. Let A, = |aij|n and let E,4+; and F,4; denote determinants 
obtained by bordering A, in different ways: 


1 1 il i 
ih e Q12  =13 
Enti =|—-© G12 © 493 


—£ —a33° —4230 ® 
~ lant 
and F,,1; is obtained by replacing the first column of F,+1, by the column 


T 


(oOo -1 -1-—1-:] 7... 


Both A, and F741 are skew-symmetric. Then, 
Enyi = An + F p41. 
Return to £,4; and perform the column operations 
C,=C;-C,, 255 20-1, 


which reduces every element to zero except the first in the first row and 
increases every other element in columns 2 to (n + 1) by x. The result is 


Eni = lai, + Zn. 
Hence, applying Theorems 4.9 and 4.10, 


laig + 2lan = Aon + 2Fon41 
= Aon, 
laij + Zlan—1 = Aon-1 + ZF on 
= ion. 


The theorem follows. oO 
Corollary. The determinant 

A=|aylon, where a; +45; = 22, 
can be expressed as a skew-symmetric determinant of the same order. 


PROOF. The proof begins by expressing A in the form 


zt a12 13 a14 
2x2 —- a12 L 493 a24 
A=|]2r%—a33 2x2 —a93 z a34 
22—Q\4 24—aqqg 2-azq £ 
oe a a “ 
and is completed by subtracting x from each element. O 


Let 


An = |@ij|n, 74 = —Oaj, 
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and let Bn41 denote the skew-symmetric determinant obtained by 
bordering A,, by the row 


[-1 -1 = eile 


below and by the column 


on the right. 


Theorem 4.12 (Muir and Metzler). B,,1 is expressible as a skew- 
symmetric determinant of order (n — 1). 


PROOF. The row and column operations 

Book, + 7, Rage | <tr, 

Ci =C; + ajnCni, 1<j7<n-l1, 
when performed on B,+1, result in the elements a;; and aj; being 
transformed into aj, and a;,, where 


* 


Qi; =Qij—Ainta@jn, 1<5t<Sn-1, 


Aj; = Aji — Ajn + Qin, Les I, 


In particular, a}, = 0, so that all the elements except the last in both 
column n and row n are reduced to zero. Hence, when a Laplace expansion 
from the last two rows or columns is performed, only one term survives and 
the formula 


Bn+1 = |@jj|n-1 


emerges, which proves the theorem. When n is even, both sides of this 
formula are identically zero. Oo 


4.3.2. Preparatory Lemmas 
Let 


By = [Deal 


where 
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In detail, 

—l e il 1 1 

—1 -l e 1 

ae ~—1 -1 -l e 1 

—1 -1 -1 -l —l e 

—~] -1 -1 -1l Se ah bs 
Lemma 4.13. 

BB, ={-1)". 


Proor. Perform the column operation 
2= C.-C, 


and then expand the resulting determinant by clements from the new Co. 
The result is 


B, = —DPn-i = By-2 = Soi (—1)""*B. 
But B,; = —1. The result follows. oO 


Lemma 4.14. 
27 


es (1 eo 
p=) 


ea 


b. Yel == (—1)’bi,even, 
=a 
2n 

Cc, yen == (1) Ee en 
=e 


where the 6 functions are defined in Appendix A.1. All three identities follow 
from the elementary identity 


q 


1) a (—1)?6q_p,even- fal 


k=p 


Define the function E;; as follows: 


Lemma 4.15. 


2n 
ayy By 


k=l 
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b. SBe= yy "bioad, 4 <j 
nu =(- 1)3+ E Oh evens t>j 
a 

eSB = (1 Sieve, # <5 
k=1 


= (17 * "6, can, Leas 


Proor. Referring to Lemma 4.14(b,c), 


Sy i yen + B55 + a Ejk 
k=j+1 


= 2n 


Peni ee SS ee 


k=1 k=j+1 
= (El)? "Gy ven at 5j,odd) 
=(-1)", 
which proves (a). 
ie); 


Ejx 


i—1 

a (Gia au Peccis 
(p= 

—1)7*1(1 i Oe event) 


( 
(1 Grea: 


Ese 
2n 2n 
S > Bir = S (ee 
k= k=1 
= (FeO aces 


which proves (b). 


Part (c) now follows from (a) and (b). 
Let E,, be a skew-symmetric determinant defined as follows: 
Ey ean 


where Eig = he th as and Eqy = —Exj, which implies ey = 0. 


co 
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Lemma 4.16. 
En = bn,even: 
Proor. Perform the column operation 
C2 G2), 
expand the result by clements from the new C,,, and apply Lemma 4.13 
ny = (-1)" Bae Ean-1 

=1—heey 

= 1-(1— E,-2) 

= E,-2 = En-a = En-e, ete. 


Hence, if n is even, 
and if n is odd, 


which proves the result. 0 


Lemma 4.17. The function E,; defined in Lemma 4.15 is the cofactor of 
the element €;; in Eon. 


PROOF. Let 


2n 
Ay = ) Cip 5K. 
ir) 


It is required to prove that rx; = 645. 


t—1 2n 
Aij = Exklizn +04 Ss Ein lj 
=I k=i+1 
a 


Ifi<j, 
—1)* [oad a Oneven AP (-1)'] 
lie: 

rij a (—1)"* (eveven — bi odd — (~—1)*] 
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=a) 
Ae = (1a [Si,odd =x Opeven| 
= 1, 
This completes the proofs of the preparatory lemmas. The definition of a 


Pfaffian follows. The above lemmas will be applied to prove the theorem 
which relates it to a skew-symmetric determinant. oO 


4.3.3 Pfaffians 


The nth-order Pfaffian Pf, is defined by the following formula, which 
is similar in nature to the formula which defines the determinant A, in 


Section 1.2: 
Qi 51 Viaje *** Vingns 
2n 


Pi= Den 
(4.3.13) 


where the sum extends over all possible distinct terms subject to the 
restriction 


1 Bet aan on 


7 
tigi 42 Jo > a Jn 


t= eee < oo < 22. (4.3.14) 


Notes on the permutations associated with Pfaffians are given in 
Appendix A.2. The number of terms in the sum is 


o _ (2n)! : 
Ns N= ae (4.3.15) 
Illustrations 
lea — ee n ee a;; (1 term) 
iL = ies ij aj 
= Q12; 
Ag (Pi 


URE eee! 
Pl = Ssen 4 ae jp ein Os (3 terms). (4.3.16) 


Omitting the upper parameters, 
Pf. =sgn{1 2 3 4}ai2a34 + sgn{1 3 2 4}ai3a24 + sgn{1 4 2 3}ay4023 


= 012034 — 41324 + @14023 
Ag = [Pf2]?. (4.3.17) 


These results agree with (4.3.7) and (4.3.8). 
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The coefficient of aan, 1 < r < (2n—1), in Pf, is found by putting 
(is,Js) = (r,2n) for any value of s. Choose s = 1. Then, the coefficient is 


: Fora Dis js rien Qin djn ? 


where 
12 3 4 2. 1) 
Or = sgn . , 
P AM Oy 9 20x Ops Sian lee 
123 4... Qn— lean 
= sgn >. Yoon : 
Pty 9) U5 aoe 4h. 2n a 
oY Bs ah. (A Sl 
= sgn ca ee 6 ( ) (4.3.18) 
Uo US) OR oon Jn 5 
n—1t 
D2 ee ree ener 
=61)"sm Ce ies 
9) Ib) (ey FEY eu: i wee ke ae 


yaa 123 4... (r—1)(r4+]1) ... (Q2n-1) ae 
Gis. 35: 28 o a. | 


From (4.3.18), 


Pe ee (2n — =} 
: 8 i} 42 j2 13 aor Jn Sed 
{ Ral (2n — 1) } 
= sen : : 
Hence, 
2n—1 
Pie. (0) ana | (4.3.19) 
Pal 
where 
12) 34a —1)(r+1) «++ (Qn—2) (Qn-1 
mec SS (pee lye e * | ) 
12 J2 13 «93 °°: es aoe fen ee ee 
X Qin j2 Qiggg *** Din gn Ls 2n (4.3.20) 


which is a Pfaffian of order (n - 1) in which no element contains the row 
parameter r or the column parameter 2n. In particular, 


pi, Sen fi 2 het Gee aaaea 
ig jez i3 js in in, ee 


= Pia. (4.3.21) 


Thus, a Pfaffian of order n can be expressed as a linear combination of 
(2n — 1) Pfaffians of order (n — 1). 
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In the particular case in which a;; = 1, 1 < j, denote Pf, by pf, and 
denote Pf by pf”), 
Lemma. 
Diol, 


The proof is by induction. Assume pf,, = 1, m < n, which implies 
pf” = 1. Then, from (4.3.19), 


2n—1 


— 1) eet. 
r=l1 


Thus, if every Pfaffian of order m < n is equal to 1, then every Pfaffian of 
order n is also equal to 1. But from (4.3.16), pf, = 1, hence pf, = 1, which 
is confirmed by (4.3.17), pf, = 1, and so on. 

The following important theorem relates Pfaffians to skew-symmetric 
determinants. 


Theorem. 


Aon = [Pfn]?. 


The proof is again by induction. Assume 
AS = Ieee, m<n, 
which implies 
AC i) = [pr ]’. 
Hence, referring to (4.3.9), 
Aca: = Be) ger) 


= (n) pe(n) 72 
SS [PE Pf; | 
Woes) 
=a ny =—-| (43.22) 
lea Pf; 
for al] elements a;; for which a;; = —a;;. Let aj; = 1,74 < 7. Then 


ieee es oo = (12, 
PA” — pf” =1 


Hence, 


a a ea (4.3.23) 
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which is consistent with (4.3.22). Hence, 
Alm?) = (1) PE Pay”. (4.3.24) 
Returning to (4.3.11) and referring to (4.3.19), 


7 iol 74) | 
Aon = bs 1 Aaan SG Be a 


i=l j=l 


2n—1 2 
» Aaa 
a 

= ie 
which completes the proof of the theorem. 


The notation for Pfaffians consists of a triangular array of the elements 
a;; for which 7 < j: 


Pf, = |@i2 Gig Gia vee Q1,2n 
a23 G24 aa Q2,2n 
Q34 oOo Q3,2n - (453.25) 
Q2n—-1,2n 2n-1 


Pf, is a polynomial function of the n(2n — 1) elements in the array. 


Illustrations 
From (4.3.16), (4.3.17), and (4.3.25), 


Pf, = |ai2| = aia, 
Pfo =|ai2 a13 a14 
423 G24 
a34 
= 212034 — A13424 + Q14Q23. 
It is left as an exercise for the reader to evaluate Pf3 directly from the defini- 


tion (4.3.13) with the aid of the notes given in the section on permutations 
associated with Pfaffians in Appendix A.2 and to show that 


Pfg=|ai2 13 G14 G15 ai6 
G23 G24 425 426 
434 435 4436 


Q45 446 

Q56 
= @16| 423 G24 425 426}413 414 @15 436/912 @14 415 
a34 435} — a34 @35 | + Q24 495 


a5 45 45 
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a4g| a12 13 415 Q56|@12 413 414 
= Q@23 25 | + a23 G24 
035 434 
5 
= el ae, (4.3.26) 


T= 1 


which illustrates (4.3.19). This formula can be regarded as an expansion 
of Pf3 by the five elements from the fifth column and their associated 
second-order Pfaffians. Note that the second of these five Pfaffians, which 
is multiplied by agg, is not obtained from Pf3 by deleting a particular row 
and a particular column. It is obtained from Pf3 by deleting all elements 
whose suffixes include either 2 or 6 whether they be row parameters or 
column parameters. The other four second-order Pfaffians are obtained in 
a Similar manner. 

It follows from the definition of Pf, that one of the terms in its expansion 
is 


“+ @12434456 *** @2n—1,2n (4.3.27) 


in which the parameters are in ascending order of magnitude. This term is 
known as the principal term. Hence, there is no ambiguity in signs in the 
relations 


Pf, = Ay? 
pe”) = [AQn-] 7? (4.3.28) 


Skew-symmetric determinants and Pfaffians appear in Section 5.2 on the 
generalized Cusick identities. 


Exercises 


1. Theorem (Muir and Metzler) An arbitrary determinant An = |@i;\n 
can be expressed as a Pfaffian of the same order. 
Prove this theorem in the particular case in which n = 3 as follows: Let 


1 a 
bij = 5 (Gaz + Azz) = 553, 
i 
2 


Cig = 9 (Gig — Ojs) = — C5. 
Then 
bij = Qi, 
Cui = 0, 


aij — diy = Cy, 


Gig + Cjs = bij. 
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Applying the Laplace expansion formula (Section 3.3) in reverse, 


aii Q12 Q13 
Q21 a22 423 


Az = a31 a32 433 
—b3; —b32 —b33 433 423 413 
—bo1 —beg —bez a32 G22 12 


—bi, —bi2 —big a3, aa. 411 
Now, perform the column and row operations 
R.=R PR <1 <3; 
and show that the resulting determinant is skew-symmetric. Hence, 
show that 
A3=|ei2 cig 613 bia bi 
C23 beg bee bay 
b33 632 bai 
C23 C13 
C12 


. Theorem (Muir and Metzler) An arbitrary determinant of order 2n 


can be expressed as a Pfaffian of order n. 

Prove this theorem in the particular case in which n = 2 as follows: 
Denote the determinant by A4, transpose it and interchange first rows 
1 and 2 and then rows 3 and 4. Change the signs of the elements in the 
(new) rows 2 and 4. These operations leave the value of the determinant 
unaltered. Multiply the initial and final determinants together, prove 
that the product is skew-symmetric, and, hence, prove that 


Ag = |(Ni212 + Ni234) (Nis12 + Nis,34)  (Ni4,12 + Ni4,34) 
(No3,12 + No3,34) (Noa,i2 + Noa,34) 
(N34,12 + N3a,34) 


where N;j,-5 is a retainer minor (Section 3.2.1). 


. Expand Pf3 by the five elements from the first row and their associated 


second-order Pfaffians. 
A skew-symmetric determinant Ag, is defined as follows: 
Aon = aslons 
where 
ai; = ——. 
x; ap ah 3 

Prove that the corresponding Pfaffian is given by the formula 

Pfona = ess, 


1<i<j<2n 
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that is, the Pfaffian is equal to the product of its elements. 


4.4 Circulants 


4.4.1 Definition and Notation 


A circulant A, is denoted by the symbol A(aj, a2, a3,...,@n) and is defined 
as follows: 


An = A(ai, A2,43,---, Gn) 
ay ip GiB B20 an 
an Ga a2 *'* aAn-1 
Wet One Ate) On|: (4.4.1) 
ag (Oley (ai OGG il Mes 


Each row is obtained from the previous row by displacing each element, 
except the last, one position to the right, the last element being displaced 
to the first position. The name circulant is derived from the circular nature 
of the displacements. 


An = laeslns 
where 
a oe, Ie (4.4.2) 
" Gregan, Ges 7. 


4.4.2 Factors 


After performing the column operation 


Ce C,, (4.4.3) 


n 

it is casily seen that A, has the factor }> a, but A, has other factors. 
r=1 

When all the a, are real, the first factor is real but some of the other 


factors are complex. 
Let w, denote the complex number defined as follows and let @, denote 


its conjugate: 


@, weep 2rin/n) Oar = n= 1, 


= Wi, 

We 
Ww, = 1, 
ne be 


By ik (4.4.4) 
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w, is also a function of n, but the n is suppressed to simplify the notation. 
The n numbers 


1 ms eee (4.4.5) 


are the nth roots of unity for any value of r. Two different choices of r give 
rise to the same set of roots but in a different order. It follows from the 
third line in (4.4.4) that 


n—-1 
owe =0, OSr<n-1. (4.4.6) 
s=0 
Theorem. 
n—-1 
A De ore a: 
py Shi 
PROOF. Let 
n 
Opies Swe tas 
oa) 
= 0, + Wag + weagt-:>+ur an, wh =1. (4.4.7) 


Then, 


Wplp = Gn + Wd, + wag +--- +P lay1 
ae = 
Wey = An—1 + WpOn + way +++: + wl lan_2 (4.4.8) 


=i = 
wr Zp = G2 + waz + wea, +--+? 1a, 


Express A, in column vector notation and perform a column operation: 


An = |C, Cz C3---C,| 


p 
= IC} CG C3-+-Cpl, 
where 
n 
\ ie > j-1 
j=l 
Qj ao a3 An 
An ay ao Qn-1 
= | @n-1 +w, | an + w ai] 4 Bi |) Che 
a2 a3 a4 ay 
=n 


where 


W,, = ieee eels (4.4.9) 
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Hence, 
A= z,|W, C2 C3---C,|. (4.4.10) 


It follows that each z,, 0 <r <n ~—1, is a factor of A,. Hence, 
n—l 
ies \|| [721 (4.4.11) 
r=0 


but since A, and the product are homogeneous polynomials of degree n 
in the a,, the factor K must be purely numerical. It is clear by comparing 
the coefficients of af on each side that K = 1. The theorem follows from 
(4.4.7). Oo 
IHustration. When n = 3, w, = exp(2rim/3), w3 = 1. 
wo = i 
C= i= exp 2175/3) 
2 2 


wa = exp(4im/3) = ay Sw" = w, 


we =u = WwW. 


Hence, 
Q, ag ag 
Ag3=|a3 @1 42 
a2 a3 a 


= (a; + a2 + a3)(a1 + Wia2 + w%a3)(a1 + wea + w2a3) 
= (a; + az + a3)(a1 + waz + w%a3)(a1 + waz + wag). (4.4.12) 


Exercise. Factorize A4. 


4.4.8 The Generalized Hyperbolic Functions 
Define a matrix W as follows: 


WS [oe |. (w jams w) 


1 Il 1 1 1 
1 Ww ne w? wl 
; we aa ae yyen—2 
=|, x 6 y3n-3 (4.4.13) 
1 fo 7n-? w3r-3 wn) 
Lemma 4.18. 
| (aa 
w-!=-W 
n 


PROOF. 
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Hence, 
Ww = (rela 


where 


n 
Ors = Si ae? 
t=1 


n 
aSeae), 
t=1 


(0 re (4.4.14) 
Put k=r—s,s#r. Then, referring to (4.4.6), 


n 
s ; t—1)k k k 

Ars = w! ) (w =W) = Wk) 
t=1 


= 0, far, (4.4.15) 
Hence, 
[e-5)= nl, 
WW = nl 
The lemma follows. oO 


The n generalized hyperbolic functions H,, 1 <r <n, of the (n — 1) 
independent variables a,, 1 <r <n-—1, are defined by the matrix equation 


Hy= “WE, (4.4.16) 
where H and E are column vectors defined as follows: 
H = [Hi Hp H3...Hn|', 
E=(E, Ey E3...En] 


n-1 


Ee exp Ls we, iS <r, (4.4.17) 


t=1 
Lemma 4.19. 


PROOF. Referring to (4.4.15), 


n n—-1 
i Eea= exp b» May 
=] 


all T ‘= 
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rn n-l 
= exp > | 
Pail Il 
n-1l n 
= exp ay al 
El peal 
= exp(0) 
The lemma follows. Oo 


Theorem. 
A= Al iigio. Hs.0., Hy) = 1. 
PROOF. The definition (4.4.16) implies that 


Ay Wo He --.  H,, 

Ay, Ay Ho Pa faye) 
AG, Hove. ie) — |i 2, By -< Hy» 

Peed, :-- Hy, We 


= W'diag(E, E2 E3...E,)W. (4.4.18) 


Taking determinants, 


A(f,, H2, H3,...,Hn) = |W W| || £-- 


pail 
The theorem follows from Lemma 4.19. D 
Illustrations 
When n = 2, w = exp(iz) = —1. 
It l 
welt 
wi= 5W. 
Eee ery 2) el) 
Let x; — x; then, 
Ey ee 
E oa an 
H, = 1 Il il ee 
Ba ee Ce 
yc. 
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the simple hyperbolic functions; 


eee | 4.4.19 
A(H,, H2) = Hy Hy, il ( ae ) 
When n = 3, w, = exp(2riz/3), 
we = 1, 
Ww = wy = exp(2in/3), 
w? = w, 
ee) — NN 
t «i 1 
W=|1) @ wt, 
Daw? ow 
wi =iw, 
2 
E, = exp be wr Dty | 
t=0 
= exp[w"!a) +w*"*29| 
Let (41,22) — (x,y). Then, 
Ey = exp(z+y), 
Eg = exp(wx + wy), 
E3 = exp(@r + wy) = Eo. (4.4.20) 
Ay, yok od Fy 
rela te 4 lwo Eo}, (4.4.21) 
Hz 1 W WwW Es 
H, = t[e™*¥ 4 ewatwy ae eaaeist | 
Hy = dferty a wevetwy a wewen |, 
Hg = 5 [e7t¥ + wetted 4 weete) (4.4.22) 


Since the complex terms appear in conjugate pairs, all three functions are 
real: 


Hi Ho Hs 
A(H\,Ho,H3)=|H3 Hy, H|=1. (4.4.23) 
Hy Hz H, 


A bibliography covering the years 1757-1955 on higher-order sine func- 
tions, which are closely related to higher-order or generalized hyperbolic 
functions, is given by Kaufman. Further notes on the subject are given by 
Schmidt and Pipes, who refer to the generalized hyperbolic functions as 
cyclical functions and by Izvercianu and Vein who refer to the generalized 
hyperbolic functions as Appell functions. 
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Exercises 


1. Prove that when n = 3 and (21,22) — (z,y), 


O 
g, Hi He, Ha] — (Ho, H3, Hj], 


0 
By Hi Ha Hs] = |H3, H,, He] 


and apply these formulas to give an alternative proof of the particular 
circulant identity 


A( Hy, Hs, Hs) = 1. 
If y = 0, prove that 


A, = ; 
aan or)! 
ey) g3rt2 
He= eet 
: LG (38r +2)!’ 
co port 
A. = 
z De ea (3r +1)! 


r=0 


2. Apply the partial derivative method to give an alternative proof of the 
general circulant identity as stated in the theorem. 


4.5 Centrosymmetric Determinants 


4.5.1 Definition and Factorization 
The determinant A, = |a;j\n, in which 
Ant1—in+ti-j = Qj (4.5.1) 


is said to be centrosymmetric. The elements in row (n+ 1 —1) are identical 
with those in row 7 but in reverse order; that is, if 


R; = [ais Qi2-+-Ain—-1 din], 
then 
Fei i = [Gers Ain—1+ ++ G2 a1]. 


A similar remark applies to columns. A, is unaltered in form if it is trans- 
posed first across one diagonal and then across the other, an operation 
which is equivalent to rotating A, in its plane through 180° in either di- 
rection. A, is not necessarily symmetric across either of its diagonals. The 
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most general centrosymmetric determinant of order 5 is of the form 


a a2 a3 G4 5 
b} bo bz bg ds 

Ac=|cy 5G; €2 em. (4.5.2) 
b, ba b3 bo by 


a5 a4 a3 a2 a 


Theorem. Every centrosymmetric determinant can be factorized into two 
determinants of lower order. Agn has factors each of order n, whereas 
Aon+1 has factors of orders n andn+1. 


Proor. In the row vector 
Ri + Rati-i = [(aia + Gin)(Qi2 + Gin—1)° ++ (Qin—1 + Gi2) (Qin + ai1)], 


the (n + 1 — j)th element is identical to the jth element. This suggests 
performing the row and column operations 


Ri=R:+Rape, 1si= En), 
C,=C;-Cryi-j, [$(n+1)] +1 <3 <n, 


where [57] is the integer part of jn. The result of these operations is 
that an array of zero elements appears in the top right-hand corner of A, 
which then factorizes by applying a Laplace expansion (Section 3.3). The 
dimensions of the various arrays which appear can be shown clearly using 
the notation M,.,, etc., for a matrix with r rows and s columns. 0,, is an 
array of zero elements. 


R 0 
A es TUN mn 
Se se MaDe 
== eee Vas (4.5.3) 
Aan+1 = Ritint ee 
nn+l1 mr lQn+1 
= [RasintillTrnl- (4.5.4) 


O 


The method of factorization can be illustrated adequately by factorizing 
the fifth-order determinant A; defined in (4.5.2). 


aj +a5 a2+a4 2a3 a@4+a2 a5+aj 

bi t+bs be+b4 2b3 b4+bo b5 40; 
As = Ci C2 (G2) C2 C1 
bs ba bs be by 
a5 a4 a3 a2 a4 


4.5 Centrosymmetric Determinants 87 


aij,+@5 adgat+aq 2az e e 

bi +bs be+b4 263 e e 

= eal c2 C3 e e 
bs ba bg bo—by 6, —b5 
a5 a4 a3 Q@g—-a4 a1—a5 


a,+a45 aAg+aq 2a3 


=1b,+b5 b2+b4 2b: ba —b4 1 — bs 


a2—@4 a, —a5 


Cy c2Q C3 
= 3|B||F\, (4.5.5) 
where 

ai, a2 43 an a4 ag 

E=|b; bo b3|+ | bs 04 63], 
Ci C2 C3 Ci C2 C3 

F= bo by = ba bs (4.5.6) 
a2 a4 G4 a5] oy 


Two of these matrices are submatrices of As. The other two are submatrices 
with their rows or columns arranged in reverse order. 


Exercise. If a determinant A, is symmetric about its principal diagonal 
and persymmetric (Hankel, Section 4.8) about its secondary diagonal, prove 
analytically that A, is centrosymmetric. 


4.5.2 Symmetric Toeplitz Determinants 


The classical Toeplitz determinant A, is defined as follows: 


An — eas 


ao a1 4-2 a3 @_(n—1) 
ay ao Chol (Oh: ase 
= a2 ay ao a_} 
"| @g a2 a a 
Qn-1 eee eee eee aoe ag me 


The symmetric Toeplitz determinant T,, is defined as follows: 
Tr = |t\s—s{In 
to t; te 3 +++ tn-1 
ty Gs Re tb Gee 
- Gk 


(ee ee ty |, 
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which is centrosymmetric and can therefore be expressed as the prod- 
uct of two determinants of lower order. JT, is also persymmetric about 
its secondary diagonal. 

Let A,,, B,,, and E,, denote Hankel matrices defined as follows: 


A eee 

Br = |ti+5-1\,1 

ees fae) (4.5.8) 
Then, the factors of T,, can be expressed as follows: 


Digest = $/Tr-1 on HA es ale An|, 


Ten = |Trn + Bp| [Tr — Byl. (4.5.9) 
Let 
Py = 3ITn ~ E,| = sling eer 
= 9/Tn + An] = gles] + tery—aln: 
= 2ITn + Br| = lt e—s) + titj—in, 
Sr = 3ITn — Bal = alts) — tity-1ln; ; (4.5.10) 
Un = Rn + Sn, 
Vn = Rn — Sn. (4.5.11) 
Then, 
Te 
oy — 4h on 
=U, = Ve (4.5.12) 
Theorem. 


a. Jos) — Un-1U yn = Vn-1Vn; 
bs 75, =P One 1 ae 


Proor. Applying the Jacobi identity (Section 3.6), 


rn) pin) 


=T, pT” 
ee 


In,in* 


But 
TMM) a = i) = Toe 
1 = 71, 
Te = =n=2- 
Hence, 


T? ,.=7 ies + ae (4.5.13) 
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The element t2,—; does not appear in T,, but appears in the bottom right- 
hand corner of B,,. Hence, 


n—1:+ (4.5.14) 
The same element appears in positions (1,2n) and (2n,1) in To,. Hence, 
referring to the second line of (4.5.12), 
pen) g 1 OT”) 
1 
2 Oten—1 
Oton—1 (FinSn) 
Ae One feo in (4.5.15) 


=2 


Replacing n by 2n in (4.5.13), 
M1 Se ono Geog 

= Otel Opt (atom = tn Sas) | 

=e Op wor, — 1) 
The sign of T>,,_1 is decided by putting tp = 1 and t, = 0, r > 0. In that 
Case be = 1p, By = O7, he = Sa — ;. Hence, the sign is positive: 

Ton On tinea): (4.5.16) 

Part (a) of the theorem follows from (4.5.11). 


The element tg, appears in the bottom right-hand corner of E, but does 
not appear in either T,, or A,,. Hence, referring to (4.5.10), 


(oy ees 
Otan 


Qn 
Oton 


— ~fn-1s 


= Qn-1- 45.17) 


panty) _ 1 OT ant1 
1,2n+1 a 2) Oton 


O 
= Di A nents) 
ad FnOn as hPa (4.5.18) 


Return to (4.5.13), replace n by 2n + 1, and refer to (4.5.12): 


2n+1)\2 
iit = Ton+iT2n-1 ag ee) 


= A tn ar (PrQn = Pe eiQaeye 
= (PO n = Pea Oy41)*- (4.5.19) 
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When tp = 1, t} = 0, r > 0, Ton = 1, En = On, An = diag[1 0 0...0). 
Hence, P, = ot Q, = 1, and the sign of T2,, is positive, which proves part 
(b) of the theorem. Oo 


The above theorem is applied in Section 6.10 on the Einstein and Ernst 
equations. 
Exercise. Prove that 
(n) __ ml _ pint) 
gO - cae ont (bet ecm 


4.5.8 Skew-Centrosymmetric Determinants 
The determinant A,, = |a;;|n is said to be skew-centrosymmetric if 
On+1—int1—j = —Arj- 


In Agn41, the element at the center, that is, in position (n + 1,n + 1), is 
necessarily zero, but in Ag,, no element is necessarily zero. 


Exercises 


1. Prove that Ag, can be expressed as the product of two determinants of 
order n which can be written in the form (P + Q)(P — Q) and hence as 
the difference between two squares. 

2. Prove that Agn;,; can be expressed as a determinant containing an 
(n +1) x (n+ 1) block of zero elements and is therefore zero. 

3. Prove that if the zero element at the center of Aon+1 is replaced by z, 
then Aj,+1 can be expressed in the form x(p + q)(p — q). 


4.6 Hessenbergians 


4.6.1 Definition and Recurrence Relation 
The determinant 
Ap, = |aij\n, 


where a;; = 0 when i — j > 1 or when j —7 > 1 is known as a Hessenberg 
determinant or simply a Hessenbergian. If a;; = 0 when i — 7 > 1, the 
Hessenbergian takes the form 


G@ii = 412 «413 0C«C* ** Q1n—-1 Gin 
@21 422 423 °°" Q2.n-1 Q2n 
a32 33 poe 
Hy = Q43 °°: Ane <0 ; (4.6.1) 


Qn—1,n—-1 OAn—-1,n 
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If aj; = 0 when j — 7 > 1, the triangular array of zero elements appears 
in the top right-hand corner. H,, can be expressed neatly in column vector 
notation. 

Let 


of 
n? 


Ci — 41; G2; Ga; a, O;,-; | (4.6.2) 


where O; represents an unbroken sequence of i zero elements. Then 
Hy, = |Ciz C23 Cz4...Cr—1yn Cnnl,,- (4.6.3) 
Hessenbergians satisfy a simple recurrence relation. 


Theorem 4.20. 
n-1 


i= (—1)""? Eee igo ale 


i 
where 


pip = 4 MIMI —15-2 42,64 10EH 14 ja 
— cigs 
d Axi, Jae ie 


PROOF. Expanding H, by the two nonzero elements in the last row, 
iy, a Ginna = Qnn—1Kn-1, 


where K,,_; is a determinant of order (n — 1) whose last row also contains 
two nonzero elements. Expanding K,_; in a similar manner, 


i Gt, 2 = Gr 1.n—2lin— 9 


where K,,_2 is a determinant of order (n — 2) whose last row also contains 
two nonzero elements. The theorem appears after these expansions are 


repeated a sufficient number of times. oO 
Illustration. 
Hs = |Ci2C23C34CasCs5| = a55Ha — a54|Ci2C23C34Coa], 
|C12C23C34C54| = a45-H3 — a43|Ci2C23Cs3\, 


|Cy2C23C53 


|Cy2Cs52| = a25Hy — a21015Ho. 


= 035 Hg — a32|C12C50\, 


Hence, 
Hs = a55H4 — (a45054) H3 + (€35054043) He 
— (495054043032) Ay sa (€15054043432021) Ho 
= ps55H4 — p45H3 + p35H2 — pos Ai + pisHo. 


Muir and Metzler use the term recurrent without giving a definition of the 
term. A recurrent is any determinant which satisfies a recurrence relation. 
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4.6.2. A Reciprocal Power Series 
Theorem 4.21. If 


co fo-0) 71 
CY eat = S ot » go=Yo= 1, 
r=0 r=0 


then 
Pi Po 
2 oi 0 
cE 
@n-1 On—2 ++» «+» Gi Go 
i Se eee ee ee 


which is a Hessenbergian. 
PROOF. The given equation can be expressed in the form 


(go + dit + dat? + dst? + ---)(do — Wit + Wot? — pst? +--+) = 1. 


Equating coefficients of powers of t, 


n 


Y(-1) bina = 0 (4.6.4) 


i=0 
from which it follows that 


én a So(-1) bn. (4.6.5) 
i=l 
In some detail, 
PoY1 = 1 
O1V1 — Gove = 2 
pov: — dive + dows = $3 


dn—1V1 — bn—22 +++: + (-1)"t dodn = on. 


These are n equations in the n variables (—1)"~'w,, 1 <r <n, in which 
the determinant of the coefficients is triangular and equal to 1. Hence, 


Po pi 
oT Go 2 
(ieee g2 Pi Go $3 


ei nt atime wrath eto merce e Ch Cl ol Cn tern oachtaeccunicy Oatier 


n-2 Gn—3 n—4 ec P1 Go @n-1 
On-1 Pn—2 @n-3 te 2 —1 Pn n 


The proof is completed by transferring the last column to the first position, 
an operation which introduces the factor (—1)"~?. Oo 


4.6 Hessenbergians 93 


In the next theorem, ¢,, and a, are functions of x. 
Theorem 4.22. If 
=(m+4)F¢ém-1, F = F(z), 
then 
=(a+2-—m)Fum-1. 


ProoF. It follows from (4.6.4) that 


n 


Dn = > (-1) biti. (4.6.6) 


1=1 


It may be verified by elementary methods that 


, = (a+ 1)F Yo, 
y= aFy, 
v3 a (a a 1) Fo, 
etc., so that the theorem is known to be true for small values of m. Assume 


it to be true for 1 < m < n—1 and apply the method of induction. 
Differentiating (4.6.6), 


= 5 (-1)) (itn + biVn_i) 


2 
=F al (i+ a)dj- 1Vn— st(a+2— n+1)o; Un-1- il 


ss 


where 


n 


$1 =) (-1) G+ a) bi-14 na, 
i=l 


So = (a+2—n) > (-1)* bitn1-i, 


=I 
= Gl) ean 1-1 
= 


Since the i = n terms in Sg and 53 are zero, the upper limits in these sums 
can be reduced to (n — 1). It follows that 


So = (a+2—n)~n-1. 
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Also, adjusting the dummy variable in S$, and referring to (4.6.4) with 
non-—l, 


n—1 


Si = So(-1)*\(i+14 @)bittn—1-i 
i=0 
n—-1 n-1 ; 
= $0 (-1)*ibidn—1—i + (1 +0) So (-1)'bibn—1-1 
7a 70 
= —S$3. 
Hence, w, = (a + 2 —n)FYp-1, which is equivalent to the stated result. 
Note that if df, = (m—1)¢m-1, then v1, = —(m — 1)%m-1. Oo 


4.6.3 A Hessenberg Appell Characteristic Polynomial 


Let 
Aen 
where 
CAG, (ons ee 
ag = \ —): ) =1as 
0, otherwise. 
In some detail, 
a} a2 a3 a4 -:- An—1 an 
—~l @, a2 ag -:-: On—-2 Gn—1 
ey ay a2 eee Binet a6 
An — —4 Qj aera eo aoe s (4.6.7) 
a4 a2 
oat a 1) a n 


Applying the recurrence relation in Theorem 4.20, 


n-1 


ae 
An =(n-1)!¥_ = nS (4.6.8) 


r| 


r=0 


Let B,(x) denote the characteristic polynomial of the matrix A,.: 
Ba Ae al), (4.6.9) 


This determinant satisfies the recurrence relation 
n—-1 
See 5 
Bn =(n-1)!}° =", n>1, Bo=1, (4.6.10) 


where 


Theorem 4.23. 
ae = —n By 1. 

n 
Bey An A,2) 


c. By = 3 (*) Aaa. 


m=) 
PROOF. 


B, =—2“2+ Ag 
By = 2? —2A,x + Ao, 


B3 = =e 3A,2? — 3Aox + As, 
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(4.6.11) 


(4.6.12) 


etc., which are Appell polynomials (Appendix A.4) so that (a) is valid for 


small values of n. Assume that 
Be = —7rB,_1, 


and apply the method of induction. 
From (4.6.10), 


(n —1)! oo 
r=0 


n—-—2 


_ lo EL I; 


SPS = Il, 


pete 
BL =—(n-1)!)~ Salat (a — la, = 2) B,-2 = Bast 


r=1 
ae n—2 
One 
ae NN ee i 
eee ; B 
Sin — 1)! past a as oe 
te oe r! 


lI 


n—2 
ba—1—7B, 
—(n— 1)! )) Bat 


= —nDy-1; 


which proves (a). 


1)(a1 a 2) Ba = Bee 


(n ss 1)(ay iy £)Bn—2 a Bri 
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The proof of (b) follows as a corollary since, differentiating B, by 
columns, 


n 
Bl ee a. 
r=1 


The given result follows from (4.6.11). 
To prove (c), differentiate (a) repeatedly, apply the Maclaurin formula, 
and refer to (4.6.11) again: 


yee (=)? rn! Bp = 


(r 
B= (n—r)! 
nm ig 
BS (0) 
so) Weer aac 
7—U 


Bs » ie) A e=ay 


Put r = n — s and the given formula appears. It follows that B, is an 
Appell polynomial for all values of n. O 


Exercises 
elbet 


A, = \Gavlas 


ewes, 9 24, 
aij = a j =1— ile 


0, otherwise. 


where 


Prove that if A, satisfies the Appell equation Aj, = nA,_, for small 
values of n, then A, satisfies the Appell equation for all values of n and 
that the elements must be of the form 


w1=xr+ai, 
Win = Am, SA, 
where the a’s are constants. 
22 it 
Hi [ae ales 
where 


Qj-is ies 2, 
aj=4-J, jui-l, 


0, otherwise, 


and where 


prove that 


3. Prove that 


I i 
—1 
ll 
where 

4. If 
prove that 
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bm =(M+1)bdm-—1, $9 = constant, 


A, = n(n = ly: eee 


tbi5r bigx? 


a,x = —1 e me 
1 
—1 
Fall 
ine = | |e 
r=t 
a wl (2) il 73) 4) fas 
i te a af! 
n= u u’ U7 2h 
u u! 
uu, 
Unsi = u' Un — a 
n+1 uUn ol 


4.7 Wronskians 


4.7.1 Introduction 


Let yr = yr(x), 1 < r < n, denote n functions each with derivatives of 
orders up to (n — 1). These functions are said to be linearly dependent if 
there exist coefficients \,, independent of x and not all zero, such that 


Ss Ary, = 0 
r= 


for all values of x. 


n+l 


(Burgmeier) 


(4.7.1) 


Theorem 4.24. The necessary condition that the functions y, be linearly 


dependent is that 


identically. 


pp, = 
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Proor. Equation (4.7.1) together with its first (nm — 1) derivatives form 
a set of n homogeneous equations in the n coefficients \,. The condition 
that not all the A, be zero is that the determinant of the coefficients of the 
A, be zero, that is, 


Y1 Yy2 Yn 
vi Yo Yh |g 
pets eens bayer 
yi” ) ys . yr ) 
for all values of x, which proves the theorem. Oo 


This determinant is known as the Wronskian of the n functions y, and is 
denoted by W(y1, y2,---,Yn), which can be abbreviated to W,, or W where 
there is no risk of confusion. After transposition, W, can be expressed in 
column vector notation as follows: 

Wr aa W (yn; Yo; tee Yn) = |C er Cc”... erry) 
where 
a 
(Oe [1 Yo: “Yn (4.7.2) 
If W,, £ 0, identically the n functions are linearly independent. 


Theorem 4.25. [ft =t(z), 
W (ty, GUD heen tyn) = t?W (m1, YQ, .++5 Un). 


PROOF. 
W (tyr, ty2,..-,t¥n) = |(tC) (tC)! (tC)”--- (tC) | 
= |Ki K2 K3---K,|, 
where 
Ke) 2 pC), Be a 


Recall the Leibnitz formula for the (7 — 1)th derivative of a product and 
perform the following column operations: 


ye ay, 
—1 il 
Ky = Ky +t (77 )o°(F) K)-. 9. Soe le bee 
sa 
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Hence, 
W (tyi, tya,.--,t¥n) = (tC) (¢C’) (¢C”)---(¢C-)| 
eee CD), 
The theorem follows. ia 


Exercise. Prove that 


Cae eg aee eee.. ()”} 
dy” 112!3!.--(n — Diy rer? 


where y’ = dy/dz, n > 2. (Mina) 


4.7.2 The Derivatives of a Wronskian 


The derivative of W,, with respect to x, when evaluated in column vector 
notation, consists of the sum of n determinants, only one of which has 
distinct columns and is therefore nonzero. That determinant is the one 
obtained by differentiating the last column: 

Wee CoG ar CFO): 
Differentiating again, 


wi — IC CUCl =... C(r-3) cir-) c®)| 


BO OH Sie GLa rres Oe Oia @licae (4.7.3) 
etc. There is no simple formula for we”. ") In some detail, 
wwe wy A” 
Wi =|8? Ye - a (4.7.4) 
a rn 


The first (n — 1) columns of W/, are identical with the corresponding 
columns of W,,. Hence, expanding W/, by elements from its last column, 


Vie Soy (4.7.5) 


Each of the cofactors in the sum is itself a Wronskian of order (n ~ 1): 
WD = (-1) FW (yn, 25+. Yr—1y Yrtty ++ Yn) (4.7.6) 
W,, is a cofactor of Wr+1: 
ar 
Ve. (4.7.7) 


Repeated differentiation of a Wronskian of order n is facilitated by adopting 
the notation 


Wir. = |CO CH CH)...c%| 
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=0 ifthe parameters are not distinct 
J 


Vj...» = the sum of the determinants obtained by increasing 
the parameters one at a time by 1 and discarding 


those determinants with two identical parameters. (4.7.8) 
Illustration. Let 
VS Co C”| = Woe. 
Then 
W' = Wars, 
W" = Wora + Woes, 
W" = Wois + 2Wo2a + Wis, 
W™ = Wore + 3Woes + 2Wosa + 3Wiaa, 
WS) = Woi7 + 4Woas + 5Woss + 6Wios + 5Wisa, (4.7.9) 


etc. Formulas of this type appear in Sections 6.7 and 6.8 on the K dV and 
KP equations. 


4.7.8 The Derivative of a Cofactor 


In order to determine formulas for (Wwe)! , it is convenient to change the 
notation used in the previous section. 
Let 
W = |wajln, 


where 


- 7 d 
sy uv pee o CRY D= oe 
and where the y; are arbitrary (n — 1) differentiable functions. 
Clearly, 
Wij = Witt. 
In column vector notation, 
Wr = |Ci Co--- Cpl, 
where 
ae ee aa 
OF = [ye ) y ile ; -yJ ))] ; 
C; = Cra. 
Theorem 4.26. 
ye ( y(nt+l 
a. (Wi;") = Wi, a Wao 
b. (WaPy =—wiety 
u 


2,n+1;1n°* 
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c. (WEY = —-w 


i,n—1° 


Proor. Let Z; denote the n-rowed column vector in which the element 
in row 2 is | and all the other elements are zero. 
Then 


ws = |Cy ++ Cj_2 Cy_-1 Z; Cj41-+*Cn-1 Cr|,, (4.7.10) 
Aas CON CR Ax © corres Omer 01 
+|Cy +++ Cy_o Cy Zi yg + Cn-1 Crsil. (47-11) 


Formula (a) follows after C; and Z, in the first determinant are inter- 
changed. Formulas (b) and (c) are special cases of (a) which can be proved 
by a similar method but may also be obtained from (a) by referring to the 
definition of first and second cofactors. Wip = 0; Wes,ze = 0. 0 


Lemma. When 1 < j,s <n, 


a Wr, a j PB 1, 7 a 1, 
are Ae = wet), sn, 
0, otherwise. 


The first and third relations are statements of the sum formula for 
elements and cofactors (Section 2.3.4): 


Yo ven W? Seo ey Cray Cae. 


=(—1)"41C; Cp->- Cee -- °C, Crile: 
The second relation follows. 
Theorem 4.27. 
wy wi) 


wit a wint 1) 


— Wr wirth 


OR ee LAT 


This identity is a particular case of Jacobi variant (B) (Section 3.6.3) 
with (p,q) — (j,n), but the proof which follows is independent of the 
variant. 


Proor. Applying double-sum relation (B) (Section 3.4), 


(wy3)' ae Ss ww), WEWes, 


asl 


Reverting to simple cofactors and applying the above lemma, 


wiry’ 
(7 = BLL MMO WS 
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1 (n) (n) 
=—Fa Wi Dense Wigs 
n vs 


s=j—I,n 
Wi(W) —WPw = WWW We 
Hence, referring to (4.7.7) and Theorem 4.26(a), 
wire? — wh w.er) = arg On) + WE] 


an n+1,7 9-1 
_ (n+1) 
a WW iam 


which proves Theorem 4.27. Oo 


4.7.4. An Arbitrary Determinant 
Since the functions y; are arbitrary, we may let y; be a polynomial of degree 
(n — 1). Let 


n = 
Qin t” 1 


ie C=Dr (4.7.12) 

I : 
where the coefficients a;, are arbitrary. Furthermore, since x is arbitrary, 
we may let x = 0 in algebraic identities. Then, 

=i 
w= (0) 

= Qi; (457s) 
Hence, an arbitrary determinant A, —= |a;;|, can be expressed in the 
form (W,,)2-o9 and any algebraic identity which is satisfied by an arbitrary 
Wronskian is valid for Ap. 


4.7.5 Adjunct Functions 
Theorem. 

W (yi, Y2)--+sYn)W(W'", W2",..., W"") = 1. 
PROOF. Since 


0, O<r<n-2 
W, r=n-1, 


it follows by expanding the determinant by elements from its last column 
and scaling the cofactors that 


> yw w*" = Ona . 
a 


IC CO"... 00 = { 


Let 


SLY We. (4.7.14) 


i=1 
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Then, 
ea = Er+i,s a2 Er,st+i (4.7.15) 
and 
Ero = On ole (4.7.16) 
Differentiating (4.7.16) repeatedly and applying (4.7.15), it is found that 
my: r+s<n-—l1 
OS ee 1. eae 
Hence, 
W(y, Y2,-+ »yn)W (Ww, w?", teey wn) 
YI y2 aan Un wir (Uaey om: (Wine) 
Mi eh | PW (WY (WPnyr—D 
wee yor) rae yr) P wr (V au)! mete (WV st) - 
E00 E01 Spi 0 oe ict E0.n—-2 £0,n—1 
E10 Ell Sng 8°92 ip) Silo) k 
—| ©20 E21 E22 ***) E2n—3 * * (4.7.18) 
pO Sri Ww eee * * * 
ene * , x x ee | 


From (4.7.17), it follows that those elements which lie above the secondary 
diagonal are zero: those on the secondary diagonal from bottom left to top 
right are 


[esi ee = 10a 


and the elements represented by the symbol « are irrelevant to the value of 
the determinant, which is 1 for all values of n. The theorem follows. Oo 


The set of functions yee W?2",...,W"} are said to be adjunct to the 
set {yi, 2; ee Pah 


Exercise. Prove that 


W (yi, Y2, sy Un) W(wrthe, Wee, ro) Ww") = W(y1, ye; see es 
ILS iP S70 = Il, 


by raising the order of the second Wronskian from (n —r) to n in a manner 
similar to that employed in the section of the Jacobi identity. 


4.7.6 Two-Way Wronskians 
Let 
eee fl, D=—, 
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f VE fo Bere j= 


eZ fe a Te 
=| f" Ff fG@y 3. sor ' (4.7.19) 
eee 
Then, the rows and columns satisfy the relation 
R, = Riz, 
Ci = Cjai, (4.7.20) 


which contrasts with the simple Wronskian defined above in which only one 
of these relations is valid. Determinants of this form are known as two-way 
or double Wronskians. They are also Hankelians. A more general two-way 
Wronskian is the determinant 


Wee Dene (4.7.21) 
in which 
D,(R;) = Riz, 
D,(Cj) = C541. (4.7.22) 
Two-way Wronskians appear in Section 6.5 on Toda equations. 


Exercise. Let A and B denote Wronskians of order n whose columns are 
defined as follows: 


In A, 

Crea er reg). 
ibm 783. 

Cr = [Ly y’---y™"], Cy = Dy(Cj-1). 


Now, let E denote the hybrid determinant of order n whose first r columns 
are identical with the first r columns of A and whose last s columns are 
identical with the first s columns of B, where r +s =n. Prove that 


E = [0! 1! 2!---(r —1)!](O! 1! 2!---(s —1)!](y—2x)"*. (Corduneanu) 


4.8 Hankelians 1 


4.8.1 Definition and the dm, Notation 
A Hankel determinant A, is defined as 

An = lasjlns 
where 


ai; = f{G+9)- (4.8.1) 
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It follows that 
Aji = aij, 
so that Hankel determinants are symmetric, but it also follows that 
Gy elas ange le (4.8.2) 


In view of this additional property, Hankel determinants are described as 
persymmetric. They may also be called Hankelians. 

A single-suffix notation has an advantage over the usual double-suffix 
notation in some applications. 


Put 
ay = Pi+j—2- (4.8.3) 
Then, 
do 1 2 -** On-1 
1 2 $3 -:: dn 
An={| @2 $3 4 <*: Gntil , (4.8.4) 


CO 2 603 SOTO ibsen oho PO Geo ooo 


which may be abbreviated to 
Ay = |Online sO ok ele oe (4.8.5) 
In column vector notation, 
An= 1Co Cj Cz---C,-1|,, 
where 
C; = [65 $541 742° eee O<j<n-1. (4.8.6) 


The cofactors satisfy Aj; = A;,;, but A;; # F(i+ 7) in general, that is, 
adj A is symmetric but not Hankelian except possibly in special cases. 

The elements ¢2 and ¢2n_4 each appear in three positions in A,,. Hence, 
the cofactor 


ye oe) 
: (4.8.7) 
dn-1 *** P2n—4 
also appears in three positions in A,, which yields the identities 
Ae en a Aue. a Ae) 
Similarly 
(n) 
JAN alee al oe = Ae ees = A ee = Ay 9 Aee193- (4.8.8) 
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Let 
An = |\bi45- = |¢ ’ 0<m <2n—2;, 
Pits ain | min (4.8.9) 
Bee |e 6 yale oO 0 
Lemma. 


a. B, = 2?@-N4,,. 
b. (n) me sa a a 


cepts a ON Ay 

PROOF OF (A). Perform the following operations on B,: Remove the factor 
x’—! from row i, 1 <i <n, and the factor 2/~! from column j, 1 <j <n. 
The effect of these operations is to remove the factor z*+9~? from the 
clement in position (2,7). 

The result is 
oa g2lt2t3+--n—1) 4 

which yields the stated result. Part (b) is proved in a similar manner, and 
(c), which contains scaled cofactors, follows by division. O 


4.8.2. Hankelians Whose Elements are Differences 
The h difference operator Aj, is defined in Appendix A.8. 


Theorem. 


lOm\|n = [Ar doln; 
that is, a Hankelian remains unaltered in value if cach dm is replaced by 
Af do. 


Proor. First Proof. Denote the determinant on the left by A and perform 
the row operations 


a1 . 
Ri = ony (471) Ree 1=7,0— 1,0 — 275s. (4.8.10) 


- 
aU 
on A. The result is 
a) 
fo |r rae (4.8.11) 
Now, restore symmetry by performing the same operations on the columns, 
that is, 


gall 


»—1 5 
Ci = So(-Ay" @ r ) Cees J=nN— don = PRD ne Red (4.8.12) 


oO) 


The theorem appears. Note that the values of i and j are taken in 
descending order of magnitude. 
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The second proof illustrates the equivalence of row and column op- 


erations on the one hand and matrix-type products on the other 
(Section 2.3.2). 


Second Proof. Define a triangular matrix P(x) as follows: 


2c 1 ; (4.8.13) 


Since |P(x)| = |P7(x)| = 1 for all values of z. 
A= |P(-h)AP*(—A)|n 


(GAD) arate (27D, 


II 


li+j—-aln 
n 


where, applying the formula for the product of three determinants at the 
end of Section 3.3.5, 


4 


Boe (Eb oreeatmv (974) 


ies 


= ee eyes (751) Cao 


70) s=0 


al ; 
“EC cwrragre 
Sil 
j—1 i: a—l—r 
= Ai i i, \en) dy 


ae 
= Atti-2 6. (4.8.15) 


45 


The theorem follows. Simple differences are obtained by putting 
=e Oo 
Exercise. Prove that 


n 


SD La A ale) = An(o— A). 


7s 
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4.8.38 Two Kinds of Homogeneity 


The definitions of a function which is homogeneous in its variables and of 
a function which is homogeneous in the suffixes of its variables are given in 
Appendix A.9. 


Lemma. The determinant An = |¢m|n is 


a. homogeneous of degree n in its elements and 
b. homogeneous of degree n(n — 1) in the suffixes of its elements. 


PROOF. Each of the n! terms in the expansion of A, is of the forin 


£6144, -224+k2-2°*' Pntkn—2) 


where {k,}7 is a permutation of {r}?. The number of factors in each term 
is n, which proves (a). The sum of the suffixes in each term is 
n n 
So(r + ky — 2) =2) > r-2n 
r=1 r=1 
=n(n-—1), 


which is independent of the choice of {k,}7, that is, the sum is the same 
for each term, which proves (b). o 


() ig homogeneous of degree (n —1) in its elements 


and homogeneous of ine ee (n* —n+2—i—J7) in the suffixes of its elements. 
Prove also that the scaled cofactor A’? is homogeneous of degree (—1) in 
its elements and homogeneous of degree (2 — 7 — j) in the suffixes of its 
elements. 


Exercise. Prove that A; 


4.8.4 The Sum Formula 


The sum formula for general determinants is given in Section 3.2.4. The 
sum formula for Hankelians can be expressed in the form 


nr 
ee Onin tA, =O, bs hae (4.8.16) 
Exercise. Prove that, in addition to the sum formula, 


n 
a. 2 bmtn- Ay) =A, 10h, 


b: Dy bmn Am = Aap 


where the cofactors are unscaled. Show also that there exist further sums 
of a similar nature which can be expressed as cofactors of determinants of 
orders (n + 2) and above. 
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48.5 Turanians 
4 Ccemmmase te while eo Gy ee eave 2 Wranion by Kerlin ani 


$eeg6 and others. 
Let 
‘Om=r n- O0<m < 2n — 2, 
Om n- r<m<2n—-2+r, 
‘ o cic n— 
y nena = r Gn—l+r (4.8.17) 
. é.; ‘oo Perce nee F 
C, CL 1 C,12°-- Cy -14r}. 
Theorem 4.25. 


{Tarr Ti) : eer ee 
| Ter = ii ieee 


Pyoe 3 Uewete ae Sener bs T Then. op Aah je ye 
a e >» 5 cailiew@ cand © © headin ool name 0 ie eee thomyenss i 
) iain Aapiliis the Jacobi identity (Section 3.6). 


ree rermed 


= 17h Im~i | 
on {n+Lr—i)} im+1.r—1) 
Tye Te 


_ Pinel r—1)7'"—1 r-1) 
— T T) m—~l:i.nm—1 
s3 Ts Up's 
which proves the thevrem. Oo 


“4. = » ee De 2g Dew 

F,, = een = O,—-j -1:n- 

Ge= PP” = Negin. (4.8.18) 
Tees te permet ca: of te veers on whet = 1 can be expreseed 
im the form 


ApGn— Ais = E- (4.8.19) 
Se wrens 6 eepend we yewsom 412 2 on cemerazed peor ric somes. 
Omit the parameter r in T’*7) and write T,,. 
Theorem 4.29. For all values of r. 
in 'm—~1 
Ty Tyna 


ET pw! pm | =f. 
Tweets i 0 en ar F 
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PRoor. The identity is a particular case of Jacobi variant (A) (Sec- 
tion 3.6.3), 


Tae (n+1) 
a) ria, a gid ey eee = 0, (4.8.20) 
Tip Tin+1 
where (i, j,p) = (1,7, 1). 
Let 
An = T™"), 
Bn = Tinrth) | 
Then Theorem 4.29 is satisfied by both A, and B,. oO 


Theorem 4.30. For all values of r, 


aeAno ie Baa tee ea 
peel) = Ape es +A, GeO 


n+1,n wn 
PROOF. 

Beene. 

Bn = Aa”, 

Byatt 

= (=1)° 4 nt 
Aes = Aves 

=(-1) 1B). (4.8.21) 


Denote the left-hand side of (a) by Y,,. Then, applying the Jacobi identity 
to An-+1; 


Ae) Aint} 


4\n = n,n+l1 (n+1) 
Fo (n+1) _4(n+1) = AntiAnm+tsintl 
m+1,l  +**n+1,n+1 


= 0, 


which proves (a). 
The particular case of (4.8.20) in which (¢,j,p) = (n,1,n) and T is 
replaced by A is 


An-1 Joey =A Att = 4.8.22 
AM) Alrti) n“*nlinjnt+1 — VY: ( Ror ) 
In Intl 
The application of (4.8.21) yields (b). 0 


This theorem is applied in Section 6.5.1 on Toda equations. 


4.8 Hankelians 1 ilu 


4.8.6 Partial Derivatives with Respect to dm 


In Ap, the elements dm, ¢2n—-2-m, 0 < m <n —2, each appear in (m + 1) 
positions. The element ¢,—, appears in n positions, all in the secondary 
diagonal. Hence, 0A,/O¢m is the sum of a number of cofactors, one for 
each appearance of ¢,,. Discarding the suffix n, 


OA 
ig Br. Ag: (4.8.23) 
m pige=m+2 
For example, when n > 4, 
OA 
ayia Se Apg 
03 pt+q=s 


= At 4 Aso Aon + Ala. 


By a similar argument, 


oe Age (4.8.24) 

QiaU et a i 

eins oe ee (4.8.25) 
Om ptq=m+2 


Partial derivatives of the scaled cofactors A and A’™J*® can be obtained 
from (4.8.23)—(4.8.25) with the aid of the Jacobi identity: 


7) ; : 
oe > At ars (4.8.26) 
Pm p+q=m+-2 
Ay Atg 
= 2 ae (4.8.27) 
p+q=m+2 
The proof is simple. 
Lenima. 
a Ati A® Ata 
IS 
oan y> [Are are ara], (4.8.28) 


Om ptq=m+2| API APS e 
which is a development of (4.8.27). 


PROOF. 


“Obm  A2| Obm ~ Aine 9g, 


1 
= 72 ys ae ied am Air, js Apa] 
Pq 


aAinss 4 A oAinis OA 


= eae A Atrd8 Apa), (4.8.29) 


Pd 
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The lemma follows from the second-order and third-order Jacobi identi- 
ties. D 


4.8.7 Double-Sum Relations 


When A, is a Hankelian, the double-sum relations (A) (D) in Section 3.4 
withe f= o¢= 5 can be expressed as follows. Discarding the suffix n, 


2n-—2 


“=D Die = ee a, (Ai) 


m—0 pt+q=m+2 


“=e YAN, (By) 


m=0 pt+q=m+2 


S dm Sl Aan, (Ci) 


m=0 ptq=m+2 


2n—-2 
Sic eee (D1) 
= ptq=m+2 
Equations (C;) and (D,) can be proved by putting a,j; = $i4;~2 in (C) 
and (D), respectively, and rearranging the double sum, but they can also 
be proved directly by taking advantage of the first kind of homogeneity of 
Hankelians and applying the Euler theorem in Appendix A.9. 
An and A are homogeneous polynomial functions of their elements of 

degrees n and n —1, respectively, so that A‘? is a homogeneous function of 
degree (~1). Hence, denoting the sums in (C;) and (D,) by S; and So, 


2n-—2 
= bm 
= i 
2n—2 
OAY 
S2=—- Ss Omar 
<  8bm 
Ate. 


which prove (C;) and (D;). 


Theorem 4.31. 
2n-—2 


> tn > Ae 1), (C2) 


ptq=m+2 
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2n-—2 


Yo mom SD APA = (6 +5 -2)A%, (D2) 
m=1 


p+q=m+1 


These can be proved by putting aij = Pi4j—2 and f, = 9, =r —1 in (C) 
and (D), respectively, and rearranging the double sum, but they can also 
be proved directly by taking advantage of the second kind of homogeneity 
of Hankelians and applying the modified Euler theorem in Appendix A.9. 


Proor. A, and A} are homogeneous functions of degree n(n — 1) and 
(2 —1— J), respectively, in the suffixes of their elements. Hence, denoting 
the sums by 5 and Sg. respectively, 


2n—2 


OA 
AS; = i Ge 
m6, 
=n(n—1)A, 
2n—2 14 
OA" 
So=—- Mom, a 
2 ae a, 
= —(2-i-9)A™. 
The theorem follows. I 
Theorem 4.32. 
n nr 
ye (r +8 — 2)br45-3A”* =0, (E) 
pei gall 
which can be rearranged in the form 
2n—2 
do Mbm-1 DS AP =0 (Ex) 
m=1 p+q=m+2 


and 


= 0, (1,7) = (n,n). 
which can be rearranged in the form 


2n—2 
Ss Mom—1 > A? Ald = {Att 4 5 Atsti 
m=1 pt+q=m+2 (F;) 


=0, = (i,j) = (n,n). 
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PROOF OF (F). Denote the sum by S and apply the Hankelian relation 
Pr+s—3 = Gr.s—1 = Ar—1,s- 


The proof of (F) follows. Equation (E) is proved in a similar manner. 


Sic ee — 1)A? Sener +: aa — VS a, 
S—ill r=] P=) | 


= i(s-1)A%6.-14+ So (r - 1) A™ 5,13. 
si r=1 


Exercises 


Prove the following: 


ale 


Se 
p+q=m+2 
2n—2 
See > Ase = (n— Ap. 


m=0 g+q=m+2 
2n—2 


C oy Mom ye Aga = (n? —n—-t— j ar 2A. 
m=1 


pP+q=m+2 


2n—2 

Y bm S Aiip,hkaq = nAtsnk | 

m=0 ptq=m+2 

2n—2 

SY mbm So AdPhK — (n? —n-i-j—h—k—4) ABE, 
hipeail p+q=m+2 

2n—2 

»: . Mdbm—1 ss Atipihka 

wo p+q=m+2 


= jAitlLaiihk + GAbIt+hk a RAgiht+ik lt kAtihik+d 
2n—2 


. Se SS bp+r—19g4r—1 AP? = Pr, =) 


m=0 p+q=m+2 
2n—-2 


Se m Sy Pp+r—19q4r—1AP4 =2rde, O<r<n—1. 


rt pt+q=m+2 


. Prove that 


n—1 n 
oS ee Se Om+r—-2A™ a jAtthd 
TI 72 


fe 


by applying the sum formula for Hankelians and, hence, prove (F)) 


directly. Use a similar method to prove (Ej) directly. 
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4.9 Hankelians 2 


4.9.1 The Derivatives of Hankelians with Appell Elements 
The Appell polynomial 


dm = s ) a,c" (4.9.1) 


pb) 


and other functions which satisfy the Appell equation 
=Total. ., (4.9.2) 


play an important part in the theory of Hankelians. Extensive notes on 
these functions are given in Appendix A.4. 


Theorem 4.33. If 
An |\Oale an = On — 2, 
where dm satisfies the Appell equation, then 
Agnes 
PROorF. Split off the m = 0 term from the double sum in relation (A;) in 


Section 4.8.7: 
2n—2 


, 
a are ee aes 
pt+q=2 7! ptq=m+2 
2n—2 
=o ey Monee > AP 
il ptq=m+2 


The theorem follows from (E,) and remains true if the Appell equation is 
generalized to 


C= MP On -1, = F(z). (4.9.3) 
O 


Corollary. If dm is an Appell polynomial, then ¢9 = ao = constant, A’ = 
0, and, hence, A is independent of x, that 1s, 


lom(£)|\n = |m(0)|n = lOmin, OS m<2n—-2. (4.9.4) 


This identity is one of a family of identities which appear in Section 5.6.2 
on distinct matrices with nondistinct determinants. 


If dm satisfies (4.9.3) and ¢9 = constant, it does not follows that ¢,,, is 
an Appell polynomial. For example, if 


Om = (1 = coo 
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where P,,, is the Legendre polynomial, then ¢,, satisfies (4.9.3) with 
F= —g)-7- 


and ¢9 = Po = 1, but dm is not a polynomial. These relations are applied 
in Section 4.12.1 to evaluate |Pin|n. 


Examples 
Loot. 


dm = ae {f(x) + ery", 


k 
where )> b, = 0, b, and c, are independent of x, and k is arbitrary, 
ml 


then 


es = Tiel (Om =i, 
k 


oo = a b,c, = constant. 


7 


Hence, A = |¢m|n is independent of z. 
2. TE 


bm (2,6) = [E+ 2)" — of€ — 1)" + (e—)e"*4], 


then 


Obm _ 
e Mom-1; 
do = z+. 


Hence, A is independent of €. This relation is applied in Section 4.11.4 
on a nonlinear differential equation. 


Exercises 


1. Denote the three cube roots of unity by 1, w, and w?, and letA = |dm|n, 
0<m < 2n — 2, where 


1 
Be Om = 3(m +1) [(a@+b+c)™t* + w(x + we)” + w? (a + woe) ee 
1 
btn = Sap ay Ot Ot One eer 
il 
O: Orn ae ame) [e+ e)™*? + w2(a + we)? + w(x + w2e)™*?] 


Prove that ¢,, and hence also A is real in each case, and that in cases 
(a) and (b), A is independent of x, but in case (c), A’ = cAj}. 
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2. The Yamazaki—Hori determinant A,, is defined as follows: 
An =lGnln, 0 Se <2n— 2, 


where 


1 
dm = [p? (2? = pe it q’(y? = ede p ange ee 


m+1 
Let 
5. = rele 0<m<2n-2, 
where 
= Om 
Vm (x? za y2ymti 
Prove that 
0 
OO = mE n= 
hy 
where 
_ 2a(y? = 1) 
(x2 — y2)2 
Hence, prove that 
OB, n 
ak 
OA 
(x? — y?) a = 2x[n? A, — (y? — 1) AS] 


Deduce the corresponding formulas for 0B,,/Oy and OA,/Oy and hence 
prove that A, satisfies the equation 


ae | 2_ 4 
(: Ja+(? \ay tte 
zr y 


3. If An = |dm|n, O < m < 2n—2, where ¢m satisfies the Appell equation, 
prove that 
a. (A#)! = Gh AI AM — (GAUM 4 GARTH), (4,3) # (nr, 0), 
b. (ARR) = -96(Al") 


4, Apply Theorem 4.33 and the Jacobi identity to prove that 


Hence, prove (3b). 
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mle 


An = Orla 0m = an — 2; 
In =lomiln, TSS 2n—1, 
Gr — [yr bas 2<ms< 2n, 


where ¢, is an Appell polynomial, apply Exercise 3a in which the 
cofactors are scaled to prove that 


pea) = a. + 7A. 4) 
in which the cofactors are unscaled. Hence, prove that 


D'(Fn) = (-1)" lA inti OST Sj 

D" (Fe = nl Ar. 

F,, is a polynomial of degree n; 

D'(Gn) =(-1)"r! YS AGHD, O<r<2n; 
p+q=r+2 

DG) =A. 

G,, is a polynomial of degree 2n. 


a ee 


rm © 


. Let B, denote the determinant of order (n + 1) obtained by bordering 
A,(0) by the row 


R= [li —2a? —2°.--(—2)""' ©) nt 
at the bottom and the column R’ on the right. Prove that 


By = — (—x)" » A” (0 


r=0 p+q=r+2 


Hence, by applying a formula in the previous exercise and then the 
Maclaurin expansion formula, prove that 


Bn = —Gn-1. 
. Prove that 
(i+r—s—1)lG+s-—1)! 
D"(Aij) = G=DiG—p! SS sara) at 


. Apply the double-sum relation (A) in Section 4.8.7 to prove that G,, 
satisfies the differential equation 


2n-1 ie pDmti 
ae dm (Gn) 


mi ae 


m=0 


4.9 Hankelians 2 119 
4.9.2 The Derivatives of Turanians with Appell and Other 
Elements 
Let 
i |C Ong Crm Ce., ie (4.9.5) 
where 


Cj = [$5 O41 $i42°°bjtn—a] 
bin = MF om-1. 
Theorem 4.34. 


Ese rF\C,_1 C41 C,+2 ger Caei| 
PROOF. 
C; = F(jCj-1 + C3), 
where 
CF = [0 6; 26541 3¢;42---(n— 1)$j+n—2] ° 
Hence, 


r+tn—-1 
TT! = S- |C, Crap “22 Cj Ci -- Gere 1 
j=r 


r+n—1 


= 


=F bam CeCe, 1GCj= SP) eae ©) eer 
=PF|C,_1 C41 Cru2-++ Crin—t| 
Poi 
+F DS) |C, Crti-+-CF--- Cent] 
iat 
after discarding determinants with two identical columns. The sum is zero 


by Theorem 3.1 in Section 3.1 on cyclic dislocations and generalizations. 
The theorem follows. 


[) 
The column parameters in the above definition of T are consecutive. If 
they are not consecutive, the notation 


Le eee oe |C;, C;, aiene C;. sires C,,,| (4.9.6) 
is convenient. 
n 
ee = FY j-|Cy, C;, a Cyj,.-1) a C;,,| (4.9.7) 
PS) 
Higher derivatives may be found by repeated application of this formula, 


but no simple formula for D*(Tj,;,..;,.) has been found. However, the 
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method can be illustrated adequately by taking the particular case in which 
(n,r) = (4,3) and dm is an Appell polynomial so that F’ = 1. 
Let 


T = |C3 C4 Cs Co| = Tass. 
Then 


D(T) = 3T 486, 
D?(T)/2! = 3Ty456 + 672356; 
(T) 


D?(T)/3! = Toas6 + 8Ti356 + 10T 2346, 
D9(T)/9! = To126 + 8To135 + 10To234, 
D'°(T)/10! = 37125 + 6To134, (4.9.8) 
(Se iCi A Wee viypre 
D*(T)/12! = Tors, 
=|ml4, OS m<6 
= constant. 


The array of coefficients is symmetric about the sixth derivative. This result 
and several others of a similar nature suggest the following conjecture. 


Conjecture. 


D°{T)} = (nr)!ldmln. O< m<2n-2 


= constant. 


Assuming this conjecture to be valid, T'"7) is a polynomial of degree 
nr and not n(n +7 —1) as may be expected by examining the product of 
the elements in the secondary diagonal. Hence, the loss of degree due to 
cancellations is n(n — 1). 


Let 
eT Cees OR oc Olan) ¢ 
where 
C5 Srey eee + thrtj+n—2], 
ited es , f(z) arbitrary 
Ym = (m+ 1)bm4i. (4.9.9) 


Theorem 4.35. 
T’ = (2n-1+r)|C, Cp41+-+Crin_2 Creal, 


= —(2n-—1+ mee 
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PROOF. The sum formula for T can be expressed in the form 


Devise ee Cae 


C;, mo (r+ 5) bry eg Vee mia vrei] 5 ae 1)br+j54+n-1| 
Let 
Ci ©, 4 3)Ca 
T 
= [0 dr4jt1 2Wrojte-s- (n— 1), +5+n—1|,,- 


Differentiating the columns of T, 


where 
=|C, Co---Cj Cyai--- Cal, 1S SEE 5 
Let 
Vj = |Cy Coe. Ps Tee One Son 
n 
= DRC —1)dyppigg—-1Tiz- 
i=2 
Then, performing an elementary column operation on U;, 
U;=V;, 1<j<n-1 
US IC; Co. C2 C7 


(4.9.10) 


af 
1 (49-11) 


(4.9.12) 


(4.9.13) 


= |C; Co-:-C,-1 Cr ar (r+n)|C, Co. Cy,-1 Cr4i| 


=V, —(r+ ike eS 


Hence, 
n 
T’ + (r+ ee = SS, V; 
j=l 
= df —1) 2, Pretes aT 


1 
= cy fe ye — 1)6in 


n+l,r 
(i = ryt n . 


The theorem follows. 


(4.9.14) 
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Theorem 4.36. 
DEO) = Cnr = ree 


n,n—1 
PROOF. 
fe = T(n—lr+2) 
The theorem follows by adjusting the parameters in Theorem 4.35. 
Both these theorems are applied in Section 6.5.3 on the Milne-Thomson 
equation. Oo 


4.9.3 Determinants with Simple Derivatives of All Orders 


Let Z,. denote the column vector with (n + 1) elements defined as 


Zr = (0, ¢0 $1 d2°+:bn-r|nyyy 1ST <n, (4.9.15) 


where 0, denotes an unbroken sequence of r zero elements and @, is an 
Appell polynomial. 
Let 


Bin C CaO rae (4.9.16) 


where C; is defined in (4.9.5). Differentiating B repeatedly, it is found that, 
apart from a constant factor, only the first column changes: 


D"(B) = (—1)"r!|Z,41 Co C, Co oe SC reals 0 <rin-— Il. 
Hence 
D"™~*(B) = (—1)""*(n — 1)!0|Co Ci C2--- Cri], 
(—1)""!(n—1)!40l¢mln, OS m<2n-2 
constant; 


that is, B is a polynomial of degree (n — 1) and not (n? — 1), as may 
be expected by examining the product of the elements in the secondary 
diagonal of B. Once again, the loss of degree due to cancellations is n(n —1). 


Exercise 


Let 
Sm = OrQs. 
r+s=m 
This function appears in Exercise 2 at the end of Appendix A.4 on Appell 
polynomials. Also, let 
Cj = [Sj-1 Sj Sj41-- Sjtn—2] 
K le So Si So+++Sn-a]. 


Tm? 


EB =|Smin, CSS on 2. 


ae 
n? 


Dea 
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Prove that 
D'(E) = (-1)" rl 97S; 2E x 
i=2 
= (1) rly CpG, KC, + Gal,,- 
4.10 Henkelians 3 
4.10.1 The Generalized Hilbert Determinant 
The generalized Hilbert determinant K,, is defined as 
Kn = Gh) = [Kiglns 
where 
IL 
ki = ——————__, 1-—7t—j, 4.9 <n. AO. 
= ees ee i, | Seen (4.10.1) 
In some detail, 
=e alae eles 
r+ h+3 fen 
ee ered |. (4.10.2) 
<a ae ne 
h+n h+n+1 h+2n-—1 In 


K,, is of fundamental importance in the evaluation of a number of de- 
terminants, not necessarily Hankelians, whose elements are related to k;,,;. 
The values of such determinants and their cofactors can, in some cases, 
be simplified by expressing them in terms of K, and its cofactors. The 
given restrictions on hf are the only restrictions on h which may therefore 
be regarded as a continuous variable. All formulas in h given below on the 
assumption that h is zero, a positive integer, or a permitted negative in- 
teger can be modified to include other permitted values by replacing, for 
example, (h +n)! by [(h+n-+1). 


Let Vir = Var(h) denote a determinantal ratio (not a scaled cofactor) 
defined as 
1 1 1 
h+t ht? h+n 
1 +2 +3 h+n+i 
ee oe 4.103 
||) 1 ec 1 ( ) 
ae ae: Se a 
h+tn h+tn+t+l h+2n—1 In 


where every element in row r is | and all the other elements are identical 
with the corresponding elements in K,,. The following notes begin with the 
evaluation of V,,, and end with the evaluation of K,, and its scaled cofactor 
i. 
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Identities 1. 


Var = a) ee (4.10.4) 
g=1 
Sa \eare = 
v, - (De ee. (4.10.5) 
(At+r-1)'(r-—1)'(n—-r)! 
(ith)! - 
a, 10.6 
Vn Al(n — 1)! ( ) 
(h+ 2n — 1)! 
a at 4.10.7 
Van (h+n—1)'(n—1)! ( ) 
VarV; 
re <rjs<n. 4.10.8 
ee ( ) 
Vea 
Kia 4.10.9 
es pee ( ) 
?) 
xr — Knot Van (4.10.10) 


gre. ieee (4.10.11) 
és (hir+s—1)V), 


(n-1P(h+n—-1)? 


(= ee ei: 4.10.12 
Ain on = Nh Pe ee 
[1!213!---(n —1)]?AN(A+1)!---(h+n—1)! 
= = ao 
An (h+n)\"h+n-+4+1)!---(h+2n—1)! Ca 
(n—T)Var+(h+n+r—1)Va-1,r = 0. (4.10.14) 
lb e (4.10.15) 


(real 


PROOF. Equation (4.10.4) is a simple expansion of V,, by elements from 
row r. The following proof of (4.10.5) is a development of one due to Lane. 
Perform the row operations 


Ri = h;—R,, 1<% <n 
on K,, that is, subtract row r from each of the other rows. The result is 
kK, = IKijlns 
where 
kj = rg, 
Key = ig — bry 
= GS) kj, 1Sig<n, ixXr. 


After removing the factor (r — 7) from each row i, 1 # r, and the factor 
(h4+r+j-—1)7! from each column j and then canceling K,, the result can 
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be expressed in the form 


il 


eee 1) eet — 1) 
Ke DG 2)-* S2)>-(r —n)]” 
which leads to (4.10.5) and, hence, (4.10.6) and (4.10.7), which are 


particular cases. 
Now, perform the column operations 


O,=C;-C,, 1<j<n, j#s, 


on Var. The result is a multiple of a determinant in which the element in 
position (r,s) is 1 and all the other elements in row r are 0. The other 
elements in this determinant are given by 


Kis = Fiz — Bia 
8—j ; ee Sh 
= (pet) fe 1shisn, GDF OS) 


After removing the factor (s — 7) from each column j, 7 4 s, and the 
factor (h + 7+ s —1) from each row i, the cofactor K;, appears and gives 
the result 


= 
n 


Var = KF* [[(s-3)] [[(at+i+s-1 
#8 iar 
which leads to (4.10.8) and, hence, (4.10.9) and (4.10.10), which are par- 
ticular cases. Equation (4.10.11) then follows easily. Equation (4.10.12) is 
a recurrence relation in K, which follows from (4.10.10) and (4.10.7) and 


which, when applied repeatedly, yields (4.10.13), an explicit formula for 
Ky. The proofs of (4.10.14) and (4.10.15) are elementary. Oo 


Exercises 
Prove that 
1. K,(—2n —h) =(—1)"K,,(h), h=0,1,2,.... 


a aN 1 
2. ann = View. > Ree cet 


3 O pers _ rs ss 1 a 1 1 
ee a aa, peer say | 


t=0 
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: eo ( + —1)! 
4. a. K(0) = Ghee 


resp (eee (a n-1 rtn-—1 s+tn-1 
Z iS ae r—1 s—1 r 8 


[1!2!3!--- (n — 1)! 


5 0) = 
c Kn(0) = eo ant 
5. 
1 1 
eal Re ee | eee 
(5) shes 
I( ! 
= 27”" 111213! ++ n-ne TT Gee eon 


ri(2r + 2n+1)! 


[Apply the Legendre duplication formula in Appendix A.1]. 
6. By choosing h suitably, evaluate |1/(2i + 27 — 3)|n. 


The next set of identities are of a different nature. The parameter n is 
omitted from V,,,, 77, and so forth. 


Identities 2. 


———— <a 7 <4 * 4.) . 
OO | < r < e ‘ MS 1 
} i F 1 Ie nr (4 10 il ) 


Se wee 1S 7, 8s S713) 
5 (ht+r+j—-1)(h+s+j-1) a S77, 8 S N.(4.1U. 


J ye 
= SPS ih, AO 
De et (howe 1 Se (4.10.19) 
G= ee Snes. (4.10.20) 
ty) 4, 
> (jKY = (n? +nh—A)V,. (4.10.21) 
g 


PROOF. Equation (4.10.16) is simply the identity 
> bri KF = 6, 
oi) 
To prove (4.10.17), apply (4.10.9) with r — 7 and (4.10.4): and (4.10.12), 


V; (h+9)K3! 
Vy) —+—_ =-)y i 
ars 5-1 > ae 


(we 
= P= jl 
om ee 
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ky 
=a) aan 
1—(r amare 


=VU—-(r—-1)61, 1<r<n. 


The second term is zero. The result follows. 
The proof of (4.10.18) when s 4 r follows from the identity 


1 Live. 1 i 
(htr+j-—1)(h+s+j-1) s-r GET . i! 
and (4.10.15). When s = r, the proof follows from (4.10.8) and (4.10.16): 


V. 1 
V, a 
Ls Gartecip ay 0a gt ee 
To prove (4.10.19), apply (4.10.4) and (4.10.16): 


jk" h+r-1 j 
ee | =( Dae hah pl ne 
= V, — hé,, — (r —1)6,4, LSrspw 


The third term is zero. The result follows. 

Equation (4.10.20) follows from (4.10.4) aud the double-sum identity (C) 
(Section 3.4) with f, = r and g, = s+h—1, and (4.10.21) follows from 
the identity (4.10.9) in the form 


jK' =VV; —-hK”" 
by summing over j and applying (4.10.4) and (4.10.20). Oo 


4.10.2. Three Formulas of the Rodrigues Type 
Let 


Ac) — ee 


1 GE x ie 
_ 1 | kor hoo kag kon 
Ie) || Serge reas eng ernoine arene 
Kn kn2 kn3 knn n 
Theorem 4.37. 
(h+n)! 


ae) — me DPA?” era = ae. 


Proor. Referring to (4.10.9), (4.10.5), and (4.10.6), 


pD"- AG Asn xe Hy ae ae lig depts) 
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I 


ih a 


n—1\ (h+n+i)! 
tei i Vee 
i= 


j= 
eo | We Alges ue . 1 
(hen)! » mes 


The theorem follows. 


Let 


j=1 
ku ki2 ki3 Kin 
kon kao ko3 kon 
Keg Ky 1,2 Lee ed Kaine 
1 —£ es (Saye 


The column operations 
C,=Cy+aCj1, 2<j<n, 
remove the x’s from the last row and yield the formula 


ay 1 


Pope) — —1)"t} | ___—____. aE 
oi as Sareea 


Let 


1l+2z 1 


Tn(x,h) = (—1)"F! | ——_—__. - —____. 
a ore | 


Theorem 4.38. 


a ee h) 
Al(n—1)! S,(0, h) 
(h +n —1)! Ta(a, h) 
AG 1) ROA 


PROOF. 


= De a se ae 


= Dear h(t ene 


SO 
TLV VA 
h+n 


= (-1)"*1K,(h)Van (i anal : ) | 


= Tal GED) wets 
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= 1 
Sy(¢,h) = Kattan ee 
Hence 
h+n-1\ Sr(z, ms 
( h \3 S,0, cy Le eer 
~ (h+n+ 7 -2)lx3-! 
“Sten ME 


(Atn— 1)? Sr(x, h) — phtn-1 ae ie (oie ae 


hin — 1)! Sp(0,h) 
h+n-1 
= Z h+n-1 
a hin—-1 n-1 r 
=f) E se ( 4 ) ae | 


Deel (ee) eh, -2(x)|, 


where p,(z) is a polynomial of degree r. Formula (a) follows. To prove (b), 
put x = —1 —t. The details are elementary. oO 


Further formulas of the Rodrigues type appear in Section 4.11.4. 


4.10.3 Bordered Yamazaki-Hori Determinants — 1 
Let 


A= deals = (orale 
B=\bis\in = lOmin, OS m= 2n—1, (4.10.22) 


denote two Hankelians, where 


aij = oa 2p H4I-1) 4 g2y2t9-D _ 4) 
2,.2mM+2 2,,2m+2 
= =p 
Om = ——— [pea *? + ay | 
1 we ane 
hove ri Gl aa 2ytty—-1 
e=TpaP ee 
1 2 
= xm 2ymtl 
sere [p +q | 
p af q =1, 
Ka=7 =—1, 


Y =y' -1. (4.10.23) 
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Referring to the section on differences in Appendix A.8, 
dm = AA 
so that 
Bava 


The Hankelian B arises in studies by M. Yamazaki and Hori of the Ernst 
equation of general relativity and A arises in a related paper by Vein. 
Define determinants U(x), V(x), and W, each of order (n + 1), by bor- 
dering A in different ways. Since a,, is a function of x and y, it follows that 
U(x) and V(x) are also functions of y. The argument x in U(x) and V(z) 
refers to the variable which appears explicitly in the last row or column. 


G 
x? /3 
fe 2° 
U(x) = [aij]n ie 
p2n— “(an = 1) 
ieee tae 1 r) a 
yee Argt?”—! 
ie, lee (4.10.24) 
asl 
1 
3 
V(x) = [ais]n us 
1/(2n =) 
x x2 2° gen— e ed 
~ _ Awazee: ey 
=— eee i (4.10.25) 
7s 
Wa] Ut Vay: (4.10.26) 


PROOF. 
Avg An 
U2 = 4s an 
2) > yl » sl 
a = AjgAjpz?tI-)) 
Leap (2i — 1)(27 — 1) © 
Hence, 


p’U*(x) + q’U*(y) — W? 
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| ne e 
= y : JV 4 g2y2@+5-1) _ 
@—ne-n?*? ee i 


455,78 
- sy (¢+ 9 —1)aijAicAr; 
2, G-Ne-1 


1 1 
ke) S 


1,J,7,8 
os 3 aij AjsArj 
fo 21-1 
1,9;7,8 


=e has 
oe = Es. 


ear 


which proves the theorem. 0 
Theorem 4.40. 
pV? (x) + q°V7(y) = W? — AW. 


This theorem resembles Theorem 4.39 closely, but the following proof 
bears little resemblance to the proof of Theorem 4.39. Applying double-sum 
identity (D) in Section 3.4 with f, =r and g, = s—1, 


iro? af Ge) = 1] A Ad = (i +5 - 1)A%, 
p bs ae bs aia] Berg Da] Daa 
- ae oa] =(i+j-1)A%. 


Put 
= y Atig?I-1. 
j 
Then, 
prri(x)Aj (2) + g2As(y)Az(y) — As(1)A;(1) = (@ +9 - 1) AY. 
Divide by (2i — 1)(2j — 1), sum over 7 and j and note that 


ae 
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The result is 


= [p?V2(z) + ?V7(y) -—W?] => 


ee 
AY 
(21 —1)(2j—1) 


The theorem follows. The determinant W appears in Section 5.8.6. 
Theorem 4.41. In the particular case in which (p,q) = (1,0), 
V(x) = (-1)"*'U (2). 


PROOF. 
p2it5-1) 1 
ae 
which is independent of y. Let 
1 
1 
7 re 
il 
Tee ee geal ae 


n+1 
where 
Cig = (4 — j) aay 
= —Cji- 


The proof proceeds by showing that U and V are each simple multiples of 
Z. Perform the column operations 


C= Cj 27 Cr, fay = 7 
on U. This leaves the last column and the last row unaltered, but {a;;]n is 
replaced by [a;;]n, where 
on g2lits-1) 
aig = Qi; aa as 
Now perform the row operations 


ih . 
Ri = Ri + 5 Rat, he Sh 
The last column and the last row remain unaltered, but [aj;]n is replaced 
by [a/;]n, where 
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= ae 
2i-1° 


After removing the factor (2i — 1)~! from row i, 1 <i < n, the result is 


2 
23 
— an! [cig]n a 
(2n)! vee 
g2n-l 
Lo) eee | @ lat 
Transposing, 
1 
1 
Vy = 2" n! [—cij]n ih 
(2n)! rie 
1 
zg xg 2° Soe se a ae ear 


Now, change the signs of columns | to n and row (n + 1). This introduces 
(n +1) negative signs and gives the result 


(—1)"*!2"n! 


U = 4.10.27 
(2n)! ( ) 
Perform the column operations 
Ci = Cy + Crs, WS 3) oi 
on V. The result is that [a;;], is replaced by {a7,],, where 
rm 
Perform the row operations 
2i-l 
R, = Ri — 5 Rat L<u S 
which results in [a7,], being replaced by |aj7],, where 
ee 2+ 5-1) 
a 
a | 
After removing the factor (27 — 1)~! from row i, | <i <n, the result is 
pa 
V = —  Z. 4.10.28 
(2n)! ( ) 


The theorem follows from (4.10.27) and (4.10.28). O 
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Let 
A = |om\n, O<m<2n-2, 
where 
g2mt2 =a 
bn = 
m+ 


A is identical to |a;;|n, where a;; is defined in Theorem 4.41. Let Y denote 
the determinant of order (n + 1) obtained by bordering A by the row 


[Ore el 
below and the column 

a 1 . 

l-—-—...——e 

35 AA) oid aa ere 
on the right. 
Theorem 4.42. 

nr 


2i—1 ‘ 
_ n(n—1) 2 (n+i = 1)! —i 
te) » (n — i)!(2i)! 0% 


where K,, is the simple Hilbert determinant. 


Proor. Perform the column operations 


C; =, — Gee 
in the order 7 = n,n—1,n—2,...,2. The result is a determinant in which 
the only nonzero element in the last row is a 1 in position (n+ 1,1). Hence, 
Ago Adi Ade Adn-2 1 
Agi Ado Ags Adgn-1 3 
Y=(-1)"| Ado A¢gs Ada Adn ; 
Adn—-1 Adn Adn4i Adon-3 xa In 
Perform the row operations 
R; = Ri — Ri-1 
in the order 1 = n,n —1,n—2,...,2. The result is 
Ado Ady Ado Adn—2 1 
A? do A*¢, Ade A*gn-1  Aag 
Y=(-1)"| Aq A*g, A?b3 --- Ad, Aay |; 


A*dn-2 A*gn1 A?dn +++ A®don-4 Aan—2l, 


where 
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Now, perform the row and column operations 


1-2 
1—2 
B= cay (77 )R., Ti Doe 
7—O 


gah 
r(i-1 
Ci (=1) ie ome j=an-1,n-2,...,2. 
r=0 


The result is 


Ado Ado A*¢o A"! 1 
A*¢o Ado A‘ do A” ¢0 Aap 
1) Arca A dp Segue =: Ate A?2ap ‘ 
an A"+! go ON Baer At =2 65 A”-lao fs 
where 
m+ 
INOyy = , 
Po m+1 


Transfer the last column to the first position, which introduces the sign 
(—1)”*', and then remove powers of ¢g from all rows and columns except 
the first column, which becomes 


[1 Aao A2a9 an 


eee 


do ne 


The other (n — 1) columns are identical with the corresponding columns of 
the Hilbert determinant K,,. Hence, expanding the determinant by elements 
from the first column, 


eee” KS AP lonlon*. 
#21 
The proof is completed with the aid of (4.10.5) and (4.10.8) and the formula 
for A*~!ap in Appendix A.8. Oo 


Further notes on the Yamazaki- Hori determinant appear in Section 5.8 
on algebraic computing. 


4.10.4. A Particular Case of the Yamazaki-Hori Determinant 


Let 
Aaa 0=< m < 2n —2, 


where 


= ——<— (4.10.29) 
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Theorem. 


PROOF. 
go = a? —1. 


Referring to Example A.3 (with c = 1) in the section on differences in 
Appendix A.8, 


m+1 
a ee i 


Hence, applying the theorem in Section 4.8.2 on Hankelians whose elements 
are differences, 
An a [A doln 


Gaone 
m+1 


n 


‘wife: eo! ¢:\pifeMNis) (ele) cel ie) vom (eee) 8) fe: 0:8) emus (ala) se 0) /\ (eh om 


2n—170 n 


Remove the factor ¢) from row i, | <i <n, and then remove the factor 
jet from column 7, 2 < j < n. The simple Hilbert determinant K,, 
appears and the result is 


pa (1424+34---+n)(14+2+3-+---4+n—1) 
te neo 
2 

n 
= nPo o) 


which proves the theorem. Oo 


Exercises 
1. Define a triangular matrix [a,;], 1 <i < 2n—1,1 <j < 2n—i, as 
follows: 
column 1 = [1 uu?-- yee 
row 1 = [1 vy v?---y7"— 2], 


The remaining elements are defined by the rule that the difference be- 
tween consecutive elements in any one diagonal parallel to the secondary 
diagonal is constant. For example, one diagonal is 


a 1 
u? 3 (2u" + v°) gu + 2v°) v? 
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in which the column difference is 4(v° — u°). 
Let the determinant of the elements in the first n rows and the first n 
columns of the matrix be denoted by A,. Prove that 


= : n(n+1) 
= one.” 
2. Define a Hankelian B,, as follows: 


Pm 


9 O0< = 2 ~~ hy 
Ba = | ee Ss a2 


where 
m 
Oa Ge lene 'y. 
n=) 
Prove that 
n b) 


where A, is defined in Exercise 1. 
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Throughout this section, K, = K,,(0), the simple Hilbert determinant. 


4.11.1 v-Numbers 
The integers v,; defined by 


_ (-1)"**"(n +4 —- 1)! 
Uni = Vni(O) = (i —1)!2(n —1)! 


are of particular interest and will be referred to as v-numbers. 
A few values of the v-numbers vy; are given in the following table: 


30 
—180 140 
630 —1120 630 
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v-Numbers satisfy the identities 


a Unk , A 
———-—- =1, l<i<n, Alias 
ae RoI nade ee 
5, So = bi; (4.11.4) 
2+ (+k - REG =1) 

Uni = _ Un-1,i (4 ra | 5) 
jot 1 n—i’ —— 
Sa =n?, (4.11.6) 
i=l 

and are related to K,, and its scaled cofactors by 
i. era 
Ky = 4.11.7 
pe Le ( ) 
Kee (1s (4.11.8) 
i=1 


The proofs of these identities are left as exercises for the reader. 


4.11.2 Some Determinants with Determinantal Factors 


This section is devoted to the factorization of the Hankelian 


3, =deuB,, 
where 
Be = Beene 
g2(itj—-1) _ 42 
d i+-9—1 Br) 
and to the function 
Tt 
G.— ) G24 2)8-,. (4.11.10) 
j=1 


which can be expressed as the determinant |g;;|, whose first (n —- 1) rows 
are identical to the first (n — 1) rows of B,. The elements in the last row 
are given by 


Ong = 44 19 <n. 


The analysis employs both matrix and determinantal methods. 
Define five matrices K,, Q,, S,, H,, and Hy, as follows: 


=|—— ebeeel 
ee Cit) 
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wp 2(it+5-1) 
| (4.11.12) 
(ah 


Qn = Q,,(z) == oe 


Both K, and Q,, are Hankelians and Q,(1) = Ky, the simple Hilbert 
matrix. 


3521 
Sn =Sp(r) = ee] (4.11.13) 


where the v,; are v-numbers. 


H,, = H,(z,t) = S,,(x) + tI, 


= (hl, 
where 
1 
e = aa i + 643, 
H, = Hy(z, -t) = S,(x) — 1, 
ne | (4.11.14) 
where 
Ray (a, t) = h(x, -2), 
H(z, —t) = (—1)" H,,(—2, t). (4.11.15) 
Theorem 4.43. 
K;,'Qn = Sh. 


PRooF. Referring to (4.11.7) and applying the formula for the product 
of two matrices, 


UniUn ied 
Pree 


ake: 
ad 
n 


-_ S- UniUnk TF 
- | ees 
S 


Theorem 4.44. 
Be ieee, 
where the symbols can be interpreted as matrices or determinants. 
ProoF. Applying Theorem 4.43, 
Big One K,, 
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= K, (K; Qs =~ (a1) 
= KS, =0 lh) 
=i,(S, +11, (7 —tl,) 


= K,H,H,. O 
Corollary. 
Bo! =H H>'k;', 
(BP) = ye) AP) [KP]. 
Lemma. 


nm 
SAD matte 
i=1 


The proof applies (4.11.3) and is elementary. 
Let E,.; denote the determinant of order (n + 1) obtained by bordering 


H,, as follows: 


hay hie hin Uni/n 
har hee +++ han Un2/(n+1) 
a ee a a 

Ani Ang sere linn Unn/(2n ox 1) 

1 Il tee 1 r) an 
Way yg (4.11.16) 
eon — 1 oe 

Tr—Is—1 


Theorem 4.45. 
Pee= (eee. 


The proof consists of a sequence of row and column operations. 


PROOF. Perform the column operation 
CC. Ong (417) 


and apply (6b) with 7 = n. The result is 


hay lige --=  “hpyai © OPSW AL 


har hog ::- han-1 © Uno/(n+1) 
(4.11.18) 


Ani Ano ae Rnn—1 t Unn/(2n — 1) 
1 il . or 


Remove the element in position (n,n) by performing the row operation 


RL R,, — Ree (4.11.19) 
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The only element which remains in column n is a 1 in position (n + 1,n). 
Hence, 


hia hi2 ae hin-1 Uni/n 

haa hoe ae han-1 Un2/(n + 1) 
(Ani a t) (Ana —_ t) sd (Ran-1 aa t) Unn/(2n ne 1) n 

(4.11.20) 

It is seen from (4.11.3) (with 7 = n) that the sum of the elements in the 
last column is unity and it is seen from the lemma that the sum of the 
elements in column j is 77—!, 1 <j <n-—1. Hence, after performing the 
row operation 


12) 
Hoe Re (4.11.21) 
i=1 
the result is 
hay hig ae Riget Uni/n 
hai he2 +++ han-1 Un2/(n + 1) 
En+1 Comet | reieiieteteneletp ia) 6 .6(6 6 el elare (s e\telskeileile, eisi.e).e) elle ae) e)leei-e1 8) 16\/ai/4-(e./a; ea) (6) 9: 09 (4.11 22) 
An-1,1 Rn=12 sate An—1,n-1 Un n miter = 2) 
x Co ee epee 1 7 


The final set of column operations is 
Cec C,, a9 <n-1, (4.1923) 


which removes the x’s from the last row. The result can then be expressed 
in the form 


Ena = —(h? |, (4.11.24) 
where, referring to (4.11.5), 
pin* _. pln) _ Unaw?t 
yg Fn t+i-1 
i 1 
See els (2 6;<t 
baa = ai) 2 
= Uni aes he 
~\éitn-1 i+j-1 2 
Un—14\ ((n— j)22I-} 
= Z Ce Oact 
(==) ( i+j-1 oe 
Ce Aen t) 
— n—%t i+j—1 i 
ae) 7 (n—1) 
=~ (2=4) ig ; 
ac”) = a eae (4.11.25) 
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Theorem 4.45 now follows from (4.11.24). O 
Theorem 4.46. 

Gn = (-1)" "Onn Kn Hn Hn-1, 
where Gy, is defined in (4.11.10). 


PROOF. Perform the row operation 
n 
Re) RB: 
k=1 
on H,, and refer to the lemma. Row i becomes 


[(z +t), (a2 +t), (2° +t),..., (2277? + 2)]. 


Hence, 


l<i<n. (4.11.26) 


It follows from the corollary to Theorem 4.44 that 


BO” = B® => DAP AO Ko. (4.11.27) 
pil gen 


Hence, applying (4.11.7), 


n n op 


Put 7 = n, substitute the result into (4.11.10), and apply (4.11.16) and 
(4.11.24): 


| ae | —a | 
Tr ~ - tig ys 
= K. iH; 
nlan d d n+s—1 
= —KyUnn ln En+1- (4.11.29) 
The theorem follows from Theorem 4.45. Oo 


4.11.3 Some Determinants with Binomial and Factorial 
Elements 


Theorem 4.47. 


(ee eee 
n—41 


a. = (21) 


Tr 
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1 (Sty) /411 9131. + ( — 2)! 
(i+j7-—2)!| = nl (n+1)!---(2n—2)! 


The second determinant is Hankelian. 


PROOF. Denote the first determinant by A,. Every element in the last 
row of A, is equal to 1. Perform the column operations 


C,=C;—-Cjp1, jann—1,n-2,...,2, (4.11.30) 


which remove all the elements in the last row except the one in position 
(n,1). After applying the binomial identity 


Ga .): 
(cae 


Once again, every element in the last row is equal to 1. Repeat the column 


operations with 7 = n—1,n —2,...,2 and apply the binomial identity 
again. The result is 


the result is 


A, = (Si (Anis i) 


n—-1 


n+ 7-2 
An =- ae (22132) 
n—2 
Continuing in this way, 
zi [PO aE! 
pits @e = ‘ 
_— Cae) 
WO) |p 
} —2 
mee ae :) 
n-i- a. 
2-1 , 
= +1, (433) 
1 when n= 4m,4m+1 
i = y 4.11.34 
sign(A,) ee when n = 4m — 2,4m — 1, ( = 


which proves (a). 
Denote the second determinant by By. Divide R; by (n—-i)!,1 <i<n-l, 
and multiply C; by (n+ j — 2)!, 1 <j <n. The result is 


(n — 1)! n! (n+ 1)! +++ (2n — 2)! (n+j—2)! 


fein =Di@os! " |@= G+ 7-2, 
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wf tag — 2 
i n—it 


= Ay; 


which proves (b). 


Erercises 


Apply similar methods to prove that 


1. 


Gag — 1) 


gk = (Aine ae 
n—-1 : 


if 


n 


(21) ie 
(11 2!3!---(n — 1)? 


nm 


Define the number 1; as follows: 


(14+2z)7/? = oe. 
i=0 


Then 
n= GPF). 
Let 
A, = |v lan OS 1 on = 2, 
= |C, Co: Cy-1 Cae 
where 


He 
Cj = [45-1 45 ---Yntj—-3 Ynty-2],- 


Theorem 4.48. 


An = 27" -VOn-1), 


Proor. Let 


Then, it is shown in Appendix A.10 that 


n 
bin . 
> An=1,j-14i4 5-2 = panty bt StS, 
= 


An — Palas) er C2 jhe Ci ee aie) 
o 2 en ey Cos Onn car 


n? 


(4.11.35) 


(4.11.36) 


(4.11.37) 


(4.11.38) 


(4.11.39) 


(4.11.40) 


(4.11.41) 


4.11 Hankelians 4 145 


where 
n—-1 
Ci, = An-1n-1Cn + > An—1,j-1C; 
j=1 
- T 
a ay m—1,j-1 [vj- 1 Y¥5°**Un4+j-3 Un+j-2|), 
(4n—5) Oa 
ee 0 0--- Orta. (4.11.42) 
Hence, 
A = eee Ae 
Arey = Que) | Anes (4.11.43) 


Ag a Ora An. (Ay = Ky = 1 


The theorem follows by equating the product of the left-hand sides to the 
product of the right-hand sides. oO 


It is now required to evaluate the cofactors of Ay. 
Theorem 4.49. 
a ae? = Q-(n—1)(2n—3) ) 
i A‘) = g—(n—1)(2n—3) 
Cc. Ans = alia | j-1- 


Proor. The 7 equations in (4.11.40) can be expressed in matrix form as 
follows: 


—1,j-1; 


Avail = (Ge, (4.11.44) 
where 
Tena een net. - (4.11.45) 
Hence, 
Oe VEO, 
= An [AR] ,On 


= 2-1) Gn—1) 291) Ay Anges Anna yn (4.11.46) 


which yields part (a) of the theorem. Parts (b) and (c) then follow 
easily. oO 
Theorem 4.50. 


n—-1 


Ay = 2Q-n(2n—3) Vis) se a AF sy Met Ar igo) 7 cul. 
ral 
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Proor. Apply the Jacobi identity (Section 3.6.1) to A,, where 7 > 7+ 1: 


AD AP ee 
(r) gi) | = Ar Airs 
A Arr ‘ 
= AA, 
Ape AL SAMA eA AT (4.11.47) 


Scale the cofactors and refer to Theorems 4.48 and 4.49a: 
A, 


ASA = AA 
ipl a ( ) 
= g~(4r—5) Art Ara 
= Ty ye (4.11.48) 
Hence, 
2 ys Ar—1,i—1Ar—1,j-1 = ee (ay — Av? ,) 
r=i-+1 r=i+1 
= At} — Av 


= AP =O), 53, (lee 


which yields a formula for the scaled cofactor A’). The stated formula for 
the simple cofactor AG follows from Theorem 4.49a. Oo 


Let 
Ey, =|P70)|,, Vm = 202, (4.11.50) 
where P,,.(x) is the Legendre polynomial [Appendix A.5]. Then, 


P2m+1(0) = 0, 
Pom(0) = Um (4.11.51) 


Hence, 


[Bn coli (4.11.52) 


Cece) etn cy tere Ceci Ca ermine army ruucy 


Theorem 4.51. 


En =|Pn(0)l, = (=1)"@-D/29-@—-7 
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PROOF. By interchanging first rows and then columns in a suitable 
manner it is easy to show that 


VOW (?/2 
Vy ve VW 
V2 V3 V4 eee 
oh a (4.11.53) 
Vy Vo -:: 
ey Ue 


CAIN Cte Detied 


Hence, referring to Theorems 4.11.5 and 4.11.6b, 


Enea art 
= elo e) 


Font+ = Ani Agia 


= (-1)"2-4"", (4.11.54) 
These two results can be combined into one as shown in the theorem which 
is applied in Section 4.12.1 to evaluate |P,(x)|n. o 
Exercise. If 
2a) , 0<m<2n-2, 
m 
Tr 
prove that 
Eye 


BP) = gin(n—1)- (i+ 5-2)] 4), 


je 


4.11.4. A Nonlinear Differential Equation 
Let 
Gp(z,h, k) = |gij|ns 
where 
9:3 = oe ee (4.11.55) 
tga JFK. 
Every column in G, except column k is identical with the corresponding 


column in the generalized Hilbert determinant K,,(h). Also, let 


OP (et) — 55 Gra, h; k): (4.11.56) 
k=1 


148 4, Particular Determinants 


Theorem 4.52. 
(2G,) = Kyndva PaGa 
where 
Dr ( a an “| 
2) —— i 
ProoF. Referring to (4.10.8), 


non Hee h+i+j-1 


- 2ST er 


— 


(> STA ee oe h+i+j—1 
= 4.11.57 
rages ‘heit go 
Hence, 
(GG) = hia ee VacV eo 
i=1 j=l 
= K,(h)x" P?(z, h), | (4.11.58) 
where 
Pc a Vee 
i=1 
>> (htn+i—1)la*! 
7 (¢—1)!(n—ia)!(h+i-1)! 
apt i ( ghtnti— ) 
= ye CESS (4.11.59) 
“.(h+n-1 
- a h+n(ph+n+i-1 
(htn—DiR@n= (GAT 7) p B(gotnts—1) 
nr 
— mhtn n Rid h+i-1 
mid E Sate 
h+n—1 
— pyhtn |..n han t r 
snl (He 
SDE of Pee pene ae (4.11.60) 
where p;(x) is a polynomial of degree r. The theorem follows. Oo 
Let 


EG) = ea), 
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where 
(1 a z)tstl ee gititl 


——- 4.11.61 
Cate tL ( ) 


€4;(x) = 


Theorem 4.53. The polynomial determinant E satisfies the nonlinear 
differential equation 


[{2(1 + 2)E}"]? = 4n?(eE) {(1 +2) E}. 


PROOF. Let 
A(z, &) = |Om(2,€)|In, OS m< 2n—-2, 
where 
bmn(a, 8) = 5 [(E +2) — e(&— 1) + (e— TE]. (4.11.62) 
Then, 
0 — 
pe Pm £) 7 MO aa X, Gi 
do(z,€) =xr+e. (4.11.63) 


Hence, from Theorem 4.33 in Section 4.9.1, A is independent of €. Put 
€ =0 and —z in turn and denote the resulting determinants by U and V, 
respectively. Then, 


fs iment U ame (4.11.64) 
where 
U(x, c) = |om(z,0)|n 
m+1 ap ae 
m+1 * 
een Bey ected 
Bye ie (4.11.65) 
i+j7—1 - 
Put 


Wm(Z) = bm{Z, —Z) 
Z CO 1 ta) 4(1—c)e™] (4.11.66) 


V(z,c) = |Um(£)|ns 

a faye) + (1 See! 
m+1 Fe 

e(1+a)t3-1 4 (1-c)a*497! 
i+j-1 


(4.11.67) 
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Note that U;; # Vi; in general. Since 


Win = —MVm—1; 
vo =xr+¢, (4.11.68) 
it follows that 
Vi =n 
ree ee) Senet 
2 Glas Deo eae (4.11.69) 
Viste A a 1 n-1 
Expand U and V as a polynomial in c: 
U(ac) =v Rte (4.11.70) 
n—0 
However, since 
Um = Um + Zm; 
where zm is independent of c, 
= Pe (1 oe a = gmtl 
Ym = (-1) | ea , (41b7)) 
Yin = —-MYm—-1; 
Yo = l, (4.11.72) 


it follows from the first line of (4.11.67) that fo, the coefficient of c” in V, 
is given by 


fo = |Ym\n 
= constant. (4.11173) 


n-Il 
CVG. eo) aa for' at fi ne Ss Sraae’ 


r=1 
where 
i le"> DV (ac 9 | ee De ae 
Ox 
= (Visit coals 
| tee eee | 
ta patel euler 
= E. (4.11.74) 
Furthermore, 


D{e°U(e™)} = De{e°V(2,e)}, De= a, 
c 


Hence, 


n 
= Dey fc 
r=0 


nr 
=fit eric 
r=2 


fy = [De{?U(e.e“)H] <9 


— 8) G 


i+j-—l 
a1 


= Ser.) 
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(4.11.75) 


| c=0 


| c—0 


(4.11.76) 


where G,(x,h,k) and G,,(x,h) are defined in the first line of (4.11.55) and 
(4.11.56), respectively. 


where 


Let 


Then, 


Since 


it follows that 


= G, 
(xE)’ = (G")’ 
= Kare, 
Ie me K,,(0), 
(a NN) 


_ Dieta 


(n —1)! 


Qn = (n—1)! 


P,(—-1 — 2) = (—1)"Qn. 


E(-1—2) = E(s), 


{(1 ar x) E}! = Kee 


{cE}’{(1 +2) E} = (Gren). 


D"(x"-1(1 + 2)"] 


(4.11.77) 


(4.11.78) 


(4.11.79) 


(4.11.80) 
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The identity 
2D" |(2"-1(1+ 2)"] = nD" [2"(1 + 2)""1] (4.11.81) 


can be proved by showing that both sides are equal to the polynomial 


AS() (ro) 


It follows by differentiating (4.11.79) that 


(20,) =e (4.11.82) 
Hence, 
{2(l+a2)E}'=(l+2z)E+2{(1+2)E} 
= (lee ee (4.11.83) 
{x(1+2)E}" = KnQh + Kn(Qn + 2@QnQn) 
= 2KnQn(tQn)’ 
= InKnPrQn: | (4.11.84) 
The theorem follows from (4.11.80). 0 


A polynomial solution to the differential equation in Theorem 4.47, and 
therefore the expansion of the determinant FE’, has been found by Chalkley 
using a method based on an earlier publication. 


Exercises 
1. Prove that 


(l+a)™*1+e-1 


fa) meal 0 < Mm < 2n -2. 
m+1 


n 


2. Prove that 


(eee) De (at) = Da (1 | 


(1 + 2) Pal’ = Qn. 
Hence, prove that 
[X*(X7B)"]! = 4n?X (XE), 
where 


A Sal +a). 
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4.12 Hankelians 5 


Notes in orthogonal and other polynomials are given in Appendices A.5 and 
A.6. Hankelians whose elements are polynomials have been evaluated by a 
variety of methods by Geronimus, Beckenbach et al., Lawden, Burchnall, 
Seidel, Karlin and Szegd, Das, and others. Burchnall’s methods apply the 
Appell equation but otherwise have little in common with the proof of the 
first theorem in which L,,(x) is the simple Laguerre polynomial. 


.12.1 Orthogonal Polynomials 

4 g y 

Theorem 4.54. 

(—1)"("—)/201 11 2... (n — 2)! tei) 


= = 7). 
En () In nl! (n + 1)! (m4 2)!---(2n — 2)! a= 
0<m<2n-2 
PROOF. Let 
1 
m{c) =2" Im (=), 
then 
$m(Z) = Mbm-1(2); 
do = 1. (4.12.1) 
Hence, ¢,, is an Appell polynomial in which 
(—1)™ 
bm(0) = mi — 


Applying Theorem 4.33 in Section 4.9.1 on Hankelians with Appell polyno- 
mial elements and Theorem 4.47b in Section 4.11.3 on determinants with 
binomial and factorial elements, 


1 
tm (>) 


=ldm(z)|\n. OS m<2n-—2 


n 


= |bm(0)|n 
ee 

| ae be 

me 

2 ‘ 
ae (n—1)/291 1191... — J 

See ee (4.12.2) 
ni (n+ 1)! (n+ 2)!---(2n — 2)! 

But 
1 , 1 
a™Em (| —)| =2"-) |Ln | — (4.12.3) 
z n L nr 
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The theorem follows from (4.12.2) and (4.12.3) after replacing x by 
a o 
In the next theorem, P,,,(z) is the Legendre polynomial. 
Theorem 4.55. 
Pa), = 2 O58 ee alee? 
0<m<2n—2 
First Proof. Let 
m(x) = (1 — 2?)-™/? Pra (a). 
Then 
$m(L) = MF bm-1(2) 
where 
F =(1—27)-3/* 
do = Po(z) = 1. (4.12.4) 
Hence, if A = |d,,(2)|,, then A” =U andre 12,0), 
|Pm(2)in = |(L—27)"/*dm(z)|,. OSm<2n-2 
= (1 = 27) bn (2) |m 


(1 — 27)" 2167 (0) In 
= (1 atyhOW/LP,, (0) 


The formula 
|Pm(O)n = (—1)%-D/2Q~-— 


is proved in Theorem 4.50 in Section 4.11.3 on determinants with binomial 
and factorial elements. The theorem follows. EE) 


Other functions which contain orthogonal polynomials and which satisfy 
the Appell equation are given by Carlson. 

The second proof, which is a modified and detailed version of a proof 
outlined by Burchnall with an acknowledgement to Chaundy, is preceded 
by two lemmas. 


Lemma 4.56. The Legendre polynomial P,(x) is equal to the coefficient 
of t” in the polynomial expansion of [(u+t)(v+t)]”, where u = $(x +1) 
and v = 3(x—1). 


Proor. Applying the Rodrigues formula for P,(r) and the Cauchy 
integral formula for the nth derivative of a function, 


Pe) = D1)" 


2°n! 
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1 2_ 4)" 
Ne eae 
Qr+1ag C (¢ 2c z)rtl 
1 (x +1 +4 2t)(x —1+42t) 
tli oy (2t)r ri 
_1 f oft) 
271 (ou {r+ 


g™ (0) 


ni 


dt 


? 


where 


g(t) = [{5 (a +1) +t} {$(e-1) +#}]”. 


The lemma follows. 


[(u + t)(v +t)]” = _ ‘Ss & (*) yn—Tyh-s4rts 


which, by symmetry, is unaltered by interchanging u and v. 


In particular, 
Aoo=1, Ano = (uv)”, Ann =1, Ann = P,(2). 
Lemma 4.57. 


a. Aii-r = (uv) Aaa, 
b. Agi—rAj jtr = AiitrAj,j—r- 


PROOF. 


Changing the sign of r, 


Lt 
nr n = “ 


s=—-T 


(put ¢ = x + 2t) 


rae 


(4.12.5) 


(4.12.6) 


(4.12.7) 
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a nm n ef 
(Neda) 
wT (n n 
= (uv)” (*) ¢ a 4) ia. (4.12.8) 


= 


Part (a) follows after interchanging wu and v and replacing n by i. Part (b) 
then follows easily. oO 


It follows from Lemma 4.56 that P;,;(xz) is equal to the coefficient of 
t’+) in the expansion of the polynomial 


[((utt)(v +t]? = [(u+t(v +d] [(u+t\(vt oP 
2 23 
pO. ere (4.12.9) 
r=0 s=0 


Each sum consists of an odd number of terms, the center terms being A,;t° 
and A,;t’ respectively. Hence, referring to Lemma 4.57, 


min(7,7) min(2,j) 
[eon zr) = > Xi, t— pay, j+r se AuAgy 3G a itrrA We 
r=] ll 
min(z,j) 
= 2 8 Degen (4.12.10) 


where the symbol + denotes that the factor 2 is omitted from the r = 0 
term. Replacing i by i — 1 and 7 by j —1, 
min(7,7) 
Pajesta) = 2 Se ereroee sae (4.12.11) 
70 
Preparations for the second proof are now complete. Adjusting the dummy 


variable and applying, in reverse, the formula for the product of two 
determinants (Section 1.4), 


min(i,j) 
|Pitj-aln = |2 WoOSsieee Ses 
n 
= 2Nf ej -a|, Poste (4.12.12) 


where the symbol * denotes that the factor 2 is omitted when j = 1. Note 
that Anp = 0 if p < 0 or p > 2n. The first determinant is lower triangular 
and the second is upper triangular so that the value of each determinant 
is given by the product of the elements in its principal diagonal: 


1. 
=34 
|Pitj—2\n = 2” [[ Ai-1,2:-2A;-1,0 


w=1 
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nm 
= gn-l [[@) 
i=2 
= Dead ster i! 
= 7 (n-1)? (72 = 1janr—1)_ 
which completes the proof. 
Exercises 
1. Prove that 
Pee (— 2) 97211 2131 <- (nn 2), 
0<m<2n—2 
where H,,,(x) is the Hermite polynomial. 
2. If 
12 es 
AS n—1 n 
- Pr Pri 
prove that 
n(n +1)A" = 2(P*)?. (Beckenbach et al.) 


4.12.2. The Generalized Geometric Series and Eulerian 
Polynomials 


Notes on the generalized geometric series ¢,(x), the closely related function 
Wm (x), the Eulerian polynomial A,,(x), and Lawden’s polynomial S,,(x) are 


given in Appendix A.6. 


pal 
LV (L) = Pm4i(2), (4.12.13) 
Sin(z) = (1—2)™4 bm, m>0, (4.12.14) 
Ait) = oto). 1m > 0, 
Ap =1, So=7. (4.12.15) 


Theorem (Lawden). 
s gr(n4+)/2 
En = Pit g—aln - oo 
Antares )/2 
F, = it g—aln = (i = z)r(n+1) : 


,(n! 27n(n+1)/2 oe grt 
Gn= lit gln = A) Sa aC ha 
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215... 5-ol4 =e 


= [Ajahn = noe DP, 
where 
An = [1! 2! 3!---(n —1)I)?. 
The following proofs differ from the originals in some respects. 


Proor. It is proved using a slightly different notation in Theorem 4.28 
in Section 4.8.5 on Turanians that 


EnGn oa En+1Gn-1 =F 


which is equivalent to 


BAGS Gee (4.12.16) 
Put x = e’ in (4.12.5) so that 
D, =e 'D: 
DD, = = a etc. (4.12.17) 


Also, put 

Om(t) = Vm(e’) 

seas by pm ert 
i 

OG == Org he (4.12.18) 

Define the column vector C;(t) as follows: 
Ge 
C(t) = [0;(t) O41 (¢) Oj42(t) --.] 
so that 
C=C Ae) (4.12.19) 


The number of elements in C; is equal to the order of the determinant of 
which it is a part, that is, n, n —1, or n — 2 in the present context. 
Let 


Qn(t,7) = |Co(r) Ci(t) Co(t) ---Cr_i(t)|,. (4.12.20) 


where the argument in the first column is 7 and the argument in each of 
the other columns is t. Then, 


Qn(t,t) = En. (4.12.21) 


Differentiate @,, repeatedly with respect to 7, apply (4.12.19). and put 
Tf St 


D'{Qni(t,t)}} =0, 1<r<n-l, (4.12.22) 
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DP{Qn{t.t)} = |C,(t) Ci(t) Co(t)---Ca_a(t)|,, 
= f-17°"' Oy (ty Calt}---C,y(t) C,,/t)\, 
= poss a (4.12.23) 
The cofactors oe , 1 <i</n, are independent of r. 
Ome) = Ga-1, 
Qi (t) = (-1)"*"|Ci(t) Colt) Ca(t)---Cr_i(6)|,_, 
= (=P 4; 
On XNtert = t-i? **(Cy ia) Croft) Ca(t}---C,, s(th|_ (4.12.24) 
Hence. 
Di{Qy(t.t)}} =0, 1<r<n—-2 
DEAD Att = tif" | Cult) Crtty Cart) --C,, 14), 
= —|C2(t) Ca(¢)---Cp_1(t) Cr(é)|,_, 
Gg | 
D3{Qyy'(t.t)} = —De(Gn-1). 
Get, 7) = Qn-1(t; 7). 
entt.t)= E,_1, 
0). l<r<n-2 
DAG: t)} = (=e 1, row! (4.12.25) 
(-By roi), r=n. 
a A — 0 e (4.12.26) 
Applving the Jacobi identiny ro the cofactor: of the corner clemnents of 
,,. 
= {n 
Ont) Gm tt,7) ores 
ee | = Qn(t,T)Qinin(t): 
g(t) QR Mtr r) Qn ) In,in 
a (n) 
| Guy Fis PN _ 9 it GC). (4.12.27) 


1)" Fe, eg) 


The fire: column of the determinant is independent of 7. hence. differenti- 
ating n times with respect to 7 and putting 7 =f, 


Ges D&G =1) 3 lew. 
| ee ee LAA j > > 
Gy_-1DiF, 1) al F, 1Di(Gr-1) ae —F,,Gn-2: 
Gn-1] _ FrGn-2 
oe =, 
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Reverting to x and referring to (4.12.17), 


Be] = FrGn-2 


ieee 4.12.28 
F,-1 ree ( ) 


RIDA | 
where the elements in the determinants are now wm(x), m= 0,1,2,.... 
The difference formula 
A™ hy = tm, m=1,2,3,..-, (4.12.29) 


is proved in Appendix A.8. Hence, applying the theorem in Section 4.8.2 
on Hankelians whose elements are differences, 


Ein Oras 0<ms2n—-2 


= [Am bol, 

Yo tyr rye 
_|2y, wp, ry3 -:: é 
ye aaa (4.12.30) 


Every element except the one in position (1, 1) contains the factor x. Hence, 
removing these factors and applying the relation 


wo /x — Wo =F i 
Yot1 1 ye 
V1 v2 3 
iis oy 
ee Y2 v3 4 
=2"(E, + Ey). (4.12.31) 
Hence 
= ee ie 
EM =-G,1= (+) En. (4.12.32) 
Put 
Gn 
Un = Ee 
Dp) 
v= E. (4.12.33) 


The theorem is proved by deducing and solving a differential—difference 
equation satisfied by un: 
Un __ Fn-1En+1 
Un+1 FE? } 


From (4.12.32), 


Gag, 2 la7" one 
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From (4.12.28) and (4.12.33), 


m= (2) (S)(E2E 
i ii Gay) eC aaa cee ie 


Unt,» (1 —2"—!)(1 — at) Un | 


es a(1— 2")? Unt1 
From (4.12.16), 


(S) -2- AVE) 
(le) Aye) 


i oe oe z(1—a"!) 
(ea) |e | 


Se ee 
i (1 — £7)? oa 


Replacing n by n+ 1, 


(4.12.35) 


1 2ear(t — 2) 


eee US 
uz (1 —2+1)2 n+l 


2 2 
1 pe n+1 . 
(“-) 2 ~( £ ) | Z | (4.12.37) 


Eliminating vp, /v,+1 from (4.12.35) yields the differential—difference equa- 


(4.12.36) 


Hence, 


tion 
ic ra 
Ln = (==) Ce (4.12.38) 
Evaluating u, as defined by (4.12.33) for small values of n, it is found that 
11(1 — x?) 2!(1 — x3) 3!(1 — 2") 
oe ee gS 4.12.39 
Sa = ay 


The solution which satifies (4.12.38) and (4.12.39) is 


G, _ ni(1—2"t) 


a FE, = (ony (4.12.40) 
From (4.12.36), 
a Ee ” (1 —a)\er—? 
2 Ba (n—1) zr 
which yields the difference equation 
ey (4.12.41) 
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Evaluating E,, for small values of n, it is found that 


xr 1172" TOT ee a 
By > a ae he 
1-2 (1-2) (1-2) 


(4.12.42) 


The solution which satisfies (4.12.41) and (4.12.42) is as given in the the- 
orem. It is now a simple exercise to evaluate F, and G,. G,, is found in 
terms of E,., by replacing n by n +1 in (4.12.32) and then F;, is given 
in terms of G,, by (4.12.40). The results are as given in the theorem. The 
proof of the formula for H,, follows from (4.12.14). 


Hy, = |Smln 
Sa | a Di re 
2 
=(1—2)" |Umln 
=(1—2)™ Ey. (4.12.43) 
The given formula follows. The formula for J, is proved as follows: 
Je = Arr lan 


Since 


Ap = 1 = (1—2)(¥o +1), (4.12.44) 
it follows by applying the second line of (4.12.31) that 
(L—z)(Yo+1) (1-2)? (1—2)%y2 


zy -| (-2)h G—a)Py (1—2)4ps 
ss (l—2)*p2.  (1—2)*p3 (1-2)? 


| aa 
_ 7, n?| ¥1 2 3 
Se eee 


=2-"Hp, (4.12.45) 


which yields the given formula and completes the proofs of all five parts of 
Lawden’s theorem. Oo 


4.12.3 A Further Generalization of the Geometric Series 
Let A, denote the Hankel-Wronskian defined as 


woe d 
An =|D7 "fin, D=F, Ao=1, (4.12.46) 
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where f is an arbitrary function of t. Then, it is proved that Section 6.5.2 
on Toda equations that 


Aya An 
(log A,) = =~" (4.12.47) 
Ag 
Put 
Poe Ay). (4.12.48) 
Theorem 4.58. g, satisfies the differential -difference equation 
n—1 
In = NGi + Yn = r)D? (log Gr). 
r=l 
ProoFr. From (4.12.47), 
A, A — 
a. = gp, 
am II Gry 
(Poll psi Poll 
which simplifies to 
A, ie (4.12.49) 
Hence, 
(i n—1 8 
Age 
Mie, = See : Il lilige. 
s=1 sell 
An = = A” Il oc T 
= A? ll Gua (4.12.50) 
Pell 
n-1 
log An = nlog A; + he — r) log gr. (4.12.51) 
(p= 


The theorem appears after differentiating twice with respect to t and 
referring to (4.12.48). Oo 


In certain cases, the differential-difference equation can be solved and 
A, evaluated from (4.12.50). For example, let 


NE 
a i) 
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= (p) pe TP)! 
mer r! 
where 
(p), = p(p+1)(p+ 2)---(p+r—1) (4.12.52) 


and denote the corresponding determinant by Ev? ), 
E®) — [bo | 0<m<2n-2, 
where 
yp?) — = Df 


m _p(r+p)t 
= => CS ae | (4.12.53) 


Theorem 4.59. 


er (2ptn—1)t/2 n-1 


i) a ! 
Ey = (1 — ef)n@tn=1) II T'(p)r. 


Proor. Put 


a,et 
gr = G22" Q@, constant, 
and note that, from (4.12.48), 
= D* (log f) 
ee 
| See 


so that a; = p and 
log gr = loga, +t — 2log(1 — e*), 


2e* 
D?(lo = ——.... 
Substituting these functions into the differential difference equation, it is 
found that 


(4.12.54) 


n—-1 
BF (07 +250 (n-r) 
TI 


=n(p+n-—1). (4.12.55) 
Hence, 
_ nlp+n-— ijet 
eo 


(n—r)(p+n—r-— tet 


Gn—-r = (I a et)? (4.12.56) 
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Substituting this formula into (4.12.50) with A, > E® and ES) = ue 


‘it 


et p n-l et 
E(?) — (, —) jf! [in nptn-r ae , (Gaigs7) 


TI 


which yields the stated formula. O 
Note that the substitution x = e! yields 


pi) =e Um, 
EY) = En, 


so that api? may be regarded as a further generalization of the geometric 
series W,, and E’? isa generalization of Lawden’s determinant E,,. 


Exercise. If 
= ‘eo 
cosec?x 


prove that 


sec™(Ptn—1) > TT 
An = [[ 7! @-. 
r=1 


cosec” (P+ — 1) 
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4.18.1 Two Matrix Identities and Their Corollaries 


Define three matrices M, K, and N of order n as follows: 


Melee |n (symmetric), 
KS (ee heals (Hankel), (4.13.1) 
N= (lower triangular), 
where 
SJ (1) iy + ize, J St 4.13.2 
i Hence + Ui4j42, J24 ( ) 
N 
Ur = Dien 2,): a, arbitrary; (4.13.3) 
j= 


filo) =4{ (e+ Vi tary + (e- Vi +a?) }; (4.13.4) 


N 
ke Gs: (4.13.5) 
j=1 


Bg = 0, j>itori+g odd, 
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Poi248 = Adi: ts 


Boi4i,2j41 = Aaj; OS, 
Bop395 = Aw Ag: P= 7 Se 1, (4.13.6) 
a a+] 
Ae . ; 
ney ( 2j ) 
AG = s, ¢>0; AgaHl, 220: (4.13.7) 


The functions A;; and f,(z) appear in Appendix A.10. 
Theorem 4.60. 


M = NKN’. 
PROOF. Let 
G = [yula = NKN’. (4.13.8) 
Then 
G’ = NK™NT 
— NKN? 
= G. 


Hence, G is symmetric, and since M is also symmetric, it is sufficient to 
prove that a;; = 7; for 7 <7. There are four cases to consider: 


i. 1,7 both odd, 
ii. 2 odd, 7 even, 
ili, 7 even, j odd, 
iv. 1,7 both even. 


To prove case (i), put 2 = 2p+1 and j = 2q+ 1 and refer to Appendix A.10, 
where the definition of g,(x) is given in (A.10.7), the relationships between 
f-(x) and g,(x) are given in Lemmas (a) and (b) and identities among the 
gr(x) are given in Theorem 4.61. 


Q2p+1,29¢+1 = U2q+2p + U2q—2p 


= >- 95 { fq+20 (25) ae fog ap\ ey) 


a 


=e 05 {9o+p(23) + Gq- p(x;)} 


j=l 


a 


“a 05 9p(©j)9q(x5).- (4.13.9) 


It follows from (4.13.8) and the formula for the product of three matrices 
(the exercise at the end of Section 3.3.5) with appropriate adjustments to 
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the upper limits that 


b @ 
1 = S> >a 2 le, Sates 


Pal P=il 
Hence, 


2p+12q+1 


Yop+1,2q+1 = 2 B Se Papen aim aks 9/5547 et (4.13.10) 
7) 


From the first line of (4.13.6), the summand is zero when r and s are even. 
Hence, replace r by 2r + 1, replace s by 2s + 1 and refer to (4.13.5) and 
(4.13.6), 


Pp q 


= Qr+2 
Y2p+1,2q+1 = 2 y S B2p41,2r+1P2q4+1,20e412 | Korps 
7—Oes—0 


Rae N 
= 2a: See De a; (2a,) 


P=e) o=) a 


N q 
= 2S a ‘oan Ppt ;) Nya 29) 


j=l r=0 s=0 


3 


N 
= asa )) 


j=1 
= 2p+1,2q+1: (4.13.11) 
which completes the proof of case (i). Cases (ii)-(iv) are proved in a similar 
manner. Oo 
Corollary. 


laijln = Mp = INFA|K ln 
emia Ree ely 
~ 2 
- (IL) aati higs ale (4.13.12) 
i=1 
But, Bi, = 1 and By = 4,2 <i <n. Hence, referring to Property (e) in 
pecuion 2.0.1, 
lacgln = 2" 7°77 |i j—aln- (4.13.13) 


Thus, M can be expressed as a Hankelian. 
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Define three other matrices M’, K’, and N’ of order n as follows: 


M’ = {al|n (symmetric), 
K’ = [ara ar Ree =o) (Hankel), (4.13.14) 
N’ = [6i\n (lower triangular), 


where k,. is defined in (4.13.5); 

_ (Ely eS tae, Si 4.13.15 
— ‘oes + Uitj, J 24, cae 
7 =0, j>tori+j odd, 

Ceo, = see ee, 
Poigtajti = Ag+ Hi, OSG <4. (4.13.16) 
The functions A; ; and 5 hij appear in Appendix A.10. fui; = (27/%) Ajj. 
Theorem 4.61. 
M = N’K(N’)". 
The details of the proof are similar to those of Theorem 4.60. 
Let 
N’'K'(N’)? = [7j]n 

and consider the four cases separately. It is found with the aid of 
Theorem A.8(e) in Appendix A.10 that 


N 


Yap+1,2¢-41 = algae) og Cnet) 
j=l 


= a (4.13.17) 
and further that y;; = aj; for all values of 7 and j. 
Corollary. 
loi jln = [M'ln = IN InIK' ln 
= 61,122" [2°97 (kia + ki45—2)|_, 
= 2 king + hisg—aln (4.13.18) 


since 6}, = 1 for all values of 1. Thus, M’ can also be expressed as a 
Hankelian. 


4.13.2. The Factors of a Particular Symmetric Toeplitz 
Determinant 


The determinants 


P, am 5 |Pijlns 
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Qn = 3ldigln, (4.13.19) 
where 
Dig = big — bey, 
ij = big) + bitj-2, (4.13.20) 


appear in Section 4.5.2 as factors of a symmetric Toeplitz determinant. 
Put 


tow te, (w? —— 1), 
Then, 
ip te oe, 
Gy = wag, (4.13.21) 


where aj, and a,, are defined in (4.13.15) and (4.13.2), respectively. Hence, 
referring to the corollaries in Theorems 4.60 and 4.61, 


Pe = 5 wit? Zal 


tJ \n 

= 7u Dakin 
RUC UC a ra oo rea (4.13.22) 

Qn = gwd aisln 
il eyo) Ee he (4.13.23) 


Since P, and Q, each have a factor w™("-)) and n(n — 1) is even for all 
values of n, these formulas remain valid when w is replaced by (—w) and 
are applied in Section 6.10.5 on the Einstein and Ernst equations. 


4.14 Casoratians — A Brief Note 


The Casoratian K,,(x), which arises in the theory of difference equations, 
is defined as follows: 


Kalz)= (file +7 —- 1) ln 
ne tite) = (zn — 1) 
foe) jal) == jo(e+n—1) 


Phisiieics elec. #) es) leflsife evi.) ¢ 19, 4: vi lavivive: ie 6 lelld (#6) 16 (#) \sice liallwiisi iy. 


fr(t) fn(@+1) +++ fx(zt+n—-J)I, 


The role played by Casoratians in the theory of difference equations is 
similar to the role played by Wronskians in the theory of differential equa- 
tions. Examples of their applications are given by Milne-Thomson, Brand, 
and Browne and Nillsen. Some applications of Casoratians in mathematical 
physics are given by Hirota, Kajiwara et al., Liu, Ohta et al., and Yuasa. 


o 


Further Determinant ‘Theory 


5.1 Determinants Which Represent Particular 


Polynomials 


5.1.1 Appell Polynomial 


Notes on Appell polynomials are given in Appendix A.4. 


Let 
Yn(z) = (—1)” 

Theorem. 
Q@ @ a a3 
1 « 2 # 
2 
a. Wn( )= 1 22 32 
1 2 


(") An—r(—a)". (5.1.1) 
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ag a) a2 a3 *** An-1 An 


_ eC ec tt Tee et a Wi Tee We Say SC ee ar} 


Both determinants are Hessenbergians (Section 4.6). 


PROOF OF (A). Denote the determinant by H,,4,, expand it by the two 
elements in the last row, and repeat this operation on the determinants of 
lower order which appear. The result is 


Hnai(2) => (™ ) Hnti-n(—a)" + (—1)"ap. 


The H,,41 term can be absorbed into the sum, giving 


(-1)Pan = 32 (7) Haptool-a 


1) 


This is an Appell polynomial whose inverse relation is 


Hyeate) => (™ ("an aee" 


r=0 


which is equivalent to the stated result. 


PROOF OF (B). Denote the determinant by H%,, and note that some 
of its elements are functions of n, so that the minor obtained by removing 
its last row and column is not equal to H* and hence there is no obvious 
recurrence relation linking H7_,,, H;, H7_1, etc. 

The determinant H7, , can be obtained by transforming H,+1 by a series 
of row operations which reduce some of its elements to zero. Multiply R; 
by (n+2-—1), 2 <i<n+l, and compensate for the unwanted factor n! by 
dividing the determinant by that factor. Now perform the row operations 


first with 2 < i < n, which introduces (n ~ 1) zero elements into Cy+1, 
then with 2 < i < n—1, which introduces (n — 2) zero elements into Cy, 
then with 2 < i < n — 2, etc., and, finally, with 7 = 2. The determinant 


A741 appears. 
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5.1.2 The Generalized Geometric Series and Eulerian 
Polynomials 


Notes on the generalized geometric series W(x) and the Eulerian 
polynomials A,,(z) are given in Appendix A.6. 


An(x) = (1 — 2)"F dp (2). (5.1.2) 
Theorem (Lawden). 
] Ve 

1/2! 1 l—2 

An _ 1/3! 1/2! i 
| oss 3 Seine eee ee ae ee 

. 1/(n—1)! 1/(n—2)! --- 1 1-2 

1/n! i/(n—1)! --- 1/2! 1 


The determinant is a Hessenbergian. 


Proor. It is proved in the section on differences (Appendix A.8) that 


Ambo = ys (™) Uo (5.1.3) 
Put 
Ps = (-1)*s! bs. (5.1.4) 
Then, 
vos 
24 Goat ee Cf ata UE eee (5.1.5) 
In some detail, 
go +(1—2)¢1 = 0h 
0/2! + o1 + (1—2)$2 = 0, 
bo/3! + 1/2 + dg +h wige 0: (5.1.6) 


do/n! + d1/(n —1)! + da/(n — 2)! +++» + bn-1+(1—2)bn = 0. 


When these n equations in the (n + 1) variables ¢,, 0 < r < n, are 
augmented by the relation 


(1—2)¢o = 2, (5.1.7) 


the determinant of the coefficients is triangular so that its value is 
(1 — x)"*!. Solving the (n + 1) equations by Cramer’s formula (Sec- 
tion 2.3.5), 
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1 
l-z Be 
1 1-2 0 
v2 i 1-2 0 
1/3! 1/2! 1 1-—z 0} (5.1.8) 
DG) i eed eed 1 1-2 0 
1/n! Lili nl UE cata oe 1/2! 7 Olas 
After expanding the determinant by the single nonzero element in the last 
column, the theorem follows from (5.1.2) and (5.1.4). Oo 
Exercises 
Prove that 
A 1 AM 43 *** GAn-1 An 
nr -y x 
Lt Pe AY ANE 
ie Uae y= 3 
T= 


iS egaitedie: selene) 4rrei.4/nosiie) eas 


1 « 2 2x om x2” 
ill y xy xy gry rl 
ee Tec To ey 
i 
2 (ty) —_ ea y gr4ty gr sy 
ao y n+1 
x b 
IO (ee 
3 ( b) 2 (2, n :) 
a Cay b 
a -—Cg Ob 
2a —C3 b 
— 3a 1 ’ 
=Car — I b 
(n —1)a Cn In 
where 
Crp =(r—l)at+b+z. (Frost and Sackfield) 


and 2Fp is the generalized hypergeometric function. 
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5.1.3 Orthogonal Polynomials 


Determinants which represent orthogonal polynomials (Appendix A.5) 
have been constructed using various methods by Pandres, Rosler, Yahya, 
Stein et al., Schleusner, and Singhal, Frost and Sackfield and others. The 
following method applies the Rodrigues formulas for the polynomials. 

Let 


a, = lGeains 
where 
joel Un ol = 
ae ics 1 ) aes (ais) yD, ul) = Du), ete., 
Be 
Y= = = v(log y)’. (5.1.9) 
In some detail, 
u u! yu!” ul" a yr-2) yr-D) 
—v uU— y! ou! jan yt 3y// Es yl! 
—v u—2v’ 3u’ — 3v” 
AS = Ke) USS 3u’ 
—v 


© wis) C8 <8) <6 ig) ga) Wi ©. 91s wiiei'9\s (eijeiei 6! (mr \e/ke, 


(5.1.10) 
Theorem. 
+1 
ete 7 Sai = ne 
nr mr 
be 4 yD 
7] 
PROOF. Express A, in column vector notation: 
As. == |C, Co C3 aie “Cae 
where 
ae 
Cj = [arj 25 435 -+- 05413 On all. (5.1511) 


where O,. represents an unbroken sequence of r zero elements. 
Let C; denote the column vector obtained by dislocating the elements 

of C; one position downward, leaving the uppermost position occupied by 

a zero element: 

7 

- 


CF = [0 an; 095 -+- 453 0541,5 On—j-2] (5.1.12) 


Then, 


: Sf 
Cy + CF = [ay (aa; + a15) (a5; + 025) +++ (441.5 +455) 0541,7 On—j-2] 


te 
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But 
me _ 
a3; + Qi-1,j ey ar (e;] yt) 
= jea) ie (j-1+2) 
(22) +a) 
= ( q rae = (, j ) oo 
i — 
= Q454+1- (Seats) 
Hence, 
Ci + CF = C41, (o,L14) 
Al = > |\CrGz:-: Cy Cj1---Cn-1 Cal, 
fan 
A= Ci Co---C, Cray Cpt Coil (5.1.15) 
Hence, 


AeA dIe: Ca++ (Ch — Cy41) Cynr + Cal, 


nr 
= ake C2 -:-CF---C,| 


= 
by Theorem 3.1 on cyclic dislocations and generalizations in Section 3.1, 
which proves (a). 
Expanding A,+1 by the two elements in its last row, 
1 
Anyi = (u—nv’)An — CAL 


= (u—nv')A, + vA; 


II 
= 
—=—=—=3 
8 
s~ 
+ 
a 
|S 
| 
|s 
= 
ince 
> 
3 
—s 


yYAnst  ¥ | ar yon! 
oe ae 
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Hence, 


Disa Diem 7) 
A, =, 
y 
which is equivalent to (b). 
The Rodrigues formula for the generalized Laguerre polynomial L© (zx) 
is 


gD” (eta to) 


( 
Eo (x) Fie aera (5.1.16) 
Hence, choosing 
vere 
—Lyn+o 
so that 
U=Z-N-a, (SEE?) 
formula (b) becomes 
Ge) x | (5.1.18) 
\ 7 oll. 
nt+a-2x 1 
—x n+a-—-x-1 ?} 
—2x n+a—x-2 3 
2+a-2 n—1 
—2x eer 
C) 
Exercises 
Prove that 
n+a-Zz n+a n+a n+a 
1 1 n+a-2Z n+aQa n+a 
1. Ln (2) = = 2 n+ta-xz nt+a 
s 3 n+a-z£ 


vie) /eiitcw ce] os) aire: cm iba aieliphieaie 


n 


(Pandres). 
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wae 
ik. pep al 
il Dep 
He cy ier «6S 
2x In-—2 
1 2rd, 
ap I 
Kk oye 2 
1 2 on ee 
(2n — 3)x n-1 
n—1 C= Ale 
(Muir and Metzler). 
1 
Na 2rn! 
2nx 2n 


. Let 
An = |@ijln = |C1 C2 Cz--- Cpl, 


where 
ied) 
= Ca DSS Teel 

0, otherwise, 
and let 

* aE 

Cj = [02 25 035 ++-Gn—1,5] - 

Prove that 


C; =e Cj — (Sea, 
| 
ee 0 
and hence prove that 


Ae Be (aD ee Dear (~) : 
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6. Prove that the determinant A, in (5.1.10) satisfies the relation 
An+1 = vA), + (u—nv')An. 
Put v= 1 to get 
A eae 


where 


These functions appear in a paper by Yebbou on the calculation of 
determining factors in the theory of differential equations. Yebbou uses 
the notation al”) in place of An. 


5.2 The Generalized Cusick Identities 


The principal Cusick identity in its generalized form relates a particular 
skew-symmetric determinant (Section 4.3) to two Hankelians (Section 4.8). 


5.2.1 Three Determinants 


Let ¢, and w,, r > 1, be two sets of arbitrary functions and define three 
power series as follows: 


r=t 
w= Sve, 821; 
i? 
G; = 6,9;. (5:20) 
Let 
Gian a gee (5.2.2) 
j=itl 


Then, equating coefficients of t?~*~}, 


a 
aij = S| beaiijess eee: (5.2.3) 


Sill 
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In particular, 


2n—% 


O,2n = y Psti-1Ymn—s, 1<Si<2n-1. (5.2.4) 


s=1 
Let Azn denote the skew-symmetric determinant of order 2n defined as 
A lGigslons (5.2.5) 


where a,; is defined by (5.2.3) for 1 <i <j < 2n and Gj, = —Q,;, which 
implies a,;; = 0. 
Let H,, and K, denote Hankelians of order n defined as 


a Vesa hig = Pi4j-1 
cam eae 1<m<2n-1:; (5.2.6) 


= [kij\ns ke; = Witj-1 
ac - { [erralag lL<m<2n-1. (5.2.7) 


All the elements ¢, and 7, which appear in H,, and K,, respectively, also 
appear in @1,2n and therefore also in Ag,. The principal identity is given 
by the following theorem. 


Theorem 5.1. 
Aon = H2K2. 
However, since 
Aan = Pf, 


where Pf, is a Pfaffian (Section 4.3.3), the theorem can be expressed in the 
form 


Pf, = HypKn- (5.2.8) 


Since Pfaffians are uniquely defined, there 1s no ambiguity in sign in this 
relation. 


The proof uses the method of induction. It may be verified from (4.3.25) 
and (5.2.3) that 


Pip Gio = $10; = Aika, 


Pho = |didi divet dot divs + doe + b3v1 


pave 23 + b32 
033 
_ [dor belie ye 
~ |d2 3} | v2 v3 
Ne (5.2.9) 


so that the theorem is known to be true when n = 1 and 2. 
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Assume that 
Pi, = oe ie (5.2.10) 


The method by which the theorem is proved for all values of n is outlined 
as follows. 
Pf,, is expressible in terms of Pfaffians of lower order by the formula 


2n—1 
Pigs 21) ee ea: an; (5.2.11) 
i=1 
where, in this context, a;,2n is defined as a sum in (5.2.4) so that Pf, 
is expressible as a double sum. The introduction of a variable x enables 
the inductive assumption (5.2.10) to be expressed as the equality of two 
polynomials in xz. By equating coefficients of one particular power of x, an 
identity is found which expresses pf”) as the sum of products of cofactors 
of H, and K, (Lemma 5.5). Hence, Pf, is expressible as a triple sum 
containing the cofactors of H, and K,. Finally, with the aid of an identity 
in Appendix A.3, it is shown that the triple sum simplifies to the product 
Finis, 
The following Pfaffian identities will also be applied. 


pe”) — (AGr-Dy iV? (5.2.12) 
(Ori rie SAC (6.2.13) 
PE? | = Pfp-t. (5.2.14) 


The proof proceeds with a series of lemmas. 


5.2.2 Four Lemmas 


Let a}; be the function obtained from a,j; by replacing each ¢, by 
( — 2r41) and by replacing each wy by (Uy ~ 2%bp41). 


Lemma 5.2. 


= 2 
5; = Gig — (Gig41 + O541,5)2 + 05415412". 


PROOF. 
j-i 
ai; = Y(be4i-1 — €bs4i)(Yj-s — PYj-s41) 
s=! 
= ij — (s; + $2)x + 8327, 
where 


wee 
3 = So ¢s4i-105—-541 


Seal 
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$2 = 041,45 + hij, 


le 


The lemma follows. Oo 
Let 
Abn = lai; len, 
pf = (As,,)'””. (5.2.15) 
Lemma 5.3. 
2n—-1 
ya ety epee a = Pft_,. 
i=1 


PrRooF. Denote the sum by F;,. Then, referring to (5.2.13) and Section 3.7 
on bordered determinants, 


2n—1 2n—1 
ee C1) vr ee te i 
a eS 
2n—12n—-1 
ae ye ye (2n—1)_4n—i—j—2 
=i get 
2n—2 
Q11 a2 Got af" 
Qn-3 
a21 Q22 Qp9n-1 x” 
ze en) ame . (5.2.16) 
Q2n—1,1 @2n—-1,2 °*** G@2n—1,2n—1 1 
gen—2 gen—-3 en 1 e Pe 


(It is not necessary to put a;; = 0, etc., in order to prove the lemma.) 
Eliminate the z’s from the last column and row by means of the row and 
column operations 


Ro] R, — 2B, a= 2 = 2, 


C; = C; aaa 4h Ore il oe) < 2n — 2. (5.2.17) 
The result is 
* * 
an a2 @1 2n-1 C 
*” * 
? a1 a99 a9 2n-1 = 
DEE S| GR eR eRe 
* * * 
Qon-1,1 [%n-1,2 “'* [%2n-1,2n-1 1 
e e ae 1 S155, 
* 
= +a;;|an—2 
— * 
mea Abn—2- 


The lemma follows by taking the square root of each side. Oo 
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Let H*_, and K*_, denote the determinants obtained from H,_; and 
Kn-1, respectively, by again replacing each ¢, by (¢, — x41) and by 
replacing each w, by (W, — xW¥r+41). In the notation of the second and 
fourth lines of (5.2.6), 


a 1=|0m —2¢m+il > 1<m<2n-3, 
#2, = [bm Bia eee = on 3. (5.2.18) 


Lemma 5.4. 


P1 g2 nai ae 
n 2 03 Coot 4 
S Hig | a... re rs re 
t= Pn-1 On “+ ban—3 
Pn On+1 +05 a= 1 n 


The result follows by eliminating the x’s from the last column by means of 
the row operations: 


Ri = R; — Rit, 1l<i<n-1l. 
Part (b) is proved in a similar manner. O 
Lemma 5.5. 
(—1)*t pe = SHO - eee i 207 


jail 


Since K\”) = 0 when m < 1 and when m > n, the true upper limit in the 


sum is 1, but it is convenient to retain n in order to simplify the analysis 
involved in its application. 


PROOF. It follows from the inductive assumption (5.2.10) that 
PE 4 = V2 elas Gooner (5.2.19) 
Hence, applying Lemmas 5.3 and 5.4, 


2n—-1 n n 
DL a ae = bs He bs Kae 
s=1 


t=1 1=1 


, s=i-—j+l 
me v HO KO pee | | 4 


j=1 s=1 Sima 
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n n+j-1 
a (n) z-(n) 2n—-i-1 
7 ys 2 Min Kj 541 nt 

j=l i=j 

2n— 


t1—j+1,n° 
—a 


il n 
Ta yy Hi he (5.2.20) 
j=l 


Note that the changes in the limits of the i-sum have introduced only zero 
terms. The lemma follows by equating coefficients of x2°~*~!. Oo 


0.2.3 Proof of the Principal Theorem 


A double-sum identity containing the symbols c,;, fi, and g; is given in 
Appendix A.3. It follows from Lemma 5.5 that the conditions defining the 
validity of the double-sum identity are satisfied if 


ine (De 
oy = HOM 


jn? 
Ji = Qi,2n- 
Hence, 
2n—1 ; n n 
Ne 1) Pan = ei are 
ee 2n—i—j+l 
a 2 a SS Pstit+j—-2V2n-s- 
i=1 j=l sat 


From (5.2.11), the sum on the left is equal to Pf,. Also, since the interval 
(1,2n —i—j+1) can be split into the intervals (1,n+1—j) and (n+2—], 
2n —i1-— 4+ 1), it follows from the note in Appendix A.3 on a triple sum 
that 


n n—-1 
Pf, = > KX, + > HY, 
j=l i=1 


where 
n n+1--3 
n 

Xj = ES yy Ostitj—2P2n-s 

= s=1 
n+1—-) n (n) 
n 
= ys Yon-s erect 

n+1—j 


i] 


n 
se Yon—s NE ny eee 


sll a= 
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‘api 
= Ene yao 
s—l 
=Anbrtj-1, Sj SN; (5221) 
2n—i—j+1 s=t —j 
Y, = sy Ke dee 
s=n+2—j St 
2n—i4+1 
= 3 a y Pt4i-2Wan+j—t 
yi t=n+2 
2n—t+1 
=i t+i- 2 Dv i 
t=n+2 
2n—i4+1 
2_> Pt+i-2 2 Kj4n4i-t Be 
t=n+2 
2n—t+1 
= K,, ve b144-26tn41 
t=n+2 
=(0, 9a (5.2222) 
since t > n+ 1. Hence, 
Pig Hy Bea 
j=l 
n 
= Hn) Rin Kin 
= H, Ka, 
which completes the proof of Theorem 5.1. 
0.2.4 Three Further Theorems 
The principal theorem, when expressed in the form 
an—1 
2 (-1)* PEM” a; on ae A, Kn, (5.2.23) 


7—=1 


yields two corollaries by partial differentiation. Since the only elements 
in Pf, which contain dan; and Wen-1 are dian, 1 < i < 2n—1, and 
pe” is independent of a;,2n, it follows that pf” is independent of don—1 
and Wan—1. Moreover, these two functions occur only once in H, and Ky, 
respectively, both in position (n, 7). 
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From (5.2.4), 


0a;,2n _ 
Oben-1 - vi 
Also, 
Od, 
== Jel aee 
Obon-1 ae 
Hence, 
2n—1 
ye (-1)*+1 PE y, = Ay-1Kp. (5.2.24) 
i=l 
Similarly, 
2n—-1 
Pi pea Key, (5.2.25) 


I 


The following three theorems express modified forms of |a,;|, in terms of 
the Hankelians. 

Let B,(¢) denote the determinant which is obtained from |a;;|, by 
replacing the last row by the row 


[1 2 $3... Gn]. 
Theorem 5.6. 
a. Bon-1(¢) = Hie Hye 5, 
b. Bon-1() = Hn-1Kn-1Kn, 
Coro) = — HK i, 
digb5,() = Sei. 


Proor. Expanding Bj,_,(¢) by elements from the last row and their 
cofactors and referring to (5.2.13), (5.2.14), and (5.2.25), 
2n—1 


Bon-1(¢) = D> bj) Ano a 
gE 


2n—1 


= PY, >> (1) Pe’ 6: 
i=1 
= Pfp_1HpKn-1. (5.2.26) 


Part (a) now follows from Theorem 5.1 and (b) is proved in a similar 


manner. 
Expanding Bon(¢) with the aid of Theorem 3.9 on bordered determinants 


(Section 3.7) and referring to (5.2.11) and (5.2.25), 


2n—1 2n—1 


Bon(t)=- > dO inj A 
=1 j=l 
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2n—1 PA 
=—| >> 1) "Pe acon! | 3) (1 Pe; 
i=1 j=l 
= —Pf, An Ky-1. (5.2.27) 


Part (c) now follows from Theorem 5.1 and (d) is proved in a similar 
manner. O 


Let R(¢) denote the row vector defined as 
R(¢) = [¢1 ¢2 $3°+-dan-1 @| 


and let Bon(@, 4) denote the determinant of order 2n which is obtained 
from |a;;|2n by replacing the last row by —R(¢) and replacing the last 
column by R? (2). 


Theorem 5.7. 
Bon(¢, vy) = Ay, 1Hy i= eee 
PROOF. 
2n—1 2n—1 , 
Bon($, p) = > De dibs ae 
The theorem now follows (5.2.13), eee, and (5.2.25). Oo 


Theorem 5.8. 


Ban (¢, ~) = AGS 2n' 
Proor. Applying the Jacobi identity (Section 3.6), 


AD, 2n-1 A 2 (2n) 

1 oes ’ oat —~Hs — me 

An) Mi Ae”) ie Aan Adn1,2n:2n—1,2n' (5.2.28) 
2n,2n—1 2n,2n 

But, ea 2 = 2n — 1, 2n, are skew-symmetric of odd order and are 


therefore zero. The other two first cofactors are equal in magnitude but 
opposite in sign. Hence, 


Cie ra = Aon Aon—2; 


Ayo, PRE a. (5.2.29) 
Theorem 5.8 now follows from Theorems 5.1 and 5.7. 0 


If y, = ¢,, then K, = Hy, and Theorems 5.1, 5.6a and c, and 5.7 
degenerate into identities published in a different notation by Cusick, 
namely, 


Aon = Hi, 
Bon—1(¢) = Pe ede 
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Ban (¢) oer ska 
Bon($,¢) = H7_1H?. (5.2.30) 
These identities arose by a by-product in a study of Littlewood’s 
Diophantime approximation problem. 
The negative sign in the third identity, which is not required in Cusick’s 
notation, arises from the difference between the methods by which B,,(¢) 


and Cusick’s determinant T,, are defined. Note that Bon(¢,¢) is skew- 
symmetric of even order and is therefore expected to be a perfect square. 


Exercises 
1. Prove that 
APE) = HO KK 


In? 


A = Hy HOOK, AKO. 


2. Let V,,(¢) be the determinant obtained from Ao by replacing the last 


row by Ro, (¢) and let W,,(¢) be the determinant obtained from Aye 
by replacing the last row by R2n_1(¢). Prove that 


Va () a See Kee. 
W.(¢) = —Hp 1H Ky Ky 
3. Prove that 


eo Serpe pe 


4,2n 


5.3. The Matsuno Identities 


Some of the identities in this section appear in Appendix II in a book on 
the bilinear transformation method by Y. Matsuno, but the proofs have 
been modified. 


5.3.1 A General Identity 


Let 
An = lean 
where 
Uijs jFt 
1 . . € 
Gj eths, = 1, (5.3.1) 
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and 
l 
Cite ry 


Uy = = Uji, (5:3:2) 


where the x; are distinct but otherwise arbitrary. 


Illustration. 
Zt — Uj2 — U13 U12 U13 
A3 = u2i L —~ Ug — U3 U23 
U31 U32 ZL — U31 — U32 
Theorem. 
An 


[This theorem appears in a section of Matsuno’s book in which the 2; 
are the zeros of classical polynomials but, as stated above, it is valid for all 
x;, provided only that they are distinct.] 


Proor. Thesum of the elements in each row is x. Hence, after performing 
the column operations 


Cie 3S C; 
j=l 


=we(11 1--+1 


7) 


i 
it is seen that A, is equal to x times a determinant in which every element 
in the last column is 1. Now, perform the row operations 

RRR, 1 <4 <1, 


which remove every element in the last column except the element 1 in 
position (n,n). The result is 


An = TB gen 
where 
Bes = ibeln=ie 

SS . Baglin ; > 
Mag — Uns = ee: jF#t 

a n-1 
y= ) ca eee pi. 

Pel 

peso 


It is now found that, after row 7 has been multiplied by the factor un,, 
1 <i <n-~l1, the same factor can be canceled from column i, 1 < i < n~1, 
to give the result 


Bn-1 = An-1- 
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Hence, 
An = tAn_-1 : 


But Ay = x”. The theorem follows. Oo 


5.3.2 Particular Identities 


It is shown in the previous section that A, = x” provided only that the x; 
are distinct. It will now be shown that the diagonal elements of A,, can be 
modified in such a way that A, = x” as before, but only if the x; are the 
zeros of certain orthogonal polynomials. These identities supplement those 
given by Matsuno. 

It is well known that the zeros of the Laguerre polynomial L,,(x), the 
Hermite polynomial H,,(x), and the Legendre polynomial P,,(xz) are dis- 
tinct. Let p,(x) represent any one of these polynomials and let its zeros be 
denoted by x;, 1 <i <n. Then, 


Pn(z) =k I[¢ — Zr), (5.3.3) 
r=1 
where & is a constant. Hence, 


log pn (x) = logk + 5 log(z — z,), 


i 
p(t) wr 1 
Pr(£) 2 un (5.3.4) 
It follows that 
1 _ (= )ph(2) — pala) 
ne 2-2, (£—2;)pr(x) (5.3.5) 


Hence, applying the |’Hopital limit theorem twice, 


i 
Tt 
tim |r tedPn'(@) + Pn (2) 
- “bes E — 24) py (x) + 2p), = 
_ Pn(ti) (5.3.6) 
2p, (4) 


The sum on the left appears in the diagonal elements of A,. Now redefine 
An as follows: 


A lay \ns 


190 5. Further Determinant Theory 


where 
Wij j#t 
a;; = pi’ (xi) ae (5.3.7) 
uy ee 2p! @.)? ee 


This A, clearly has the same value as the original A, since the left- 
hand side of (5.3.6) has been replaced by the right-hand side, its algebraic 
equivalent. 

The right-hand side of (5.3.6) will now be evaluated for each of the three 
particular polynomials mentioned above with the aid of their differential 
equations (Appendix A.5). 


Laguerre Polynomials. 
Lf (x) + (1—2)L, (x) +nL,(xz) = 0, 


In(zi)=0, 1<i<n, 


ie, ee (5.3.8) 
Hence, if 
Usz) jt 
Ge i é - j= 
then 
Ay=ld@eln =<: (5.3.9) 
Hermite Polynomials. 
Hy (x) — 22H} (x) + 2nH,,(2) = 0, 
Hela 0, lise ms 
” 
ier = 2. (5.3.10) 
Hence if, 
os ee te ‘ an 
then 
A, =|Gy\n—= 2 (5.3.11) 
Legendre Polynomials. 
(1 — 2?) P(x) — 2x P% (x) + n(n + 1)P,(z) = 0, 
P(t) =U, Westen, 
iC ee (5.3.12) 


“7 
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Hence, if 
Wij, j#t 
an eee 
then 
TNA (2s At cts (5.3.13) 
Exercises 


1. Let A,, denote the determinant defined in (5.3.9) and let 


ioe == sea 


| er ee 
es = 
zw? J=4, 


where 


where, as for A,(x), the x; denote the zeros of the Laguerre polynomial. 
Prove that 


Br(z— 1) = 2" An (=) 


and, hence, prove that 


2. Let 
Ayes ln 
where 
Ways j # 4 
@) — 7 : 
ais =Va- Du, J=t 
T= | 
Pea 
: U 
ype a 
a7 Li — Lj je 
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5.4 The Cofactors of the Matsuno Determinant 


5.4.1 Introduction 


Let 
En = |eij|n, 
where 
= ee sae (5.4.1) 


and where the c’s are distinct but otherwise arbitrary and the «’s are 
arbitrary. In some detail, 


1 1 1 

Ly c7—C2 ey —cy Ci—Cy 

1 1 
Ca Cy x2 CIS CR 

Ee er ee (5.4.2) 

co —C4 o3=— Cs 

il 
Cn —C1 In n 


This determinant is known here as the Matsuno determinant in recognition 
of Matsuno’s solutions of the Kadomtsev—Petviashvili (KP) and Benjamin-— 
Ono (BO) equations (Sections 6.8 and 6.9), where it appears in modified 
forms. It is shown below that the first and higher scaled cofactors of E 
satisfy a remarkably rich set of algebraic multiple-sum identities which can 
be applied to simplify the analysis in both of Matsuno’s papers. 

It is convenient to introduce the symbol { into a double sum to denote 
that those terms in which the summation variables are equal are omitted 
from the sum. Thus, 


yD, urs - SS os Urs — Dao (5.4.3) 


It follows from the partial derivative formulae in the first line of (3.2.4), 
(3.6.7), (3.2.16), and (3.2.17) that 


OE nq 


Dn, = Benig: 
v7 
OE pr,qs = 
Ox. —= Iipr,igs 
a 
OEP4 =a 
F = — fF Bae 
Xi 


(e" os =) Bet pea 


v7 


G 4 =) Bens — Dai 


Xi 
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a, 8 io 
E* 4 —— | prruqsy _ ETS ES (5.4.4) 
Ox; 


etc. 


0.4.2 First Cofactors 


When f, + g, = 0, the double-sum identities (C) and (D) in Section 3.4 
become 


a eG. at 9s)ar3A”* a 0, (CT) 
Pell Sell 
yp "Ce ae Gaga AY a Ge af 9j)A™. (Df) 
fel ceil 


Applying (C') to E with f, = —g, = c™, 


5 a e =i =) ETS =0. (5.4.5) 


ral s= 


Putting m = 1, 2,3 yields the following particular cases: 


nites Seo 0, 
8 


r 


which is equivalent to 
ee Se. (5.4.6) 
(2: Sy 'e tok =0, 
us 8 
which is equivalent to 
NG tee 2) gk; (5.4.7) 
iis s us 
i 3: Moe +6c,+-cC)E? =0, 
which is equivalent to 
Ss Wie eae = 3 Se Cli. (5.4.8) 
ile s Ve 


Applying (D‘) to E, again with f, = —gr = cf", 


Dae 


Putting m = 1,2 yields the following particular cases: 


= E® BT9 = (co — cP) EY. (5.4.9) 


Ss 
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Tr ike YEE = (ce; — 5) EY, 
Ss 


r 


which is equivalent to 


DD ae Dy oe a Cr) ae (5.4.10) 
s Le 


Lie 
fo o8 Dd G@+e:)E4 E74 =(G— jE", 
tie ot 
which is equivalent to 


>) ler +, )BP E92) ce BV BI =( - ye’, (SAIL) 


etc. Note that the right-hand side of (5.4.9) is zero when j = 7 for all values 
of m. In particular, (5.4.10) becomes 


De gg ed a Se a ae. (5.4.12) 
i 8 Ts 
and the equation in item m = 2 becomes 


Sle +e) BYE" =2) BPE. (5.4.13) 


5.4.3 First and Second Cofactors 


The following five identities relate the first and second cofactors of E: They 
all remain valid when the parameters are lowered. 


St Bimd§ = (ej — 5) B®, (5.4.14) 
D Mcp +g) EF? = —(c? — 2) EY, (5.4.15) 
Llores) )E™ = Dail oy (5.4.16) 
2 cn yy Ve =) peel (5.4.17) 
ra ra 


T,3 


So (esB"? + eB" + ET") = 0. (5.4.18) 


r<s 


To prove (5.4.14), apply the Jacobi identity to E’"* and refer to (5.4.6) 
and the equation in item m = 1. 


ir,7s EY de 
pee ? - ile ET 


r,8 
ae EY 5, ters pal s t ts Bers 
r,s 7,8 
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= —(¢; —¢,)E%. 


Equation (5.4.15) can be proved in a similar manner by appling (5.4.7) and 
the equation in item m = 2. The proof of (5.4.16) is a little more difficult. 
Modify (5.4.12) by making the following changes in the parameters. First 
i — k, then (r,s) — (i,7), and, finally, k > r. The result is 


SO ee I had oe (5.4.19) 
PW) 


a 


Now sum (5.4.10) over i,j and refer to (5.4.19) and (5.4.6): 


Mia-g)Et = 0 B*E > > ere 


D9} 2,9,7,8 iP Oni) 
= Sa mee = 5 ee 
IGS) j 
= EY ol Y ENE 
a ie Oe 
yet E” 
a pri Byrr 
half 
= 5 eae 
Yer 


which is equivalent to (5.4.16). The symbol } can be attached to the sum 
on the left without affecting its value. Hence, this identity together with 
(5.4.7) yields (5.4.17), which can then be expressed in the symmetric form 
(5.4.18) in which r < s. 


5.4.4. Third and Fourth Cofactors 


The following identities contain third and fourth cofactors of E: 


Siler - epee = Semen (5.4.20) 
De 2s as od) -¥ Erstu, retu (5.4.21) 


VG -ayE” =2 y GB ae (5.4.22) 
7,8 T,8 
Die. _ CB = eee (5.4.23) 
r,s TRG gt 


Ee . CoP Tika = ys bane Ay (5.4.24) 


T,3 Te Syu 
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i ecie = “2G ie 
T,s 
ay pre (5.4.25) 


7,8,t 
ae ee sess -> ET: rst (5.4.26) 
oe St 
Dera =adars a, (542 
feiss os 8,t 
Se eal Dies =s > ETS rst ae Dee ET ae (5.4.28) 
T,8 is See 
Se te2 ETS _ -> Est rst => Fd PIL (5.4.29) 
7,38 6% See 
To prove (5.4.20), apply the second equation of Baa and (5.4.16). 
Os 
Eor,ps = “Oly . 


Multiply by (c,; —c,) and sum over r and s: 


Vie ca Ca) Eee = sae Se a Calne 


T,8 


= S Benes 
T,8 


which is equivalent to (5.4.20). The application of the fifth equation in 
(5.4.4) with the modification (i,p,r,q,s) — (u,7r,t,s,t) to (5.4.20) yields 
(5.4.21). 

To prove (5.4.22), sun (5.4.11) over i and 7, change the dummy variables 
as indicated 


VG -gjeX=F-G 
aj 
where, referring to (5.4.6) and (5.4.7), 


Fea) Ec Hee ye eo ed 
2,8 


7,8 rj Tog 


= SUEY] DO cB + yO ck 


TJ 1,3 
(js) (i>r) 
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=) EPS (ce, +¢,)E" 
t r,s 
=2) EY cE, (5.4.30) 
a a 
Ca) Grn”. (5.4.31) 
i,9,7 


Modify (5.4.10) with 7 = 7 by making the changes i © r and s — j. This 
gives 


Ga eyo en”. (5.4.32) 


Hence, 


E* Bir 
Ev [Err 


tr tr 
=2)> be. 
OA 


We ac )b) 2 


Ci) 


which is equivalent to (5.4.22). 
To prove (5.4.23) multiply (5.4.10) by (c; —c;), sum over 7 and 7, change 
the dummy variables as indicated, and refer to (5.4.6): 


\ G-¢)EY =H-J, (5.4.33) 


where 


Coif) r,s 
=e >) ee” Se ce 
a (64) rg CES 
— a Be Gc = cj )E", (5.4.34) 
T 4,9 


i= KC; = cy De EY EY), (5.4.35) 
49 Up 
Hence, referring to (5.4.20) with suitable changes in the dummy variables, 


Via _ cj)? EY = IE oa c;) Ev pr 


Ev ET’ 
459 4,9,7 


= »G — 6)" 


2,9,7 
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=a A PSCHED 
= ae 


45,7 
which is equivalent to (5.4.23). The application of a suitably modified the 
fourth line of (5.4.4) to (5.4.23) yields (5.4.24). Identities (5.4.27)—(5.4.29) 
follow from (5.4.8), (5.4.22), (5.4.24), and the identities 
Benes = (c? + eres + €2) — (cr — es)? 
en = Se +¢-C, +e 2) + (Cp — eyes 3(c? - ay 
6c? = 2(c? + ec, + c2) + (ce — eg)? — 3(c? — c?). 


5.4.9 Three Further Identities 
The identities 


ac +c?) (cp —a,)B”* =2 > ete 


r,s 


1 TSUY,TSUV 
een, (5.4.36) 


TS ,U,U 


Si (2 — 2 (ep + 65) B"* = 2 er (Cr + C4) E""8 


T,8 r,s 


1 
a7 pa Ter oure ue (5.4.37) 


T,8,U,U 


2 CC, (Cp ot Cs) jE" = 2 CrCg eee? id 


“4 SD Ersuv,rsuv (5.4.38) 


T,S3,U,U 


are more difficult to prove than those in earlier sections. The last one has 
an application in Section 6.8 on the KP equation, but its proof is linked to 
those of the other two. 

Denote the left sides of the three identities by P, Q, and R, a 
To prove (5.4.36), multiply the second equation in (5.4.10) by (c? + CF aM 
sum over 7 and j and refer to (5.4.4), (5.4.6), and (5.4.27): 


P=) (f+c)E*E%+ (24+ 2)E" ES 


2,J,7,8 4,j,7 
rz 2 Tus 23 ? } 
y E ) cE) + ) E (or ile 
D7 1,3 L gr 
(sj) (ri) 


+4 +5) — 


Carats 
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= ~ 25 Ey diet +) EY 4 ae eS diel + pie 
= = (e” a =) Si(e2 +2) E4 


4,9 


“EP a) bye Bra = = eee 
eee 
os cE" roy i =e ETst2; rete 


Seren 


which is equivalent to (5.4.36). 
Since 


(G — 5) (cr es) — 2¢,¢,(c, — 5) = (CoC) (Gece), 
it follows immedately that 
Q-2R=P. (5.4.39) 


A second relation between Q and J is found as follows. Let 
C= eae”. 
= 5 Dae oe (5.4.40) 
8) 
It follows from (5.4.17) that 
V =e’) ce” 
T,8 Tr 
Ea = a 
ie T,s 


Hence 
ScrE™ =U+YV, 


yo ab" =U —V. (5.4.41) 
T,8 


To obtain a formula for R, multiply (5.4.10) by c;c;, sum over 7 and j, and 
apply the third equation of (5.4.4): 
li 5 cic; EE") ian age Ee? 


4,578 4,J,7 


= > cE" »S cj E | + SS = ice” 
1,8 pr eae 4,5 
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2 > 5.4.42 
—~V*+ — ( ) 
where 


S=) ean”. (5.4.43) 


This function is identical to the left-hand side of (5.4.26). Let 


T= D> (c+ ej)(cr +c.) EME”. (5.4.44) 


Bodinthgea 


Then, applying (5.4.6), 
(ke ee Ee Ev) ae Ee 
LeLe cp ETI De ye Deg 


=(U+V) 29 De Sa 


=2(U? + V7) +25) E™. (5.4.45) 
Eliminating V from (5.4.42), 
= a 
= 4? +9 E™ 4+ —]5§. 5.4.4 
T+2R=4U? + | +)s (5.4.46) 


To obtain a formula for Q, multiply (5.4.11) by (¢; +¢,), sum over 7 and 
j, and apply (5.4.13) with the modifications (7,7) © (r,s) on the left and 
(t,r) — (r,s) on the right: 


Q= é; + ¢)(c,-+c,)E° HE —2 Clq Hele BY 
j j 


Unies) COTE 
=T-2) 4) (afejEe 
r 2,J 
=T Ay ech he (5.4.47) 
T,8 


Eliminating T from (5.4.46) and applying (5.4.26) and the fourth and sixth 
lines of (5.4.4), 


Q+2R=4) cc(e" heb) 


r,s 


ee 8s 1 stu, stu 
LDle +z) bs i 


8,t,u 
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=) percept? +25 ene 
T,$ T,8 


2 r) 
=a ey Ersturstu: (5.4.48) 


T,8,t,u 


This is the second relation between Q and R, the first being (5.4.39). Iden- 
tities (5.4.37), (5.4.38), and (5.3) follow by solving these two equations for 
Q and R, where P is given by (5.1). 


Exercise. Prove that 


wie = GaGa Cr. C.E* = YY dnler, Cees n=1,2, 
1,8 


T,8 


where 


OiGr, Cs) er + a, 
b2(Cr, c;) = 3c? + Ac,Cs He ge. 


Can this result be generalized? 


5.5 Determinants Associated with a Continued 
Fraction 


5.5.1 Continuants and the Recurrence Relation 


Define a continued fraction f,, as follows: 


(cae ea n= 1)9,3).... (5.5.1) 
1+ a@)+ ae+ An—1+ An 


fn is obtained from f,-1 by adding b,/an, to an_1. 


Examples. 


1+ —4— 
ai Pas 
_ ay ag + bg 
7 ajag +bg+ aod," 
1 


f3 a Bi 
|] + ———— 
01+ 
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a,a2a3z + a,b3 + agzbe 
a1a2a3 + a1b3 + a3be + aga3b1 + b,b3 | 


Each of these fractions can be expressed in the form H,,/H, where H isa 
tridiagonal determinant: 


_ __|ail 
A= 1 by ’ 
—| Qy 
ay bo 
—] a2 
fe= 1 by ’ 
—1 ay bo 
—] a2 
Q) bo 
—] a2 bs 
—l ag 
—] Q) bo 
—] a2 b3 
—1 ag 
Theorem 5.9. 
+1 
Fo i 
i An+1 
where 
1 by 
—] ay, bo 
—l a2 bs 
Ania = oe , (5.5.2) 


=I an—2 bn—1 
sil An—1 bn, 


PROOF. Use the method of induction. Assume that 


which is known to be true for small values of n. Hence, adding b,/a, to 
Qn—-1; 


( 
AY 


fx GL, 


(5.5.3) 
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where 
1 db 
—1 ay bg 
—1 ag b3 
kK, = a ae . (5.5.4) 
=1 Gps Dae 
—1  Gn-2 On—-1 


—1 Gn—1 + (b,/an) * 


Return to H,+1), remove the factor a, from the last column, and then 
perform the column operation 


C2 Ce... 


The result is a determinant of order (n + 1) in which the only element in 
the last row is 1 in the right-hand corner. 
It then follows that 


ye On he 
Similarly, 
a eee KO), 
The theorem follows from (5.5.3). Oo 


Tridiagonal determinants of the form H,, are called continuants. They are 
also simple Hessenbergians which satisfy the three-term recurrence relation. 
Expanding H,,, by the two elements in the last row, it is found that 


Ans = On Hy + bn Hy-1-. 


Similarly, 
Hi*) — a HM +b, HO. (5.5.5) 
The theorem can therefore be reformulated as follows: 
where P,, and Q,, each satisfy the recurrence relation 
R= OA ei Un bin 2 (5.5.7) 


with the initial values Pp = 1, P}) = a1 +61, Qo = 1, and Q; =a). 


5.5.2 Polynomials and Power Series 


In the continued fraction f, defined in (5.5.1) in the previous section, 
replace a, by 1 and replace b, by a,x. Then, 


ee ae 1 
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Qn 
a 5.5.8 
= (5.5.8) 
where P,, and Q,, each satisfy the recurrence relation 
Ry = Aye Gt (5.5.9) 


with Pp = 1, P}) = 1+ 412, Qo = 1, and Q,; = 1. It follows that 
P, =1+ (a, + a2)2, 
Qo =1-+ aoz, 
P3 =1+4+ (a; + a2 +a3)x + a1a327, 
Q3 = 1+ (a2 + a3)2, 
Py =14 (a1 +. a2 +3 + a4)x + (a103 + a144 + aga4) x”, 
Qa = 14 (a2 +43 + a4)r + aga4z’. (5.5.10) 


It also follows from the previous section that P, = Hp+1, etc., where 


1 ayr 
=| 1 agxr 
—1 it agr 
ie = > : (5.5.11) 
—l 1) Gir, a t8 
—] 1 (ay — 18 
aa 1 n+l 
The alternative formula 
i ay 
—a\ 1 & 
—a, 1 G 
Any = ae 7 Se oS, (5.5212) 
—An-3 1 x 
—An-—2 1 x 
=Car lee 


can be proved by showing that the second determinant satisfies the same 
recurrence relation as the first determinant and has the same initial values. 
Also, 
Qn = HY, (5.5.13) 
Using elementary methods, it is found that 
fi=l—ayxztaza*4+..., 
fo =1—ayx + a1(a; + ag)x? — a; (a? + 2a,a2 + 02)2° +---, 
fg =l—ayx+ a; (ay =e az)x? = a;(a? + 2a;a2 + as PF a2a3)x° qe oe 
+a (ay + 3a7a2 + 3,02 + 203 + 2a2a3 
+aaz + 2a,a2a3)x4 +---, (5.5.14) 
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etc. These formulas lead to the following theorem. 
Theorem 5.10. 
tes = (ee = (—1)" (a, aa Ot rei aF OG), 


that is, the coefficients of c", 1<r<n—1, in the series expansion of fn 
are identical to those in the expansion of fn—1. 


Proor. Applying the recurrence relation (5.5.9), 


tee a oe! Pye, = Ee (Oe =f On LOn=>) ram (eae a nt ly, a) Ont 
= mes) yet cree (6) 7 ay = Pn—1Qn—2) 
Saye (P30 h 4 — P29Qh—) 


= (=I) (@ga4 “a, )a"“(PiQ2— Qi) 


= (—1)"(aia2---an)x” (5.5.15) 
_ Qn Qn-1 
en a P,, re 
_ PriQn = PrQn-1 
7 Pn Pa 
—])}* Bare n 
— (= 1)" (ara2+++an)o" (5.5.16) 
Paley 
The theorem follows since P,,(z) is a polynomial with P,,(0) = 1. Oo 
Let 
co 
ne > «c". (5.5.17) 
ZO 
From the third equation in (5.5.14), 
Co = il. 
Cj) = Als 


C2 = a; (a; + a2), 


a= —a;(a? + 2a;a2 + az + a2a3), 
2 
oe ay(aza2 ~ 2a,02 4+. a3 + 2a203 + a?a3 + 2a1a203 + aga; 
+ara4 + a1a2a4 + a2a3a4), (5.5.18) 


etc. Solving these equations for the a,., 


a, = —|¢1|, 
(Gy ea} 
Cine 

i 


ler 
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Cc c 
leo| es . 
a3 = . ma? (5.5.19) 
0 1 
ler} C, C2 


etc. Determinantal formulas for a2,_1, @2n, and two other functions will be 
given shortly. 
Let 


Ane (ohare 
Bn, = lcitg—iins (5.5.20) 


with Ap = By = |. Identities among these determinants and their cofactors 
appear in Hankelians 1. 

It follows from the recurrence relation (5.5.9) and the initial values of P,, 
and Q, that Pan—1, Pen, Qen+1, and Qan are polynomials of degree n. In 
all four polynomials, the constant term is 1. Hence, we may write 


n 
= , r 
Pon. = P2n-1,rZ ; 
7) 


n 

an S a 

Qon+1 a G2n4+1,rZ ; 
r—O 


n 

= y . iP 

Pon as Pan rX ,; 
ps8) 


a= Na dane es (5.5.21) 
P= 


where both p,», and qm, satisfy the recurrence relation 
Umr = Um—1,r + AmUm-2,r-1 
and where 
0 ono = all m, 
PIn-1,r = Pan =90, r<Oorr>n. 


Theorem 5.11. 


(n+1) 
a. Pen-1,r = Se cee Oar, 
(n+1) 
b. pon = a 0<7 =n, 
Ag ec 
C, O44 = Tae. 
d. Gan = _AntiBn-1 


Ay Ba 
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PROOF. Let 
fon—1Pen—1 — Qan-1 = oD Anr@’, (5.5.23) 
n=O 
where f,, is defined by the infinite series (5.5.17). Then, from (5.5.8), 
Any =0, all n andr, 

where 

E 

> Cr—tP2n—1,t — G2n—1,r, OSr<n-1 


nr = ¢ Po (5.5.24) 
Ss Cr—tP2n—-1,t; eae 
=) 


The upper limit n in the second sum arises from (5.5.22). 
The n equations 
tie 0) n<r<2n-1, 
yield 
n 
Seat +c, = 0: (5.5.25) 
t=-1 


Solving these equations by Cramer’s formula yields part (a) of the theorem. 
Part (b) is proved in a similar manner. Let 


fon Pon — Qan = Sy nr". (5.5.26) 
r=0 
Then, 
hee = 10. all n and r, 
where 


e 
Dy Cr—tP2n,t — Qanyzr, OSr<sn 
oe ay (5.5.27) 


Tr 
De care ron+i. 
The m equations 
knr = 0, Mela rs on, 
yield 
nr 
Sion: + Cy = 0. (5.5.28) 
t=1 


Solving these equations by Cramer’s formula yiclds part (b) of the theorem. 
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The equation 


hnjon+1 =0 
yields 
n+1 
Con+1—-tP2n+1,t = 0. (5.5.29) 
t=0 


Applying the recurrence relation (5.5.22) and then parts (a) and (b) of the 
theorem, 


n+l 


gous tP2n,t + 2n+t S C2n+1-tP2n—1,t-1 = 9, 
t=0 t=1 


n n+1 
1 5] Q2n+1 
Ja) ee a 1 rae A PO — Ve 
Br ta ” t=1 
Bn+i An+1 
a =i 
B,, + Q@an+i Ae 
which proves part (c). 
Part (d) is proved in a similar manner. The equation 
kn,an =0 
yields 
n 
S| Con—tP2n,t = 0. (5.5.30) 


Applying the recurrence relation (5.5.22) and then parts (a) and (b) of the 
theorem, 


nm 
S Con—tP2n—-1,t + Gan S C2n—tP2n—2,t-1 = 9, 
t=0 zi 


ee +1 a2 
a eee tt Dp = ae BY Ce ¢ = 0, 


" 4=0 ne 
An4+1 Br 
A + Gan Boo a 0, 
which proves part (d). oO 


Exercise. Prove that 


6 
P= 1+2 ot? Ya ag tx Sr 3 as »y ee 


r—1 s=r+2 r— s=r+2 t=s+2 
and find the corresponding formula for Q7. 
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0.9.3 Further Determinantal Formulas 
Theorem 5.12. 


Co Cy c2 Cn 
1 Ci Cc C3 Cn+1 
a. Pei = re SOD Uo CoOmU Sood OO OOO Deere ; 
"lep-1 Cn Cn 41 Can-1 
a” gr} gnr—2 il et 
Ci C2 C3 Cn+1 
1 C2 C3 C4 Cn+2 
Dees, = Bol creer 
i Cn Cn+1 Cn+2 Con 
gh gril gr-2 1 Ae 


PROOF. Referring to the first line of (5.5.21) and to Theorem 5.11a, 


1 n 
Pon—1 = ag D sae 
Le 


n+1 


= 3 5 Aeanen 
Part (a) follows and part (b) is —— in a similar manner with the aid of 
the third line in (5.5.21) and Theorem 5.11b. o 
Lemmas. 


a. ss py Cr—tUn+1-—t = > oS CrUn+r—ji 


r=0 


b. y 1) eS es CrUn+r—j: 
7r—0 t=0 7—0 r=0 


These two lemmas differ only in some of their limits and could be re- 
garded as two particular cases of one lemma whose proof is elementary and 
consists of showing that both double sums represent the sum of the same 
triangular array of terms. 


Let 
m 
Ym = Seer (55761) 
70) 
Theorem 5.13. 
Co Cl C2 Cn 
‘i Ci C2 C3 Cn+1 
a. Qone1 = Vin AGS AS 600 DROROROIO O none GIORUINeIOny Oe O 2 Sr pioraee 5 
a erent Cn Cn+1 C2n-1 
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Cy C2 C3 Cn4+1 
1 C2 C3 C4 Cn+2 
b>, = 7 
% Cn Cn+1 Cn+2 C2n 
wor” ya! por”? aeee Wn a 


ProoF. From the second equation in (5.5.24) in the previous section and 
referring to Theorem 5.11a, 


Fe 
G2n-1,r = Seca Pnain Os] ta) 
io 


1 (n+1) 
i ye Y Saas 
LT 
Hence, from the second equation in (5.5.21) with n > n — 1 and applying 


1 
Lemma (a) with u, > x” and v, > Aen. 


n—1 


ue 
(n+1) 
AnQen-1 = S- x” Sere oe pe 
T—0 =) 
91 


n 
= (n+1) n+r—j 
a > V Amt j+1 oe 
Heil iO) 


n j—1 
= n—j a(n+1) r 
= ) i Ansij+1 2, ert 
yell r=0 
ae ; n—j a(n+1) 
: » x2 ie An + 


This sum represents a determinant of order (n + 1) whose first n rows are 
identical with the first n rows of the determinant in part (a) of the theorem 
and whose last row is 


[0 ere aia Ae =. --Un—1| 
The proof of part (a) is completed by performing the row operation 


Rie = Rati ar GER. 


n+1° 


The proof of part (b) of the theorem applies Lemma (b) and gives the 
required result directly, that is, without the necessity of performing a 
row operation. From (5.5.27) in the previous section and referring to 
Theorem 5.11b, 


r 
q2n,r = Do ep anes O<rsa 
= 0) 
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Le ay 
“es ees: 


" 4=0 


Hence, from the fourth equation in (5.5.11) and applying Lemma (b) and 
(5.5.31), 


n r 
= S ES (n+1) 
BrQean = x Cat Pe atte 
Pl t=0 
n j 
= (n+1) n+r— 7 
= S Bs S Ge 
j=0 r=0 


nr 
= —j Air+)) 
ie. 2" "Britt 
;=0 
This sum is an expansion of the determinant in part (b) of the theorem. 
This completes the proofs of both parts of the theorem. oO 
Exercise. Show that the equations 


An,2n+j = 0, 7 a, 
Keonass ae 0, ,) 2 L 


lead respectively to 


So — 0, wall n, (X) 


Tae all n, (Y) 


where S;,,;2 denotes the determinant obtained from A, +2 by replacing its 
last row by the row 


[en+j—1 Cntj Cntj+1'* Conti] nyo 


and T,,,; denotes the determinant obtained from B,,, by replacing its last 
row by the row 


lee; Cnt+jt+1 n+j+2° Conti lngt 


Regarding (X) and (Y) as conditions, what is their significance? 


5.6 Distinct Matrices with Nondistinct 
Determinants 


5.6.1 Introduction 


Two matrices [a;;}m and [bij], are equal if and only if m = n and a,j = 
bj;, 1 < 1,7 <n. No such restriction applies to determinants. Consider 
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determinants with constant elements. It is a trivial exercise to find two 
determinants A = |a;;{, and B = |bjj|n such that a;; # 6;; for any pair 
(i,7) and the elements a;; are not merely a rearrangement of the elements 
b;;, but A = B. It is an equally trivial exercise to find two determinants of 
different orders which have the same value. If the elements are polynomials, 
then the determinants are also polynomials and the exercises are more 
difficult. 

It is the purpose of this section to show that there exist families of 
distinct matrices whose determinants are not distinct for the reason that 
they represent identical polynomials, apart from a possible change in sign. 
Such determinants may be described as equivalent. 


5.6.2 Determinants with Binomial Elements 


Let ¢,(x) denote an Appell polynomial (Appendix A.4): 


m om , 
om(z) are > ( r ) oman . (5.6.1) 
The inverse relation is 
—~ fm 
oon > ( ‘ ) bm—r(z)(—2)". (5.6.2) 
Define infinite matrices P(x), P? (x), A, and ®(z) as follows: 


P(r) = eas J 


where the symbol «— denotes that the order of the columns is to be 
reversed. P’ denotes the transpose of P. Both A and ® are defined in 
Hankelian notation (Section 4.8): 


As laxaly ma, 


ees 1 (5.6.3) 


®(r) = [om(zx)], m2 0. (5.6.4) 
Now define block matrices M and M* as follows: 
sey |. O'all, 
sO ee es) 
M* = eae ne | . (5.6.6) 


These matrices are shown in some detail below. They are triangular, sym- 
metric, and infinite in all four directions. Denote the diagonals containing 
the unit elements in both matrices by diag(1). 

It is now required to define a number of determinants of submatrices of 
either M or M*. Many statements are abbreviated by omitting references 
to submatrices and referring directly to subdeterminants. 
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Define a Turanian T,,,, (Section 4.9.2) as follows: 


Or—2n+2 tee Pr—n42 
[ig = eS One. (5.6.7) 
Or—nti Oe gr a 


which is a subdeterminant of M. 


Il 4x 

1 32 62? 

1 Qe 32? 423 

t 2 «? Gs 


1 ¢o 1 2 $3 4 

1 2 gi b2 $3 G4 $5 

1 2¢ 2? $2 3 gs 65 $6 

1 3¢ 3a? or? 3 o4 ¢ 6 $7 
1 4¢ 62? 473 x4 o4 ¢5 be ¢7 op 


The infinite matrix M 


1 —4x 

1S 3r GH 

1 or ane 42? 

ie ats ea x 

] ago ay a2 a3 Q4 

1 —-D QQ, Qo Q3 a4 (os 

1 —2r 2% apg ag a4 Os a6 

1° -32 322 -2> a3 a4 OF Og ay 


1 -4r 672 -4d2° ct a4 Os 26 #17 Ag 


The infinite matrix M* 


The element a, occurs (r + 1) times in M*. Consider all the subdeter- 
minants of M* which contain the element a, in the bottom right-hand 
corner and whose order n is sufficiently large for them to contain the el- 
ement ap but sufficiently small for them not to have either unit or zero 
elements along their secondary diagonals. Denote these determinants by 
Br", s =1,2,3,.... Some of them are symmetric and unique whereas oth- 
ers occur in pairs, one of which is the transpose of the other. They are 
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coaxial in the sense that all their secondary diagonals lie along the same 
diagonal parallel to diag(1) in M*. 


Theorem 5.14. The determinants BY", where n and r are fixed, 
s=1,2,3,..., represent identical polynomials of degree (r+2—n)(2n—2—r). 
Denote their common polynomial by Bn,. 


Theorem 5.15. 
Toe (SIP Bee ee 2) en dll, 2355 
where 
k=n+r-+[d(r+2)]. 


Both of these theorems have been proved by Fiedler using the theory 
of S-matrices but in order to relate the present notes to Fiedler’s, it is 
necessary to change the sign of z. 

When r = 2n — 2, Theorem 5.15 becomes the symmetric identity 


Tn,2n-2 = Bn,on—2, 
that is 
Chee el eer eyo 8h 
sai) es : | (degree 0) 
Oni + anew Anal - seein |e 

lOmin =|Om|ln, OSmM< 2n—-2, 
which is proved by an independent method in Section 4.9 on Hankelians 2. 
Theorem 5.16. To each identity, except one, described in Theorems 5.14 
and 5.15 there corresponds a dual identity obtained by reversing the role 
of M and M%, that is, by interchanging dm(x) and am and changing the 


sign of each x where it occurs explicitly. The exceptional identity is the 
symmetric one described above which is its own dual. 


The following particular identities illustrate all three theorems. Where 
n = 1, the determinants on the left are of unit order and contain a single 
element. Each identity is accompanied by its dual. 


(em (1e1): 
1 -2z 
lgil = ao ay ; 
al=|), 6 (5.6.8) 
1 To di]? : 
Ciara 
1] —2z2 1 -2Z 
lz) =—-| 1 -x 2? |=~-] 1 ap ay | (symmetric), 
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Los | ee 
ljag]}=—-|1 2 2?/=-—|1 9 ¢1| (symmetric); (5.6.9) 
do 1 2 Zo ode 


hah) as): 


1 —22 il —32 
ie ee Fe 1 -22 32? 
1 ap at a2| 1 -2 2g —x3]’ 
aoe OT ag ag ag a, ag (Des) 
i Bag il 32 
= 1 «2g 2 1 22 32? 
eee ola ee | ee) 
Lo b2 $3 go 1 b2 63 
(npr = OR): 
1 =g a? 
3 tlle s S| 
1 Q2g 3 
oa 1 « 2? 
a =|¢0 oi $2]; (5.6.11) 
; di G2 3 
(ir) = (4,4): 
ee ea 1 -2x 2? 
2 3 ae il Hi; x? 7 = i! (671) ay (6) 
3 pa Qo A, 2 a3 —£ Qj G3 Q3|" 
a, 2 az aa x2 ag a3 a4 
1 Qu 32? 1 2 2? 
a2 a3{__|1 2 2 2 )_/1 go di oe (5.6.12) 
a3 a4 go v1 G2 3 x ot 2 $3 aa 


?:1 ¢2 63 4 a” ¢2 o3 oa 


The coaxial nature of the determinants BP" is illustrated for the case 
(n,r) = (6,6) as follows: 


each of the three determinants of order 6 


= ¢ enclosed within overlapping dotted frames 


in the following display: 
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1 227 39° =te° Sat 
1-2 @ hh (5.6.13) 
1 Qo ay a2 a3 4 a5 
il —© @ a2 a3 4 (os 6G 
—-2r 2% ap ag a4 Qs 6 
322 —2? ag aa 5 O%6 


These determinants are B®, s = 1,2,3, as indicated at the corners of the 
frames. B?° is symmetric and is a bordered Hankelian. The dual identities 
are found in the manner described in Theorem 5.16. 

All the determinants described above are extracted from consecutive rows 
and columns of M or M*. A few illustrations are sufficient to demonstrate 
the existence of identities of a similar nature in which the determinants are 
extracted from nonconsecutive rows and columns of M or M*. 

In the first two examples, cither the rows or the columns are nonconsec- 
utive: 


1 —2xz 
aR ‘S =—|ao QQ a2 |, (5.6.14) 
1, 2 a3 
1 —2¢ 1 —3z 
é1 ¢3| | 1 ao m ag] _|1 -a2 2? —23 (5.6.15) 
do ¢4| |-% a1 a2 a3] jag ai ae oe 
x2 a2 a3 a4 Q1 Q2 a3 ay 


In the next example, both the rows and columns are nonconsecutive: 
1 —2z 
a0 a) a2 
=— ’ (5.6.16) 
il Q1 a a3 
—2% QQ. a3 ay 


do 2 
2 4 


The general form of these identities is not known and hence no theorem is 
known which includes them all. 

In view of the wealth of interrelations between the matrices M and M*, 
each can be described as the dual of the other. 


Exercise. Verify these identities and their duals by elementary methods. 
The above identities can be generalized by introducing a second variable 
y. A few examples are sufficient to demonstrate their form. 


_| 1 pee | en ae" = 
1 by ™ 
t=laceta) oles) as 
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1 —7£ x? 
do(y) ily) daly)], 
Ioi(y) daly) sly) 


difety) go(et+y)| _ 
do(zr+y) d3(ety)| — 


il ~y y? 
=|o(x) ¢1(x) #n(c) (5.6.19) 
d(x) 2(x) (2) 
1 es x 
datz ty) d3(et+y)|_| 1 doly) dily) daly) 
ds(z+y) da(xt+y) —x oily) daly) daly) 
a? do(y) o3(y) daly) 
1 —22 32? 
=| 1, - * —* | (5.6.20) 


do(y) dily) daly) day) 
dily) do(y) o3(y) daly) 


Do these identities possess duals? 


5.6.3 Determinants with Stirling Elements 


Matrices s,(x) and S,(x) whose elements contain Stirling numbers of 
the first and second kinds, s;; and $;;, respectively, are defined in 
Appendix A.1. 

Let the matrix obtained by rotating S,(x) through 90° in the 


anticlockwise direction be denotes by S,,(x). For example, 


1 
a 1 102 
S52) = ie S60 or- 
oe re) 15a 

1 «2 2 2 x 


Define another nth-order triangular matrix B,,(x) as follows: 


——> 


Bagel, nme2, 1<ag<n, 


where 


mul j= 3 ; 
Dy = == phe mee Jon a |) es (eee (5.6.21) 


These numbers are integers and satisfy the recurrence relation 
bij = Oj-1,g-1 + (n — 9) bi-3,3; 
where 
bia — I. (5.6.22) 
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Once again the symbol «—> denotes that the columns are arranged in 
reverse order. 


Illustrations 


1 3a Ar" 
il 
hh ob 
es 1 Se 92? |? 
1 6x2 1927 272z° 
1 
1 Ag 
Bs(z) = i! (gr 16x? 


1 9x 372% 6422 
1 102 552? 1752? 25627 


Since b,; is a function of n, By, is not a submatrix of B,+ 1. Finally, define 
a block matrix No, of order 2n as follows: 


Nee See (5.6.23) 
Baz) oA 
where A, = [Qm]n, as before. 
Illustrations 
i 
H Ge 
Me 1 ago a) 
Ik 48 Cy | OD 
il 
es 23 
2 
Nae 1 ae 


1 Qo QQ, a 
1 27 Qi Go “Gs 
1 32 427 ag ag ay 


Nor is symmetric only when n = 2. 


A subset of Ny is: 
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wR TN SBT eS Tet 


— 
‘ 
’ 
e 
’ 
’ 
e 
‘ 
wer eee perrrere 
‘ 
: 
fi 
‘ 
a 
‘ 
eer eee rere’ 


xX QO, 


eee ee a ee 


Each of the two overlapping coaxial second-order matrices indicated by 
frames has a determinant equal to 


2 
— (apr — a1) = NS sa opener”. (5.6.24) 


ial 


In this case, the equality is a trivial one, as one matrix is merely the 
transpose of the other. 
A subset of Ng is 


By Rioters sisi erst aisicetnne J ODSSaS TSO ee 
‘ 
y 4 
. 
‘ 
: 1 am s 
. ‘ 
2 ; ‘ 
eee eee eee ee ee ore 2 
2 mi % . 
, » Ly 2 ‘ 
: il XO ka 
be - s ‘ 
1 uM Pe N ‘ 
eVVUsw~e eve PS wee ey wee Swe V VST VEU s,; . ry ie 
s ~ x ‘ LY ay 
: © Jf Og : @ $Q, : 
% » e 5) 4 
b) . 
s ~ 2 0 ry 1 s ‘ 
4 i . ‘ Ay 4 
: . PSacOeDose aSaonnanoe Sere 
‘ ‘ 4 3 
ry C ‘ ‘ 
8 ‘ ‘ 
mits | Xo > 
‘ ’ ‘ ‘ 
5 ’ . % 
4 Nwswevervve wee Hwy Avyvyrayes * 
: : 2 
a 4 9p ry 
: Oo : 
“ox x 2: 
S ‘ 
Nw wre wave v vey ere rvs rvreryyye ry 


— 


Each of the three distinct overlapping coaxial third-order matrices indicated 
by frames has a determinant equal to 


3 
_ (2aox” — 30,2 + a2) = s Se Qp-it (5.6.25) 


a 


A subset of Ng is 
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: SPURS SESS HPSS SSS VSV SSBB SP VHP sw yyy 


. 
. 
: 1 6 ; 
: . 
‘ 
3 cick Sapa ree Cera aaa ren 
’ . 
‘ 
‘ ss “ 2. 
, 5 X Daan 
‘ s 2 
x ‘ 4 F 
5 4 - . 
APU SAAS SAMS SS ee ease see eee see NS 4 
, 
. 5 ‘ » N 
. 
5 . 2 3 3 
‘ ‘ ‘ KAS 8 Nee 
i . 
6 5S ‘ . ‘ 
l : : : 
Rae aneass Nesesescebtasesssenssessass . fk 
‘ ‘ iy . % 
: s ‘ : ‘ . 
: < : | (OF 104 104 Oz: 
. 4 ‘ . 0 1 i : . 
. . 5 ‘ C ‘ : 
v ‘ . Swe asss RNA SS See yess Seen sae 
. ny ‘ ‘ 4 
- ‘ 
. ry ’ © : 
: yl 3K O O a 
. . ‘ 
: : 1 aa By OS 
. s ‘ 
. ‘ 
- S Nw were seer reer eee gees reese Nass 
. a 3 
. C » 
‘ 
. 4 
’ 
s 
r ’ 
‘ 


Perr ane are a Sneak 


PuGx _ 19x29 27 x° Sie 


SRR Rs RAS ees 


Each of the four distinct overlapping coaxial fourth-order matrices 
indicated by frames has a determinant equal to 


4 
— (6agx* — 11a;2? + bar -- a3) = Ds $4-Qy1n° (5.6.26) 
a 


It does not appear to be possible to construct dual families of determinantal 
identities by interchanging the roles of s;; and S;;, but there exists the 
following simple identity in which the elements of the determinant contain 
Stirling numbers of the first kind and the sum contains Stirling numbers of 
the second kind: 


ao 1 
Q1 8217 1 
2 n 
a2 $312 S39r 1 = 1)" SnAg a 
—T (yt fovensh I 
Ec ER Roce gree teneseeeesesenees d 
OQn-2 Snow eee 1 
=| 
An-1 Sue cae ses Snin—12 |p, 


(5.6.27) 
The determinant is a Hessenbergian (Section 4.6) and is obtained from 
$n(x) by removing the last column, which contains a single nonzero element, 
and adding a column of a’s on the left. The proof is left as an exercise for 
the reader. 
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5.¢ ‘The One-Variable Hirota Operator 


0.7.1 Definition and Taylor Relations 


Several nonlinear equations of mathematical physics, including the Korteweg - 
de Vries, Kadomtsev-Petviashvili, Boussinesq, and Toda equations, can be 
expressed neatly in terms of multivariable Hirota operators. The ability of 
an equation to be expressible in Hirota form is an important factor in the 
investigation of its integrability. 

The one-variable Hirota operator, denoted here by H™”, is defined as 
follows: If f = f(x) and g = g(x), then 


eh, Oye (+ a a) Fla)ole"| = 
= yea (") DE "(f)D"(9), D= <. (5.7.1) 


The factor (—1)" distinguishes this sum from the Leibnitz formula for 
D"( fg). The notation H,, Hzz, etc., is convenient in some applications. 


Examples. 
H2(f,9) = H*(f,9) = feg — fox 
= —H,(9,f), 
Hz(f, 9) = (50) = frrg — 2f292 + f Gee 
— Asz(f, g). 
Lemma. 


e°P (fg) = f(a + z)g(@ — 2). 
ProoF. Using the notation r =i (— j) defined in Appendix A.1, 


e(f,9) = >> SH (S.9) 


a (7) rnp 

CS ae 
=O aie) 

4 s (eG) = “Dp 


These sums are Taylor expansions of g(x — z) and f(x + z), respectively, 
which proves the lemma. Oo 
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Applying Taylor’s theorem again, 
oo Pde SDAA GS) 


${o(a + 2) -— d(x —2)} = (Q2n+1)! ’ 


n=0 


Lib(atz)+¥(e—2)}= EE aa ae (5.7.2) 


5.7.2. A Determinantal Identity 


Define functions ¢, ~, un and a Hessenbergian EF, as follows: 


= log(fg), 
= log(f/g) (5.7.3) 

U2n — D*"(¢), 
U2n+1 = aces (5.7.4) 


EE, = enn 


j—1 ee 
(Jf) anes eaas 


where 


Cig = a j ae 1, (5.7.5) 
0, otherwise. 
It follows from (5.7.3) that 
f= eloty)/2 
foee” (5.7.6) 
Theorem. 
H®” 
Gir g) = a 
fg 
Uy U2 U3 Ua *** Un-1 Un 
=| U4 2uo 3U3 onan aeeis 6 ake 
n-l 
= —1 wy 3u2 (* a 2 
—l U4 
—1 U1 


nr 


This identity was conjectured by one of the authors and proved by Cau- 
drey in 1984. The correspondence was private. Two proofs are given below. 
The first is essentially Caudrey’s but with additional detail. 
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PROOF. First proof (Caudrey). The Hessenbergian satisfies the recurrence 
relation (Section 4.6) 


En+1 oF De (") Ur41Ey_r- (5.7.7) 
7r=—0 
Let 
F, = eet f=f(z), 9=9(2), Fo=1. (5.7.8) 


The theorem will be proved by showing that F,, satisfies the same 
recurrence relation as E,, and has the same initial values. 
Let 


e*" (f,9) 
oo! 
" H’ (fg) 
K=¢ a7 (5.7.9) 
oo (al 2 
Sa 
n=0 
Then, 
Co unl 
os ae ae (5.7.10) 
eee! (n —1)! 
Coen 
=) =e! (5.7.11) 
n! 
=) 


From the lemma and (5.7.6), 
Ree ia) ie ae, 
Kaa pla{o(z + z) + o(x - 2) 
+w(a + z) — W(x — z) — 2¢(x)}]. Ga 


Differentiate with respect to z, refer to (5.7.11), note that 
D.($(x — z)) = —Dz($(x — 2)) 


etc., and apply the Taylor relations (5.7.2) from the previous section. The 


result is 


oo 


s a Frntl _ op [A{d(x +z) - d(x - 2) + (e@t+z)+¥(r—z)}] K 


n! 


n=0 


Co £2n+1 FH2n4+2 Co .2n M2n+1 
= (2n + 1)! nt (2n)! 
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Equating coefficients of z”, 


n 


Fn+1 = ys Ur+i1Fn—r 
n! perdi (aa | 
_ n 
Froi= Ms (* ) Urtiln—r. 
pat) 


(5.7.13) 


(5.7.14) 


This recurrence relation in F,, is identical in form to the recurrence relation 
in FE, given in (5.7.7). Furthermore, 


Hence, 


Fy =F, =u, 
Eq = Fy =u? + ue. 


E, = n 


which proves the theorem. 


Second proof. Express the lemma in the form 


Hence, 


Put 


Then, 


H'(e 


where 


7 e) = Die”) 


SS H(f,9) = fle + Zale —2). 
i=0 


H*(f,9) = [Di{f(a + z)g(z — z)}] ,_o- 


ioe 
g(a) = e@), 


w= F(a+z)+G(z—2z). 


| Z—0 
= [Dr "(e"we)| 9 


(5.7.15) 


(5.7.16) 
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d 
= D'{F(x)+(-1)'G(z)}, D= io (5.7.18) 
Hence, 
ter = D* log( fg) 
= D*"(¢) 
= U2r- 
Similarly, 
Worth = Vardi: 
Hence, ~, = u, for all values of r. 
tie(o.7.17), put 
A; = Hee’ e°), 
so that 
Ho => ef tG 
and put 
i—l ache 
aii ( j \ wins j<1, 
ay = —|. 
Then, 
aio = Yi = Ui 
and (5.7.17) becomes 
> 4H; =0, B= Il. 
j=0 
which can be expressed in the form 
> aH; = —ajo Ho 
j=l 
=e a, 12d, (5.7.19) 


This triangular system of equations in the H, is similar in form to the 
triangular system in Section 2.3.5 on Cramer’s formula. The solution of 
that system is given in terms of a Hessenbergian. Hence, the solution of 
(5.7.19) is also expressible in terms of a Hessenbergian, 


U1 —] 
U2 U1 —l 
He eFt+@ lus Quo ws —l ‘ 


U4 3u3 3u2 U1 —l 
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which, after transposition, is equivalent to the stated result. oO 


Erercises 
1. Prove that 


i 
> inte = Hi, 
k=1 


,—1 
bie (52) |e 


and hence express uw, as a Hessenbergian whose elements are the Hj. 
2. Prove that 


where 


Ata A” 8q 
API APrss5 


H(A, A) = 5° ay 


p=lq=1 


5.8 Some Applications of Algebraic Computing 


5.8.1 Introduction 


In the early days of electronic digital computing, it was possible to per- 
form, in a reasonably short time, long and complicated calculations with 
real numbers such as the evaluation of « to 1000 decimal places or the 
evaluation of a determinant of order 100 with real numerical elements, but 
no system was able to operate with complex numbers or to solve even the 
simplest of algebraic problems such as the factorization of a polynomial or 
the evaluation of a determinant of low order with symbolic elements. 

The first software systems designed to automate symbolic or algebraic 
calculations began to appear in the 1950s, but for many years, the only 
people who were able to profit from them were those who had easy access 
to large, fast computers. The situation began to improve in the 1970s and 
by the early 1990s, small, fast personal computers loaded with sophisticated 
software systems had sprouted like mushrooms from thousands of desktops 
and it became possible for most professional mathematicians, scientists, and 
engineers to carry out algebraic calculations which were hitherto regarded 
as too complicated even to attempt. 

One of the branches of mathematics which can profit from the use of 
computers is the investigation into the algebraic and differential properties 
of determinants, for the work involved in manipulating determinants of or- 
ders greater than 5 is usually too complicated to tackle unaided. Remember 
that the expansion of a determinant of order n whose elements are mono- 
mials consists of the sum of n! terms each with n factors and that many 
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formulas in determinant theory contain products and quotients involving 
several determinants of order n or some function of n. 

Computers are invaluable in the initial stages of an investigation. They 
can be used to study the behavior of determinants as their orders increase 
and to assist in the search for patterns. Once a pattern has been observed, 
it may be possible to formulate a conjecture which, when proved analyti- 
cally, becomes a theorem. In some cases, it may be necessary to evaluate 
determinants of order 10 or more before the nature of the conjecture be- 
comes clear or before a previously formulated conjecture is realized to be 
false. 

In Section 5.6 on distinct matrices with nondistinct determinants, there 
are two theorems which were originally published as conjectures but which 
have since been proved by Fiedler. However, that section also contains a set 
of simple isolated identities which still await unification and generalization. 
The nature of these identities is comparatively simple and it should not be 
difficult to make progress in this field with the aid of a computer. 

The following pages contain several other conjectures which await proof 
or refutation by analytic methods and further sets of simple isolated iden- 
tities which await unification and generalization. Here again the use of a 
computer should lead to further progress. 


5.8.2. Hankel Determinants with Hessenberg Elements 


Define a Hessenberg determinant H,, (Section 4.6) as follows: 


hy ho hg hg +++ An-1 Mn 
1 hy ho h3 +: one iene 
il hy ho 46 Stix 
Ar, -_ 1 | mes soa|| % 
ba 
ee (5.8.1) 
Conjecture 1. 
An+r lela asd Hone! Is hn+1 as han tr—1 
Aytr—1 An+r “ie Aon+r—2 me An—1 An hd hont+r—2 
A441 H,+2 ies An+r n hi-r hor eee: hn n-+r 


ho = 1, hm = 0, m< 0. 

Both determinants are of Hankel form (Section 4.8) but have been ro- 
tated through 90° from their normal orientations. Restoration of normal 
orientations introduces negative signs to determinants of orders 4m and 
4m +1, m > 1. When r = 0, the identity is unaltered by interchanging 
H, and hs, s = 1,2,3.... The two determinants merely change sides. The 
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identities in which r = +1 form a dual pair in the sense that one can be 
transformed into the other by interchanging H, and hs, s = 0,1,2,.... 


Examples. 
Gir — (2.0): 
Hp H3|_ {he hs], 
Ay, Ho 7 hy he ; 
(4850) (32.0): 
H, Hs Hs h3 ha hs 
Hy -Hs fy) =| ha ha hal; 
Ay, Ho 3 hy he hg 
nn) = (2, 1p 
He Ha hg he ha 
owl hy ho hs; 
ane 1 hy he 
(n,r) = (3, -1): 
H, H3 H4 
H, Ho H3|= : 
1 H, Ho ae 
Conjecture 2. 
ho hg ha hs ite, om 
1 hy he hg hea Wnt 
Hy, Any = 1 hy he Rn- hn—2 
1 Ay il hy Dna An—3 
i hy 


0) 
Note that, in the determinant on the right, there is a break in the sequence 
of suffixes from the first row to the second. 


The following set of identities suggest the existence of a more general 
relation involving determinants in which the sequence of suffixes from one 
row to the next or from one column to the next is broken. 


Ay, H3\_|hi hs 
1 ipl | Lb Gay 
Hye hy hz ha 
i Bale 1 ha hg}, 
1 3 hy i 

hi “Raaia, fs 
He Hela Wee 
Ho fab io hy ho hg 
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Ha Ha Hs ho ha hs 
aay, ig Ae | = thy hg ha), 
1 Ay He 1 hg hes 


H3 As — 1 he hg ha 
oes >| eee 52) 
ee 
9.8.3 Hankel Determinants with Hankel Elements 
Let 
Ay = lPr+m|ns 02s 2n— 2, (5.8.3) 
which is an Hankelian (or a Turanian). 
Let 
Bao 
Or Pr+i r 
= ‘ 8.4 
br+i Pr+2 We 


Then B,, B,41, and B,i2 are each Hankelians of order 2 and are each 
minors of A3: 


B, = Ag), 
3) 3 
Bry = ae = A 
Broa = AM. (5.8.5) 


Hence, applying the Jacobi identity (Section 3.6), 


Bea Bows] _|AQ A 
Br41 B, A®) AY) 
3 
= AsA\3 13 
= $2A3. (5.8.6) 


Now redefine B,.. Let B, = A3. Then, B,, B,+1,..., By+4 are each second 
minors of As: 


Br = Ais 
Bri = ATP 45 = A‘ 15> 
Br42 = Ag a Ace = Ae. 
B,43 = =A\} 1s = —Ale 1» 
Bette An: (5.8.7) 
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Hence, 


5 5 5 
Be t3 (Bes on ts 16 Aes 


Bri3 Bria Bryil| = Ae Ae ic AD is ; (5.8.8) 
Be. B 5 5 5 
os ep Pr Ani Ae An 


Denote the determinant on the right by V3. Then, V3 is not a standard 
third-order Jacobi determinant which is of the form 


|A® |. or [As hq|3> j= ties k, = ro, Gs 


However, V3 can be regarded as a generalized Jacobi determinant in which 
the elements have vector parameters: 


V3 = |AWIs, (5.8.9) 


where u and v = (1, 2], [1,5], and [4,5], and A) is interpreted as a second 
cofactor of As. It may be verified that 


(5) 
V3 = Aen eA 14545 + a(A\?)? (5.8.10) 
and that if 
= (ALY 3, (5.8.11) 


where u and v = (1, 2], [1,4], and (38, 4], then 
a ANA, Aine i344 + (QQ)? (5.8.12) 

These results suggest the following conjecture: 
Conjecture. If 

Vs = |AQ? Is, 
where u and v = [1,2], [1,n], and [n —1,n], then 

ei ae eae a Wal peslpeln Ai? n—1,n;12,n— es 
Exercise. If 
= AC 

where 


u = (1, 2], [1,3], and [2, 4], 
v = [1,2], [1,3], and 2, 3). 


prove that 


V3 = —bs¢6Aa. 
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0.8.4 Hankel Determinants with Symmetric Toeplitz Elements 


The symmetric Toeplitz determinant T;, (Section 4.5.2) is defined as follows: 


Tn = |tp~s\|n, 
with 
1 8 (5.8.13) 

For example, 

| = to, 

Tet ee, 

as: 2 2 2 
T3 — to a= 2tott ees tots + 2ti ta, (5.8.14) 


etc. In each of the following three identities, the determinant on the left 
is a Hankelian with symmetric Toeplitz clements, but when the rows 
or columns are interchanged they can also be regarded as second-order 
subdeterminants of |Tj;_5)|n, which is a symmetric Toeplitz determinant 
with symmetric Toeplitz elements. The determinants on the right are 
subdeterminants of T;, with a common principal diagonal. 


A iad big —lty/? 
, T. 1] > 
T, To2|_ {ti to ‘ 
Ty SC all ep ee 
ti) to ti 
a a ae ae ee (5.8.15) 
i tz to ty 
Conjecture. 
ti to ty to in—2 : 
to ty to ty tn—3 
Dy ; Tn ee t3 ta ty to tn—4 
Tn, Tn+1 ta ts to ty tn—5 
tn tn-1 tn—2 tn—3 Cay ty n 


Other relations of a similar nature include the following: 


T T, iy en 
greta ae 
gh T T3 to t to 
T, Tz Ts} hasafactor |; to t3}. (5.8.16) 


T3 74 Ts to t3 ta 
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5.8.5 Hessenberg Determinants with Prime Elements 


Let the sequence of prime numbers be denoted by {p,} and define a 
Hessenberg determinant H,, (Section 4.6) as follows: 


Pi P2 P3 Pa 


1 py pe ps 
jg = 1 pi pe 


Ll py 


This determinant satisfies the recurrence relation 
n—-l 
A, = SC era Ho = 1. 
rn) 


A short list of primes and their associated Hessenberg numbers is given 
in the following table: 


nifl1l 2 504 95) 6 7 8 «9 40 
pn || 2 3 5 fF Ti 13 “aes 937s 
kill 2 OT Dy ee 1s i 


ii 12 7S 14 15 16 17, 18 19 20 
31 37 = «41 43 47 53 59 641 67 71 
33 53 80 127 193 254 355 527 764 1149 


mr 


Pn 
Jil 


Conjecture. The sequence {H,,} is monotonic from H3 onward. 


This conjecture was contributed by one of the authors to an article en- 
titled “Numbers Count” in the journal Personal Computer World and was 
published in June 1991. Several readers checked its validity on computers, 
but none of them found it to be false. The article is a regular one for com- 
puter buffs and is conducted by Mike Mudge, a former colleague of the 
author. 


Exercise. Prove or refute the conjecture analytically. 


5.8.6 Bordered Yamazaki-Hori Determinants — 2 


A bordered determinant W of order (n+ 1) is defined in Section 4.10.3 and 
is evaluated in Theorem 4.42 in the same section. Let that determinant be 
denoted here by W,,,; and verify the formula 


Kn z 
Wrst = 2 (a? = 1)" (n+ 1)" — (w 1)" 


for several values of n. K,, is the simple Hilbert determinant. 
Replace the last column of W,,41 by the column 


[1 35---(2n—1) |” 
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and denote the result by Z,,41. Verify the formula 
iG = —n’ Ky, (x? as 1)” -2(? = n*) 


for several values of n. 
Both formulas have been proved analytically, but the details are 
complicated and it has been decided to omit them. 


Exercise. Show that 


Q@11 @12 °** Qin x 
> 
Qa21 a22 Q2n G 
oe eal: ae 

- ++ |=—iK,F (n,—n;3;—2), 
Ani OAn2 Qnn =” 
1 £ gg”! ea 
3 2n-—1 2 


where 
(1+ 10 eal Se le. 


os i+j-l 


and where F(a, b;c;xz) is the hypergeometric function. 


0.8.7 Determinantal Identities Related to Matrix Identities 


If M,, 1 <r <_s, denote matrices of order n and 


Ss 
SMe =O), SoZ, 
i 
then, in general, 
& 
S_ |M,| #0, s>2, 
r=1 
that is, the corresponding determinantal identity is not valid. However, 


there are nontrivial exceptions to this rule. 
Let P and Q denote arbitrary matrices of order n. Then 


1. a. (PQ+ QP) + (PQ — QP) — 2PQ = 0, all n, 
b. [PQ + QP| + [PQ — QP| — |2PQ| = 0, n = 2. 

2. a. (P — Q)(P + Q) — (P? — Q?) — (PQ - QP) = 0, all n, 
b. |(P — Q)(P + Q)| — |P? — Q?| — [PQ — QP| = 0, n =2. 

3. a. (P — Q)(P + Q) — (P? — Q) + (PQ + QP) — 2PQ = 0, all n, 
b. |(P — Q)(P + Q)| — |P? — Q?| + [PQ + QP| — |2PQ| = 0, n = 2. 


The matrix identities 1(a), 2(a), and 3(a) are obvious. The corresponding 
determinantal identities 1(b), 2(b), and 3(b) are not obvious and no neat 
proofs have been found, but they can be verified manually or on a computer. 
Identity 3(b) can be obtained from 1(b) and 2(b) by eliminating |PQ-—QP). 
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It follows that there exist at least two solutions of the equation 
[ob OY | =| Xbb ¥i| cnr? 
namely 
X=PQ+QP or P*?-Q?’, 
Y =j=PQ —@P. 
Furthermore, the equation 
IX-—Y+Z|=|X|-|Y|4+|Z|, n=2, 
is satisfied by 


X =P? _Q?, 
Y =PQ+ QP, 
Z = 2PQ. 


Are there any other determinantal identities of a similar nature? 


6 


Applications of Determinants in 
Mathematical Physics 


6.1 Introduction 


This chapter is devoted to verifications of the determinantal solutions of 
several equations which arise in three branches of mathematical physics, 
namely lattice, relativity, and soliton theories. All but one are nonlinear. 

Lattice theory can be defined as the study of elements in a two- or 
three-dimensional array under the influence of neighboring elements. For 
example, it may be required to determine the electromagnetic state of one 
loop in an electrical network under the influence of the electromagnetic 
field generated by neighboring loops or to study the behavior of one atom 
in a crystal under the influence of neighboring atoms. 

Einstein’s theory of general relativity has withstood the test of time and 
is now called classical gravity. The equations which appear in this chapter 
arise in that branch of the theory which deals with stationary axisymmetric 
gravitational fields. 

A soliton is a solitary wave and soliton theory can be regarded as a 
branch of nonlinear wave theory. 

The term determinantal solution needs clarification since it can be ar- 
gued that any function can be expressed as a determinant and, hence, any 
solvable equation has a solution which can be expressed as a determinant. 
The term determinantal solution shall mean a solution containing a deter- 
minant which has not been evaluated in simple form and may possibly be 
the simplest form of the function it represents. A number of determinants 
have been evaluated in a simple form in earlier chapters and elsewhere, but 
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they are exceptional. In general, determinants cannot be evaluated in sim- 
ple form. The definition of a determinant as a sum of products of elements 
is not, in general, a simple form as it is not, in general, amenable to many 
of the processes of analysis, especially repeated differentiation. 

There may exist a section of the mathematical community which believes 
that if an equation possesses a determinantal solution, then the determinant 
must emerge from a matrix like an act of birth, for it cannot materialize 
in any other way! This belief has not, so far, been justified. In some cases, 
the determinants do indeed emerge from sets of equations and hence, by 
implication, from matrices, but in other cases, they arise as nonlinear alge- 
braic and differential forms with no mother matrix in sight. However, we 
do not exclude the possibility that new methods of solution can be devised 
in which every determinant emerges from a matrix. 

Where the integer 7 appears in the equation, as in the Dale and Toda 
equations, n or some function of n appears in the solution as the order of 
the determinant. Where n does not appear in the equation, it appears in 
the solution as the arbitrary order of a determinant. 

The equations in this chapter were originally solved by a variety of meth- 
ods including the application of the Gelfand Levitan Marchenko (GLM) 
integral equation of inverse scattering theory, namely 


K(zut)+ Reet yt) + [ K(e,2,t)R(y+2,t)de=0 


in which the kernel R(u,t) is given and K(z,y,t) is the function to be 
determined. However, in this chapter, all solutions are verified by the purely 
determinantal techniques established in earlier chapters. 


6.2 Brief Historical Notes 


In order to demonstrate the extent to which determinants have entered the 
field of differential and other equations we now give brief historical notes on 
the origins and solutions of these equations. The detailed solutions follow 
in later sections. 


6.2.1 The Dale Equation 


The Dale equation is 


/ 
2 y\' (y+ 4n? 
(y")" =y' (2) Sarita | 
Ae Ls 
where 7 is a positive integer. This equation arises in the theory of stationary 
axisymmetric gravitational fields and is the only nonlinear ordinary equa- 


tion to appear in this chapter. It was solved in 1978. Two related equations, 
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which appear in Section 4.11.4, were solved in 1980. Cosgrove has published 
an equation which can be transformed into the Dale equation. 


6.2.2 The Kay—Moses Equation 
The one-dimensional Schrédinger equation, which arises in quantum theory, 
is 
[D? +e*-V(z)|y=0, D= sia 
dx 

and is the only linear ordinary equation to appear in this chapter. 

The solution for arbitrary V(x) is not known, but in a paper published in 
1956 on the reflectionless transmission of plane waves through dielectrics, 
Kay and Moses solved it in the particular case in which 


V(x) = ~2D?(log A), 


where A is a certain determinant of arbitrary order whose elements are 
functions of x. The equation which Kay and Moses solved is therefore 


[D? +e? + 2D? (log A)]y = 0. 


6.2.3 The Toda Equations 


The differential—difference equations 
D(R,) = exp(—Rn_-1) — exp(—Rn+1), 
d 


7 (R,) = 2 exp(—R,) exp(—R,41) —exp(—Rasi), D= ne 


arise in nonlinear lattice theory. The first appeared in 1975 in a paper by 

Kac and van Moerbeke and can be regarded as a discrete analog of the 

KdV equation (Ablowitz and Segur, 1981). The second is the simplest of 

a series of equations introduced by Toda in 1967 and can be regarded as a 

second-order development of the first. For convenience, these equations are 

referred to as first-order and second-order Toda equations, respectively. 
The substitutions 


Ry = —logyn, 
Yn = D(log Un) 
transform the first-order equation into 
D(log yn) = Ynt1 — Yn-1 (6.2.1) 
and then into 


D(tn) = a (6.2.2) 
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The same substitutions transform the second-order equation first into 
D? (log Yn) = Yn+1 — 2Yn + Yn-1 
and then into 


Des (6.2.3) 


Other equations which are similar in nature to the transformed second- 
order Toda equations are 


Un+1Un—1 
2), aga, ) = —— 
mr 
2 2 n+1Un-1 
(Dz + D,) log un = = 
1 me 
—D,|pD,(log un)] = ee (6.2.4) 
p uz 


All these equations are solved in Section 6.5. 
Note that (6.2.1) can be expressed in the form 


D(Yn) a Yn(Yn+1 = nad): (6.2.1a) 


which appeared in 1974 in a paper by Zacharov Musher, and Rubenchick 
on Langmuir waves in a plasma and was solved in 1987 by S. Yamazaki 
in terms of determinants P2,—, and P»,, of order n. Yamazaki’s analysis 
involves a continued fraction. The transformed equation (6.2.2) is solved 
below without introducing a continued fraction but with the aid of the 
Jacobi identity and one of its variants (Section 3.6). 

The equation 


D,D,(Rn) = exp(Rn41 — Rn) — exp(Rn — Rn-1) (6.2.5) 


appears in a 1991 paper by Kajiwara and Satsuma on the g-difference 
version of the second-order Toda equation. 
The substitution 


reduces it to the first line of (6.2.4). 
In the chapter on reciprocal differences in his book Calculus of Finite 
Differences, Milne-Thomson defines an operator r,, by the relations 


rof(x) = f(a), 
1 

geal ay 

[Pn44 Tl ee 1)ritn| f(z) = 0. 


Put 


Trt = Uhae 
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Then, 


Ute = Ups > (n ae 1)ry (Yn) = 0, 
that is, 


¥,, (Unt — Un—-1) = n+ 1. 


This equation will be referred to as the Milne-Thomson equation. Its origin 
is distinct from that of the Toda equations, but it is of a similar nature and 
clearly belongs to this section. 


6.2.4 The Matsukidatra—Satsuma Equations 


The following pairs of coupled differential difference equations appeared in 
a paper on nonlinear lattice theory published by Matsukidaira and Satsuma 
in 1990. 

The first pair is 


/ 
Gr = Yr (Ur41 — Ur); 
7 
See Se ae 
Up — Ur—1 Gr — Gr-1 
These equations contain two dependent variables g and u, and two indepen- 
dent variables, x which is continuous and 7 which is discrete. The solution 
is expressed in terms of a Hankel—Wronskian of arbitrary order whose 
elements are functions of x and r. 
The second pair is 


(Gee = Gps (Ur +-1,8 a tina); 
(ines: _ Ars (amie = ee) 
Urs — Ur,s—1 drs — Fr,s—1 , 
These equations contain three dependent variables, g, u, aud v, and four 
independent variables, x and y which are continuous and r and s which 
are discrete. The solution is expressed in terms of a two-way Wronskian of 
arbitrary order n whose elements are functions of z, y, r, and s. 
In contrast with Toda equations, the discrete variables do not appear in 
the solutions as orders of determinants. 


6.2.5 The Korteweg-de Vries Equation 
The Korteweg-de Vries (KdV) equation, namely 
Uz + Gut; + User = 0, 


where the suffixes denote partial derivatives, is nonlinear and first arose in 
1895 in a study of waves in shallow water. However, in the 1960s, interest in 
the equation was stimulated by the discovery that it also arose in studies 
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of magnetohydrodynamic waves in a warm plasma, ion acoustic waves, 
and acoustic waves in an anharmonic lattice. Of all physically significant 
nonlinear partial differential equations with known analytic solutions, the 
KdV equation is one of the simplest. The KdV equation can be regarded 
as a particular case of the Kadomtsev -Petviashvili (KP) equation but it is 
of such fundamental importance that it has been given detailed individual 
attention in this chapter. 

A method for solving the KdV equation based on the GLM integral 
equation was described by Gardner, Greene, Kruskal, and Miura (GGKM) 
in 1967. The solution is expressed in the form 


t= 2D, (a, 2,4)) eo, — 


However, GGKM did not give an explicit solution of the integral equation 
and the first explicit solution of the KdV equation was given by Hirota 
in 1971 in terms of a determinant with well-defined elements but of arbi- 
trary order. He used an independent method which can be described as 
heuristic, that is, obtained by trial and error. In another pioneering pa- 
per published the same year, Zakharov solved the KdV equation using the 
GGKM method. Wadati and Toda also applied the GGKM method and, 
in 1972, published a solution which agrees with Hirota’s. 

In 1979, Satsuma showed that the solution of the KdV equation can 
be expressed in terms of a Wronskian, again with well-defined elements 
but of arbitrary order. In 1982, Poppe transformed the KdV equation into 
an integral equation and solved it by the Fredholm determinant method. 
Finally, in 1983, Freeman and Nimmo solved the KdV equation directly in 
Wronskian form. 


6.2.6 The Kadomtsev—Petuiashvilt Equation 
The Kadomtsev—Petviashvili (KP) equation, namely 
(tog FO Util tga Sang = 0, 


arises in a study published in 1970 of the stability of solitary waves in 
weakly dispersive media. It can be regarded as a two-dimensional gen- 
eralization of the KdV equation to which it reverts if u is independent 
of y. 

The non-Wronskian solution of the KP equation was obtained from in- 
verse scattering theory (Lamb, 1980) and verified in 1989 by Matsuno using 
a method based on the manipulation of bordered determinants. In 1983, 
Freeman and Nimmo solved the KP equation directly in Wronskian form, 
and in 1988, Hirota, Ohta, and Satsuma found a solution containing a 
two-way (right and left) Wronskian. Again, all determinants have well- 
defined elements but are of arbitrary order. Shortly after the Matsuno 
paper appeared, A. Nakamura solved the KP equation by means of four 
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linear operators and a determinant of arbitrary order whose elements are 
defined as integrals. 

The verifications given in Sections 6.7 and 6.8 of the non-Wronskian 
solutions of both the KdV and KP equations apply purely determinantal 
methods and are essentially those published by Vein and Dale in 1987. 


6.2.7 The Benjamin—Ono Equation 


The Benjamin—Ono (BO) equation is a nonlinear integro-differential equa- 
tion which arises in the theory of internal waves in a stratified fluid of great 
depth and in the propagation of nonlinear Rossby waves in a rotating fluid. 
It can be expressed in the form 


ut + 4uu,z + H{usz} = 0, 
where FH {f(x)} denotes the Hilbert transform of f(x) defined as 


H{f(2)} = =P 
as —co 
and where P denotes the principal value. 
In a paper published in 1988, Matsuno introduced a complex substitution 
into the BO equation which transformed it into a more manageable form, 
namely 


where A* is the complex conjugate of A, and found a solution in which 
A is a determinant of arbitrary order whose diagonal elements are linear 
in x and t and whose nondiagonal elements contain a sequence of distinct 
arbitrary constants. 


6.2.8 The Einstein and Ernst Equations 


In the particular case in which a relativistic gravitational field is axially 
symmetric, the Einstein equations can be expressed in the form 


An/coP WOOP \ 
is (op?) +a (Pas) = 


where the matrix P is defined as 


1 
peels Peal (6.2.6) 


¢ is the gravitational potential and is real and ~ is either real, in which 
case it is the twist potential, or it is purely imaginary, in which case it has 
no physical significance. (p, z) are cylindrical polar coordinates, the angular 
coordinate being absent as the system is axially symmetric. 
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Since det P = 1, 


2) Laleaae a 
aoe ie | 
oP = i | —p OW a vp | 
Op g? Wp a Wbp ¢7 bp le 2OYYp a Wb, : 
oP, M 
Op 
Clee N 
oe eee 
where 
oe. | ~ (bp + Up) bp 
(G7 — Wb? bp — 260bp bb + vp 


and N is the matrix obtained from M by replacing ¢, by ¢, and wy, by yz. 
The equation above (6.2.6) can now be expressed in the form 


2 
~ - 5(¢pM + d,N) + (Mp +Nz) = 0 (6.2.7) 
where 
2 2 
-{ ($2 + $2) } (emcepen 
o M ae, Ne +0(bpWp + bzz) 
: ‘ { (6? — b?) (Gory + 202) } { (5 + $2) \ : 
—2¢p(¢? “UE ¢2) +( bpp obs bzz) 

M, +N, 

aeeenerie oa {Uno + Pex} 

{ (9? — ¥?)(Upp + Vez) ~ 26 (bp9 + O22) \ [ae + bee) + Ubon +, Wee) \ 
—20(b2 + $2 + 03 + V2) +o, + ¢2 +4244? 


The Einstein equations can now be expressed in the form 


i les 
for fare H 


where 

1 il 
fiz — d E (Yer il Be a ves) oa 2(PpWp ate dt) = 0, 
fu=—vfie- 0 (5 + “by + 6.) —¢ -—¢2+ yet v3| =) 


far = (9° -*) fia ~ 2p E (5 a 0p + 6.2) -$- P+ ert #8] =0, 
for = —fir = 0, 
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which yields only two independent scalar equations, namely 
if 
ob (eon + ae + dz) — $- $7 +42 +42 =0, (6.2.8) 


aw) (Yoo a Mp “+ ter) = 2(0,u 4 oy) — 0. (6.2.9) 


The second equation can be rearranged into the form 


0 (pw O (pbz\ _ 
ap (Gr) +a (Ge) = 


Historically, the scalar equations (6.2.8) and (6.2.9) were formulated before 
the matrix equation (6.2.1), but the modern approach to relativity is to 
formulate the matrix equation first and to derive the scalar equations from 
them. 

Equations (6.2.8) and (6.2.9) can be contracted into the form 


pV" — (Vo)? + (Vp)? =0, (6.2.10) 
V7 —2Vob- Vy =0, (6.2.11) 
which can be contracted further into the equations 
(G4 + ¢_)V7C4 = (VEx)’, (6.2.12) 
where 
Ge aie wy =A wy, 
C=¢-wp (w? =-1). (6.2.13) 
The notation 
C=o+wy, 
C= o-—wy, (6.2.14) 


where ¢* is the complex conjugate of ¢, can be used only when ¢ and ~w are 
real. In that case, the two equations (6.2.12) reduce to the single equation 


H(C EG 7C =(VC)?. (6.2.15) 


In 1983, Y. Nakamura conjectured the existence two related infinite sets of 
solutions of (6.2.8) and (6.2.9). He denoted them by 


Os, tei, 
On; in) Me, (6.2.16) 


and deduced the first few members of each set with the aid of the pair of 
coupled difference—differential equations given in Appendix A.1] and the 
Backlund transformations @ and y given in Appendix A.12. The general 
Nakamura solutions were given by Vein in 1985 in terms of cofactors as- 
sociated with a determinant of arbitrary order whose elements satisfy the 
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difference—differential equations. These solutions are reproduced with mi- 
nor modifications in Section 6.10.2. In 1986, Kyriakopoulos approached the 
same problem from another direction and obtained the same determinant 
in a different form. 

The Nakamura Vein solutions are of great interest mathematically but 
are not physically significant since, as can be seen from (6.10.21) and 
(6.10.22), dy and w, can be complex functions when the elements of B, are 
complex. Even when the elements are real, 7, and w, are purely imaginary 
when n is odd. The Nakamura- Vein solutions are referred to as intermediate 
solutions. 

The Neugebauer family of solutions published in 1980 contains as a par- 
ticular case the Kerr—Tomimatsu -Sato class of solutions which represent 
the gravitational field generated by a spinning mass. The Ernst complex 
potential € in this case is given by the formula 


f= F/G (6.2.17) 


where F and G are determinants of order 2n whose column vectors are 
defined as follows: 


Gay Jz 
Oy = [ry ety Bry Pry 1 gy 2... , (6.2.18) 
and in G, 
Cy = [79 ery Gry ty 1 gy GF... (6.2.19) 
where 
=e [P+ (eto)]? (2 =-1) (6.2.20 


and 1 < j < 2n. The c; and 6; are arbitrary real constants which can be 
specialized to give particular solutions such as the Yamazaki Hori solutions 
and the Kerr—Tomimatsu-—Sato solutions. 

In 1993, Sasa and Satsuma used the Nakamura-Vein solutions as a start- 
ing point to obtain physically significant solutions. Their analysis included 
a study of Vein’s quasicomplex symmetric Toeplitz determinant A, and a 
related determinant E,,. They showed that A, and Ey, satisfy two equa- 
tions containing Hirota operators. They then applied these equations to 
obtain a solution of the Einstein equations and verified with the aid of 
a computer that their solution is identical with the Neugebauer solution 
for small values of n. The equations satisfied by A, and E,, are given as 
exercises at the end of Section 6.10.2 on the intermediate solutions. 

A wholly analytic method of obtaining the Neugebauer solutions is 
given in Sections 6.10.4 and 6.10.5. It applies determinantal identities and 
other relations which appear in this chapter and elsewhere to modify the 
Nakamura~Vein solutions by means of algebraic Backlund transformations. 
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The substitution 
es 


| PA 
Sie ci g (6.2.21) 

transforms equation (6.2.15) into the Ernst equation, namely 
(EE* — 1)V°E = 26° (VE- VE) (6.2.22) 


which appeared in 1968. 
In 1977, M. Yamazaki conjectured and, in 1978, Hori proved that a 
solution of the Ernst equation is given by 


are oo) 


6.2.23 
= (6.2.23) 


where z and y are prolate spheroidal coordinates and un, vn, and wy are 
determinants of arbitrary order n in which the elements in the first columns 
of uy, and v, are polynomials with complicated coefficients. In 1983, Vein 
showed that the Yamazaki -Hori solutions can be expressed in the form 


_ PUn+1 — WqQVn+1 
Wrti 


where U;,41, Vn-+1, and W,41 are bordered determinants of order n+1 with 
comparatively simple elements. These determinants are defined in detail in 
Section 4.10.3. 

Hori’s proof of (6.2.23) is long and involved, but no neat proof has yet 
been found. The solution of (6.2.24) is stated in Section 6.10.6, but since 
it was obtained directly from (6.2.23) no neat proof is available. 


En (6.2.24) 


6.2.9 The Relativistic Toda Equation 


The relativistic Toda equation, namely 


me —1 ihe exp(Rn—1 = a) 
Ry = (: i Cc (: : fe 1+ (1/c?) exp(Rnr—1 — Hin) 


Ra Rn+1 exp( Rp — Rn+1) 
5 (: : fa (: ‘ T¥(/e)exp(Rn — Raa) 7?) 


where R,, = dRp, /dt, etc., was introduced by Rujisenaars in 1990. In the 
limit as c — 00, (6.2.25) degenerates into the equation 


Ry = exp(Rn-1 — Rn) — exp(Rn — Rn+1)- (6.2.26) 
The substitution 
Gees 
= O.2,2¢ 
Ry == og { U, } ( ) 


reduces (6.2.26) to (6.2.3). 
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Equation (6.2.25) was solved by Ohta, Kajiwara, Matsukidaira, and 
Satsuma in 1993. A brief note on the solutions is given in Section 6.11. 


6.3 The Dale Equation 


Theorem. The Dale equation, namely 


D} / 
et by’ y+4n 
(gay a (4 ( | 
where n is a positive integer, is satisfied by the function 


y = 4(c—1)2Al!, 


where A} is a scaled cofactor of the Hankelian Ay = |aij|n in which 
Pe eS (=1)2e 

i+j-1 
and c is an arbitrary constant. The solution ts clearly defined when n > 2 


but can be made valid when n = 1 by adopting the convention A,,; = 1 so 
that Al! = (x4 + ¢)71. 


Proor. Using Hankelian notation (Section 4.8), 


A= |\Gale, OS m= 2n— 2, 


aij = 


where 
gmtl a (-1)"c 
a oT a ee 
Let 
P= Pmlns 
where 
Vm = (1) bm. 
Then, 
War = MPFYm-1 
(the Appell equation), where 
F=(1+2)*. (6.3.2) 


Hence, by Theorem 4.33 in Section 4.9.1 on Hankelians with Appell 
elements, 


P" aaah, Pig 
ee) a 


ieeae (6.3.3) 
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Note that the theorem cannot be applied to A directly since dm does not 
satisfy the Appell equation for any F(z). 
Using the identity 
[ets aig |n = Pais, 
it is found that 


P=(1+z2)°"A, 


Py =(1+a)7" Aq. (6.3.4) 
Hence, 
(l+2)A’ =n7A—(c—1)Au1. (6.3.5) 
Let 
a;= aoe AT, (6.3.6) 
B= > /(-1)"A%, (6.3.7) 


A=) o(-1)'a, 
= De Gls" A" 
= yoo ‘eyed (6.3.8) 


where r and s = 1,2,3,...,7 in all sums. 
Applying double-sum identity (D) in Section 3.4 with f, =r and g, = 
s —1, then (B), 


(i 44 ZT )AY = = dd r+s— dy Siu ca! 
= LAA; + cf;8; (6.3.9) 
(AY)! = 2 pee 2 Ais Ars 
= —Aj,Aj- (6.3.10) 


Hence, 
2(A)’ + (i +5 -1)A% = cBiBy, 
eA 7 (a1). 
In particular, 
(ANY = —ai, 
(@A")' = ef}. a 
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Applying double-sum identities (C) and (A), 


3 5 ert ae (-—1)"t*c]A™ 


5 (or —1) 
r=1 


r=1 s=1 
= n? 
cA! = > Start are 
A pat gal 
Dm 
ae ee > (laa 
r=1 s=1 


Differentiating and using (6.3.10), 


(BY =e Hy ave 


tf 3 
= ¢? 
It follows from (6.3.5) that 
tA! 1 
or | aaa 


ae (c—1)rAl! +n? 
7 ates 


Hence, eliminating 2A’/A and usiny (6.3.14), 


_ a + =| ay 


(6.3.12) 


(6.3.13) 


(6.3.14) 


(6.3.15) 


(6.3.16) 


Differentiating (6.3.7) and using (6.3.10) and the first equation in (6.3.8), 


Bi; == AQy. 


Differentiating the second equation in (6.3.11) and using (6.3.17), 


(x Aly” = 2cra 3. 


All preparations for proving the theorem are now complete. 
Put 


y= 4(e— lea, 
Referring to the second equation in (6.3.11), 
y’ = 4(c—1)(@A™Y’ 
= dele — 1) fp. 
Referring to the first equation in (6.3.11), 


(4) =4(e-1y(ary 


(6.3.17) 


(6.3.18) 


(6.3.19) 
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= —Ac(c = 1)a?. (6.3.20) 
Referring to (6.3.16), 


(2 + ty =, [<— 1) Al! +n?’ 


1+2 oe 
= —4c)*. (6.3.21) 
Differentiating (6.3.19) and using (6.3.17), 
y” = 8ce(c — 1)Aay fh. (6.3.22) 


The theorem follows from (6.3.19) and (6.3.22). 


6.4 ‘The Kay—Moses Equation 
Theorem. The Kay—Moses equation, namely 

[D? + e* + 2D? (log A)]y = 0 (6.4.1) 
is satisfied by the equation 


ae elcite; wea Atj 


pee i- >> ; n= oe 
iat ST 
where 
AS larsla: 
elCrtes wer 
TE SO 
Cr + Cg 


The b,, r > 1, are arbitrary constants and the c,, r > 1, are constants such 
that cj #1,1<j <n andce,+c, #0,1<17,8 <n, but are otherwise 
arbitrary. 

The analysis which follows differs from the original both in the form of 
the solution and the method by which it is obtained. 


Proor. Let A= |a;;(u)|, denote the symmetric determinant in which 


elertes)u 


Ors = Ong0p + —————_ = Og, 
Cr + Cs 


a Serre (6.4.2) 


Then the double-sum relations (A) -(D) in Section 3.4 with f, = 9, = cr 


become 


(log AY = Do elerteu ars, (6.4.3) 


Ts 
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(AX)! eee » erat Ate 
2S beer ve ete mo bE es 
ue T,s r 


9) Sel" AM zi ie ecru Ars eee = (c+ cy) AY. 
r r z 


Put 
aa 3 ocr A*s. 
Then (6.4.4) and (6.4.6) become 
(A‘)! = — ij, 
2 » b,c, Av Am + Pi; = (c; AF cj) A. 


Eliminating the ¢;0; terms, 
(A?) + (eG +¢)AY =2>— be, AT ANY, 
ip 


[etortesu Ara)” = Qelcites)u ye bre A’ Awe 


Differentiating (6.4.3), 
(log A)” = ) [florea 


a9 a bypCr SE en Ar a ei% AT 
r 4 j 
= 2 trea: 


Replacing s by r in (6.4.7), 
ecitd, = 2 elciter)u gir 


(e%";)' = 2 se Urenle (Ac) a eci4 A 
ie j 
= 2 ye b-Crhrett A” 


d; ate CiPi == 7} De brCrdr A”. 


(6.4.4) 
(6.4.5) 


(6.4.6) 


(6.4.7) 


(6.4.8) 
(6.4.9) 


(6.4.10) 


(6.4.11) 


Interchange 7 and r, multiply by b,c,A7’, sum over r, and refer to (6.4.9): 


Yo brcr A ($1, + Crbr) = 2 S- dicidi Sy bec, Ait Ars 
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= Sheidilles +.6)49 ~ 445) 


= Do brerbel(cr + 65) A") — bry], 


DE A oO = SS brerbr[ejA™ — brdy], 


(6.4.12) 


> bcp A") (gf, = br) a S> b,¢,P,(C; _ 1)A™ ns. DE bc, $2;. 


Multiply by e%*/(c; — 1), sum over J, and refer to (6.4.7): 


b, ole aay =o, 
yee et br) = Dena - nD ares 3 


jr 
— Ss b.c-o2 
in 
= $F (log A)”, 
where 
ei", 
ne 
j 
(cite; )u Ais 
e€ J 
|) aa 
i,j I 
Differentiate and refer to (6.4.9): 


F’ =-2 2 Dee. x, pa pec 4S 


vu 


a 


— 2 Dre yo une : 
Differentiate again and refer to a) 
x 2 bpCp ed [6263 — jb AS — gh AM] 


_P_Q-R, 


where 


ei"; 2 
Ei 250 al >| bree gy 
a r 
= (1 — F)(log A)” 
_ a=25) by read eci4 Ars 


(6.4.13) 


(6.4.14) 


(6.4.15) 


(6.4.16) 


(6.4.17) 
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dre ans 
= “a a + a =. 
_ 2S iperd? am 
= (log A) oes (6.4.18) 
eu = 
fe) a Sy breng AY 
os r 
gene ne 
a= ae Fray | So brerbr [ez A 7 — brh;| 
oe r 
=) PF (6.4.19) 
Hence, eliminating P, Q, and R from (6.4.16)—(6.4.19), 
dF dF 
— A 6.4.20 
Tae —2 a +2F (log A)” = ( ) 
Put 
F= ey: (6.4.21) 
Then, (6.4.20) is transformed into 
oe d? 
Finally, put u = wea, i = —1). Then, re is transformed into 
da? oe 2y-+ 2-2 (log A) = = ()) 


which is identical with (6.4.1), the Kay Moses equation. This completes 


the proof of the theorem. 


6.5 The Toda Equations 


6.5.1 The First-Order Toda Equation 


0 


Define two Hankel determinants (Section 4.8) A, and By as follows: 


Ay denn: 0<m<2n—-2, 
Bn = lOm\n: WSSe SS aa 
Ag = Bo] 1: 


The algebraic identities 


A, Bet) — BAC) ae 
By-1Aia?, — An Be? | eee 
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are proved in Theorem 4.30 in Section 4.8.5 on Turanians. 
Let the elements in both A, and B,, be defined as 
bm(x) = f(x), f(x) arbitrary, 
so that 
Gin = bm+1 (6.5.4) 


and both A, and B, are Wronskians (Section 4.7) whose derivatives are 
given by 


+1 
AG a A 
Be Be”. (6.5.5) 


Theorem 6.1. The equation 


UnUn+1 
uo = 
Un-1 


is satisfied by the function defined separately for odd and even values of n 
as follows: 


PROOF. 
BP 1Uon—1 a Br-1A, = Ae, 


DM 
= “Be alr AnBen ss 
B, (2) Eee 
U2n—-2 
Hence, referring to (6.5.3), 
B? 


n—-1 


U2n—-1U : 
[eae — u-1| = Aya. = ee Ace a 2B es 
2n— 


= 0), 
which proves the theorem when n is odd. 
Alton A,B, A. 


1 
Ae eB, AL 4, 


AZ (“ee | Aa 
U2n-1 
Hence, referring to (6.5.2), 


] +1 
Az [eet = un| Agee A,B) — BAM) 
2n—1 
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= (0), 
which proves the theorem when n is even. Oo 


Theorem 6.2. The function 


d 
Ci = D(log un), D= es? 
is given separately for odd and even values of n as follows: 
Yon-1 = aes 
is AnBn-1 
ae Anti Bn-1 
? Anon 


PROOF. 


An 
Yon—1 = Dlog (5 ) 
n— 
1 


7 Aone 
_ 1 
- AnBn-1 


The first part of the theorem follows from (6.5.3). 


Be, 
Yon = Dlog (3") 


il 
—a ApBs [ARE coat BA) 

th 1 a 
oie [—An Bea? + Bn ACH]. 


The second part of the theorem follows from (6.5.2). oO 


(ae Aj, as AnBne)) 


(Sem eae, ie 


n,n—1 


6.5.2 The Second-Order Toda Equations 
Theorem 6.3. The equation 


Una Uy O 
PaaaG =o! (pee 
x Hk Og Un) uz ) x ax’ ctc 


is satisfied by the two-way Wronskian 

Un = A, = |DF*DI-(f)|_, 
where the function f = f(x,y) is arbitrary. 
PRooF. The equation can be expressed in the form 


DzD,(An) Dz(An) , 
Dy(An) is = AnyiAn_t- (6.5.6) 
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The derivative of A, with respect to z, as obtained by differentiating the 
rows, consists of the sum of n determinants, only one of which is nonzero. 
That determinant is a cofactor of Ay4+1: 


DsA,) = —A a 


nn+l° 


Differentiating the columns with respect to y and then the rows with respect 
to Zz, 


D,(An) 7 =e 
iD, (A,) =a”. (6.5.7) 


Denote the determinant in (6.5.6) by E. Then, applying the Jacobi identity 
(Section 3.6) to An41, 


— | Agry  _ aioe 


a n,n+l 
_ Art) Art) 
Til Te Talat 


= (n+1) 
a Bree a inat 


which simplifies to the right side of (6.5.6). 
It follows as a corollary that the equation 


ie dx 
is satisfied by the Hankel—Wronskian 
Un = An = |DI~*(f) In, 
where the function f = f(z) is arbitrary. Oo 


Theorem 6.4. The equation 
il Cth d 
5 PolPD (log un)] So a aL p= 


is satisfied by the function 
Un = An =e "= B, (6.5.8) 
where 
Br = |(0Dp)*?~*f(p)|,>  £(e) arbitrary. 
PrRooF. Put p=e*. Then, pD, = D, and the equation becomes 
ae AS 

D2 (log An) = — . (6.5.9) 

Applying (6.5.8) to transform this equation from A, to By, 
D3 (log By) = Dz (log An) 


=) p°Bn+1Bn-1 .-[(ntiynt(n 1)(n—2)—2n(n—1)}x 
Be 
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—2 
De Baie ica 


Br, 
Bn+ 1 By- 1 
Br, 


This equation is identical in form to the equation in the corollary to 
Theorem 6.3. Hence, 


By = |D,* 2G2)|) eg) arbitrary, 


n? 


which is equivalent to the stated result. 0 


Theorem 6.5. The equation 


2 2 — UntiUn-1 
(Dz + Dj) og tm = A 


is satisfied by the function 
tin =A ee | 


Dah 
where z = s(x + iy), 2 is the complex conjugate of z and the function 
T = [ (2.2) 3 arowrary: 
PROOF. 

D2 (log An) = ¢(DZ + 2D, Dz + D7) log An, 

D3 (log An) = —4(D? — 2D,Dz + D?) log An. 


Hence, the equation is transformed into 


Ant1An-1 


D,D;z(log An) = 2 : 


which is identical in form to the equation in Theorem 6.3. The present 
theorem follows. Oo 


6.5.3 The Milne-Thomson Equation 


Theorem 6.6. The equation 


Y),(Ynt1 — Yn-1) =N4+1 


is satisfied by the function defined separately for odd and even values of n 
as follows: 


i 11 
-1.=—=B8B 
Y2n 1 Bn n? 

ao 1 


Y2n = a ry 
Ag) AL 
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where A, and B,, are Hankelians defined as 
An = |m\n, 0<m<2n-2, 
Bn = |@mln, fm = 2n—1, 
bm = (M+ 1) bet: 
PROOF. 
BO = (-1ynttaQ? 
Ae =e. (6.5.10) 


It follows from Theorems 4.35 and 4.36 in Section 4.9.2 on derivatives of 
Turanians that 


D(An) = —(2n — 1) ACH), 
= (n+1) 
D(By) = —2nBy nat 
D(AYD) = —(2n — VAY an 
US rae as (6.5.11) 


The algebraic identity in Theorem 4.29 in Section 4.8.5 on Turanians is 
satisfied by both A, and B,. 


Brion 1 = BnD(Biy) — By’ D(Bn) 
= 2n[ BY) Bray) — BnBiny isan] 
= onBl”) Bins 
SA Ae. 
Applying the Jacobi identity, 
aA Gan — Y2n-2) = Ani Aly - Le ie 
= Ae rc = A Ae 
= ~[Aee) 
= —B? 
Hence, 
Yon—1(Yan — Yan—2) = 2n, 
which proves the theorem when n is odd. 
ART Yon = ATT? D( Angi) — Anti D(AtT”) 
=(2n+1)[Ant Ane dang ~ Alt Antone] 


=~ (on + Nate at? 
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Hence, referring to the first equation in (4.5.10), 
2 
[Bret] Yon = (20+ 1)Bn Bus, 
Been (Uen1 me Yon+1) = Bape) on BeBe 


— pl(n+1) (n+1) (n+1) 
= Breint Pi ~~ Byer Bs snes 


= (n+1)712 
a ees | 8 
Hence, 
Yon(Yan—1 — Yen+i) = 2n +1, 
which proves the theorem when n is even. oO 


6.6 The Matsukidaira-Satsuma Equations 


6.6.1 A System With One Continuous and One Discrete 
Variable 


Let A‘ (r) denote the Turanian Wronskian of order 1 defined as follows: 
AN) aN eetptj 2) as (6.6.1) 
where f, = f.(2) and f/ = fea. Pilen, 
ALD (r) = ACY +2), 
AM) (p) = APD (p +1), 


Let 
T = A (r), (6.6.2) 
Theorem 6.7. 
Tr+1 Tr i, ae a, Fis Tr+1 Tr, an 
Tr ‘Te=t) | tae: Too esa Tet 


for all values of n and all differentiable functions f,(zx). 
PROOF. Each of the functions 
Tes Tee ey 
can be expressed as a cofactor of A({"+!) with various parameters: 


+1 
Gs aoe 7 Ea 


Tri = (—1)P ALO) 
1 
= (-1)" Art (r) 


Trea — AY (r). 
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Hence applying the Jacobi identity (Section 3.6), 


Treo Tosi|_ | Aur tr) — (-1)R atin) 
+1 1 
ee tr lA, r) A Ae) 


SAAC DO), 
Replacing r by r — 1, 


Trt Tr | APN = APY 441) (6.6.3) 
Tr Tr—1 
He 
T= Ave (r) 
i 
= Alt) 


eG, 


Hence, 
rae) aaeke() 
/ om 1 1 
on Ay) A et) 
1 
eo ACG) Ar. a(t) 
ee yA ee (7). (6.6.4) 
Similarly, 
tf oo eee — AN (r) 
n+1 
= AR), 
ee) A, 7 
Te Th m 2 
a an = AM) (ry) AP—D (yp +1). (6.6.5) 
Replacing r by r — 1, 
/ 
ee | AMD (1) ACY (p), (6.6.6) 
Tr-1 Tr-1 
Theorem 6.7 follows from (6.6.3)—(6.6.6). Oo 
Theorem 6.8. 
Ty Tr+1 Ta 
(i, ie a0) 
es, 


PrRooF. Denote the determinant by F’. Then, Theorem 6.7 can be 
expressed in the form 


P33 Fy = Fai Fiz. 
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Applying the Jacobi identity, 


But F3,13 4 0. The theorem follows. QO 


Theorem 6.9. The Matsukidaira~Satsuma equations with one continuous 
independent variable, one discrete independent variable, and two dependent 
variables, namely 


, 
a. gi). = Or(Ur41 — Ur), 
t ! 
U 
b. =. 
Ur — Ur-1 dr — AIr—-1 


where qr and u, are functions of x, are satisfied by the functions 


Tr+1 
0p = ———"5 
Tr 
af 
Ur = 
Tr 


for all values of n and all differentiable functions f,(x). 


PROOF. 
, F 3, 
q, ~~ 72 ’ 
ee 
Ci = Vp = = 
Tr—1Tr 
jel 
tf an 2 ’ 
Fi 
Ur ent Ur—1 = 
Tr—1Tr 
OS) 
Ur+1 ao Uy SS 
TrTr+1 
Hence, 
! 
qd, Tr+1 oA 
— a qr; 
Ur+1 — Ur Tr 


which proves (a) and 


Q(t —Ur-1) Fai Fig 


which proves (b). O 
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6.6.2 A System With Two Continuous and Two Discrete 
Variables 


Let A‘ (r, s) denote the two-way Wronskian of order n defined as follows: 


/OUGR = |e aren ee (6.6.7) 
where frs = frs(z, y), Cae Ss Ese and Gray = Friis: 
Let 
Tg = Agel (6.6.8) 


Theorem 6.10. 


Tr+1,s  Tr+1,s—1 Fraley (Tra) y 


Trs Tr,s—1 (Trae Trg 
(Trs)y (7,s-1)y (Tr+1,s) 2 Tr+1,8 
Trs Tr,s—1 eae Trs 


for all values of n and all differentiable functions f,5(x, y). 


PROOF. 
he Na Ae s), 
Tr+1,3 = SAYA, 8), 
Trs+l = AY (r,s), 


1 
poste) = Ue 
Hence, applying the Jacobi identity, 


Tr+1,s+1 Tr+i,s+1 


+1 
Foi 7, aa AC (r, CN a aa 8) 
7,3 Ts 


= A+) (rp s)AP-Y)(r +1,8 +1). 
Replacing s by s—1, 


Tr+1,s  Tr+1,s—1| _ AM+) (rp, 5 = LACH (r + 1,8), (6.6.9) 


Trs Tr,s—1 
1 
(Trs)x = AGA? (r, 8), 
iL 
(Trs)y = Anns 8): 


(Trs)ay = A rs s). 
Hence, applying the Jacobi identity, 


(Trs)ay (Trs)y 


n+1 
(7; ) 7, = Av?) Gi, eG aa s) 
TS/Z Ts 


= A(t) (rp s)AM—) (r, s) (6.6.10) 


Gaeny = ee (r, a) 
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Hence, 


(Trsti)y (Trs)y 


se ees) Ce Aen n+1 ee s) 
Tr,s+1 Trs i ae 


= AM+(p, 3) AM (r, 8) 
= AMD (rp, s)AM-D(r, 541). 
Replacing s by s — 1, 
(Trs)y (Tr,s—1)y 
Trg Tr,s—1 


if 
(Tr+1,s)2 = Aye (r, Ss): 


— Alt) (p, snr LAC) (r, 8), (6.6.11) 


Hence, 


(Greg ss Tr+1,s 


We Ny Abie . 
Trade Trs = a RN ea ctaawisinn (79S) 


= AM) (pr, s)A™-U(r 41,8). (6.6.12) 
Theorem 6.10 follows from (6.6.9)—(6.6.12). Oo 
Theorem 6.11. 


Tr+1,s—1 Tr,s—1 (Trs—1)y 
Tr+1,8 Trs (Trs)y | =0. 
(7 aiee (aaa: (ey 
Proor. Denote the determinant by G. Then, Theorem 6.10 can be 
expressed in the form 


G33 Gi = G31 G3. (6.6.13) 
Applying the Jacobi identity, 
Gi Giz 
GG = 
19:13" |1G31 Gas 
==(0) 
But Gi3,13 #4 0. The theorem follows. oO 


Theorem 6.12. The Matsukidaira Satsuma equations with two contin- 
uous independent variables, two discrete independent variables, and three 
dependent variables, namely 


a. (Gals a Greats oa aia) 
‘ (Ure )x _ (Up+1,3 zi Urs)Grs 
(  ——_. O a. a a 
Urs —~ Ur,s—1 drs — Qr,s—1 
where rs, Uys, and Up, are functions of x and y, are satisfied by the 
functions 
Tr+1,s 


drs = ’ 
TS 
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_ (trs)y 


5: —) epee) 
Trs 

— (Trs)e 
Trs 


for all values of n and all differentiable functions f,.(x,y). 


PROOF. 
1 
zB, 


a= feats [ol ee fall 
Tr+1,8 Trs 


(Tr+1,8)y Gah 
Tr+1,s Trs 


(Grs)y 


Trg 
= Grs(Ur+1,s a thea: 


which proves (a). 


Gi 
Cae Saami 
Trs 
G13 
UN = Une = So 
Tr+1,sTrs 
Seen 
Urg — Ur,s—1 = 
TrsTr,s—1 
— G33 
drs — Qr,s—1 = — 
TrsTr,g—1 
Hence, referring to (6.2.13), 
(Gs a Orezi tes). _ Gir G33 


Gr ire = eee) (Ura ahs a Urs) " G31 Gi3 


b) 


which proves (b). Oo 


6.7 The Korteweg-de Vries Equation 


6.7.1 Introduction 
The KdV equation is 
uz + 6Uug + User = 0. (G27,1) 
The substitution u = 2v, transforms it into 
U, + 6u2 + Vere = 0. (6.7.2) 


Theorem 6.13. The KdV equation in the form (6.7.2) is satisfied by the 
function 


v = D,(log A), 
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where 
aS leans 


is 
ars = Opsep a bp +b, = QAsr,; 


e, = exp(—b,a + bet + €,). 


The ¢, are arbitrury constants and the b, are constants such that the b, + 
b, £0 but are otherwise arbitrary. 


Two independent proofs of this theorem are given in Sections 6.7.2 and 
6.7.3. The method of Section 6.7.2 applies nonlinear differential recurrence 
relations in a function of the cofactors of A. The method of Section 6.7.3 
involves partial derivatives with respect to the exponential functions which 
appear in the elements of A. 

It is shown in Section 6.7.4 that A is a simple multiple of a Wronskian and 
Section 6.7.5 consists of an independent proof of the Wronskian solution. 


6.7.2 The First Form of Solution 


FirsT PROOF OF THEOREM 6.1.3. The proof begins by extracting a wealth 
of information about the cofactors of A by applying the double-sum rela- 
tions (A) (D) in Section 3.4 in different ways. Apply (A) and (B) with 
f’ interpreted first as f, and then as f;. Apply (C) and (D) first with 
{- = 9; = bp, thentwith f= 9, 02. Water, apply (D) witht, = gp 
Appling (A) and (B), 
= D,(log A) = > Dbratr e, ATs 
=- > ben A™, (6.7.3) 
Dg(A%)= >" bepA” AY. (6.7.4) 


Applying (C) and (D) with f, = gr = br, 
> > [brs(br + baer + 214"? = 25d, 
which simplifies to . 
> bpep AT + > mae = S br, (6.7.5) 
a e- AAT + eran = = $(b; + b;)AY. (6.7.6) 
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Eliminating the sum common to (6.7.3) and (6.7.5) and the sum common 
to (6.7.4) and (6.7.6), 


v = D;(log A) = dee = 2b (6.7.7) 
D,(A’?) = 3(b; + b;)A4 — » yy A’ A", (6.7.8) 
Returning to (A) and (B), 
D,(log A) = Db A (6.7.9) 
D,(A¥) = — )_ be, AT AM, (6.7.10) 


Now return to (C) and (D) with f, = g, = b°. 
Dies + DBE be — 0-0, FDA = 2b (6.7.11) 
Tite At ATI + Sx (b? — by bg +a 


= 4(b3 + Bat (6.7.12) 


Eliminating the sum common to (6.7.9) and (6.7.11) and the sum common 
o (6.7.10) and (6.7.12), 


Di(log A) = 5503 — S$) > (8? — by by + 02) A™*, (6.7.13) 
D,(A%) = $7 $5 (b? = bby + 2) AA — 3(b} + 03)A%.(6.7.14) 


The derivatives vz and 1; can be evaluated in a convenient form with the 
aid of two functions ~;, and ¢,; which are defined as follows: 


ie. 0 A™, (6.7.15) 
= > bis, 
= -Y nar 


= = (6.7.16) 
They are definitions of 7;, and ¢,;. CJ 
Lemma. The function $;; satisfies the three nonlinear recurrence rela- 
tions: 


a. $i0P51 a $70Pi1 = 4(bi42,5 — i,j +2) 
b. Dz(Gij) = a 5 (bi41,3 Bi $i,j+1) ay Pi0j0; 
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c. Di($i5) = $i00j2 — $i151 + bi20;0 — $(bi43,5 + $1,543): 
Proor. Put f, =—g, = b2 in identity (D). 
(b? — b?)AY = dL rs(b2 — b2)e, + 2(b, — b,)] Ai A” 
=0 Ey (br — bs) AA" 
ros 
= 204° AP 2 Ae 
8 r r 8 
= 2(Yoitiy — Wojt1:). 
It follows that if 
Fiz = Wor; — 07 A”, 
then 
[Spee Cpe 
Furthermore, if G;; is any function with the property 
Gi = —Giy, 
then 


GF; = 0. (6.7.17) 


The proof is trivial and is obtained by interchanging the dummy suffixes. 
The proof of (a) can now be obtained by expanding the quadruple series 


S= >> (bjb} — b)bi)b, APtAT® 
P.Q,7,8 
in two different ways and equating the results. 
Se Ae A DabeA™ D dibs At 
Pq Pq 
= di0bj1 — a 
which is identical to the left side of (a). Also, referring to (6.7.17) with 


gal met) 
S =} (bb) — bibt) S> AP’ b, Ars 
PT q 8 
= 50 (bib) — b3bi) dopa 


joe 


= 5 S50 — sr +a 
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1 % j } 4 r 
= Oa > (bi 08 — bit bi) AP 


pT 
1 
= 3 (Gi+2,9 — $1,542), 
which is identical with the right side of (a). This completes the proof of 


(a). 


Referring to (6.7.8) with r,s — p,q and i,j — 7,8, 


Ben = SD ee (A") 
See j L(b 2 eT ag 
=sLvawe r +s) AT? — Be ee 


Ds 
L. 
= 5(Git15 + $1,541) ~ Pi0%j0, 
which proves (b). Part (c) is proved in a similar manner. o 


Particular cases of (a)-(c) are 


googi1 — Pin = (21 — $03), (6.7.18) 
Dz(¢00) = $10 — P60: 
Dz (G00) = 200620 — bio — $30- (6.7.19) 


The preparations for finding the derivatives of v are now complete. The 
formula for v given by (6.7.7) can be written 


v = doo0 — constant. 
Differentiating with the aid of parts (b) and (c) of the lemma, 
Vz = £10 a, Ono: 
Urx = (20 + G11 — 6bo0410 + 4490); 
Urex = +($30 + 3621 — 8h00$20 — 14¢%p, 
+48¢59¢10 — 6¢00¢11 — 24460) 
vt = 2b00b20 — io — $30. (6.7.20) 
Hence, referring to (6.7.18), 
A(u, + 6uz + Veze) = 3[(¢21 — $30) ~ 2(d00¢11 — $70) 
= 0, 


which completes the verification of the first form of solution of the KdV 
equation by means of recurrence relations. 
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6.7.3 The First Form of Solution, Second Proof 


Second Proof of Theorem 6.13. It can be seen from the definition of 
A that the variables x and t occur only in the exponential functions e,, 
1 <r <n. It is therefore possible to express the derivatives Az, Uz, At, 
and v; in terms of partial derivatives of A and v with respect to the e,. 


The basic formulas are as follows. 
If 


Y= Viet ere sn): 


then 


- Oy Oe, 
oe > Oe, Ox 


se Oy 
= - il (6.7.21) 
OYx 
Yor = — 5 bees 
0 Oy 

= Di bses d bra (cn 5) 

. Oy Ory 

= > brbses bra st + get | 


a a? 
-~ Rena > brbstrls a a ; (6.7.22) 


Further derivatives of this nature are not required. The double-sum rela- 
tions (A)-(D) in Section 3.4 are applied again but this time f’ is interpreted 
as a partial derivative with respect to an e,. 

The basic partial derivatives are as follows: 


Oe, 


de. = Ona (6.7.23) 
ars _ pager 
Oem Oem 
= Opseere (6.7.24) 


Hence, applying (A) and (B), 


O Oa 
——(loe A) = 
(log A) Y Fe A 


Oem mn 


= SE re Owen? ad 
r,3 


= Am™ (6.7.25) 
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Fa) . 
—_ ( Atv) — _ Arm gm) 
5e,, (47) Am Ams 
Let 
pea AC? 


Then, (6.7.26) can be written 


do brer ATA = 3b; + bs) AY — hirhy. 


From (6.7.27) and (6.7.26), 


Obp = pq sq 
al A me 


=~ AP. 
Let 
Gree. 
Then, 
OO, _ a 
Oey 2oaA 
= OM 
Woe. 
Oe 2. (Wye) 
Oeyoe, Oe," 


= 2Wpg AP AY + War AWVA™? + YrwppATt A”), 
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(6.7.26) 


(6.7.27) 


(6.7.28) 


(6.7.29) 


(6.7.30) 


(6.7.31) 


(6.7.32) 


which is invariant under a permutation of p, g, and r. Hence, if Gpygr is any 


function with the same property, 


56, we. 
DuG =) Crores AT. 


par > 
ObR0e; 


P97 P»Qr 


(6.7.33) 


The above relations facilitate the evaluation of the derivatives of v which, 


from (6.7.7) and (6.7.27) can be written 
Ue on — bm). 


Referring to (6.7.29), 


(6.7.34) 
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Hence, 
Ov 
Vz = a bo ae 
— ne. 0, 
Similarly, 
=— 2 b°e,0, 
1 i 
From (6.7.35) and (6.7.23), 
Ovz 06, 
Gee ~ St (tude + ere) 


00, 
= bgOq + ye dren a 


Referring to (6.7.32), 
Ov, 384 370), 
Je,O€g a = 4 * Pr (Sons “" Ge, de, ioe) 


= 08 
= (by +a) ek rege 


(6.7.35) 


(6.7.36) 


(6.7.37) 


(6.7.38) 


To obtain a formula for vzzz, put y = vz in (6.7.22), apply (6.7.37) with 


q— p and r — q, and then apply (6.7.38): 


oye Ov, 
io Soe PoP He, pee bg aera a. a6 SOE, 
p 
Pp q # 
oH  pbaepes 


Pd 


=e ea ee 
where, from (6.7.36), (6.7.32), and (6.7.31), 


os » bperOp 
Pp 
= amy 


, 06 
fe y b2 bgepeq = 
Pq q 


b 
(bee ane a 


(6.7.39) 
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= -2 7 Wbgepegpty A”, 
Pq 


S =2R. (6.7.40) 
Referring to (6.7.33), (6.7.28), and (6.7.35), 
070, 
Uw = we SPREE ae oe. 


P,Q,r 


=6 >  dpbeepegt pty > brep AP” AM 


Psd Le 


at De bpbgepegt pq [3 (bp + bg) A” — vp] 
Pd 


=6 > debgepegtptg A”! — 6) byepp Y bgeqq 
q 


Pq p 
= —(3R + 6v2). 
Hence, 
Veer = —Ue + R+4+2R— (38R4 6v2) 
a ae a 6v2), 


which completes the verification of the first form of solution of the KdV 
equation by means of partial derivatives with respect to the exponential 
functions. 


6.7.4. The Wronskian Solution 


Theorem 6.14. The determinant A in Theorem 6.7.1 can be expressed 
in the form 


A = kn(e1 €2+++€n)/?W, 


where kn is independent of x and t, and W is the Wronskian defined as 
follows: 


Ween, (6.7.41) 
where 
Oe, en, (6.7.42) 
e; = exp(—b,x + b3t + €;), (6.7.43) 
1 


wi = |] (o> — 2). (6.7.44) 
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PROOF. 
Di (gi) = ($bi)? oF *7[(—1)) Aves + os] 


so that every element in row i of W contains the factor e; Mee Removing 
all these factors from the determinant, 

(e; (CO raeae en) /2W 
Aver tyr 5b1(—Are1 + H1) (9 1)?(Are1 + 11) 
Az€2 + fg 5b2(—Aze2 + He) (3 2)?(Aze2 + pH2) °° (6.7.45) 
A3e3 +3 563(—A3e3 + 3) (363)?(Ase3 + 3) -- 


Now remove the fractions from the elements of the determinant by mul- 
tiplying column 7 by 2/—!, 1 < 7 <n, and compensate for the change in 
the value of the determinant by multiplying the left side by 


git2+3---+(n—1) = gnr(n—1)/2 


The result is 
gr(n—1)/2(e, e9---en)/*W = laiyert+ Bijln. (6.7.46) 
where 
ug = (—b;)7 A; 
a, = eet (6.7.47) 


The determinants |a;;|n, |Gij/n are both Vandermondians. Denote them. by 
U,, and V,,, respectively, and use the notation of Section 4.1.2: 


Un = |aagln = (Ar A2-*+An)|(—b)? 
= (Ai Ag- == Ap ) | Rab, (6.7.48) 
vA = Weay tree 
The determinant on the right-hand side of (6.7.46) is identical in form 
with the determinant |a;;2; + b;;|, which appears in Section 3.5.3. Hence, 
applying the theorem given there with appropriate changes in the symbols, 
eee On Ean, 

where 


(n) 


Eiz = 6436; + = (6.7.49) 
n 


and where K - is the hybrid determinant obtained by replacing row i 
of U, by row j of V,. Removing common factors from the rows of the 


determinant, 


(n) _ My (n) 
KG = On Na An) ly a 
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(n) (n) 
ey el 
cee rN 
Yi=—Ti=b; 


Hence, from (6.7.48), 


IT (op + 85) 
eeed Bal 
=e - 
(b; + 05) T] (bp — 65) 
il 
pAt 
_ __2AjH; 
(by + by) Agta | ay) 
Hence, 
Day 
Eijin = |6ij3e; + ——*+—| . 6.7.51 
iin iy) (b; + bj) Nips , ( ) 


Multiply row 7 of this determinant by A;u;, 1 < i <n, and divide column 
j by Ajj, 1 < 7 <n. These operations do not affect tie diagonal elements 
or the value of the determinant but now 


2 
|Eaj|n = |6ijee + eae, 
sa Al (6.7.52) 
It follows from (6.7.46) and (6.7.49) that 
gr(r1)/2 (6, 9 --- en) '/*W =U,A, (6.7.53) 


which completes the proof of the theorem since U,, is independent of x and 
(Be cj 


It follows that 


1 
log A = constant + 5 ) (—b,a + b3t) + log W. (6.7.54) 
i 


Hence, 
u = 2D?(log A) = 2D? (log W) (6.7.55) 


so that solutions containing A and W have equally valid claims to be 
determinantal solutions of the KdV equation. 


6.7.5 Direct Verification of the Wronskian Solution 
The substitution 
u = 2D? (log w) 
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into the KdV equation yields 


F 


Ut + 6uuU, Se Vem = 21). (4) ; (6.7.56) 


where 
F = ww — Wrz; + 32, — 4WeWeee t+ WWeeee: 
Hence, the KdV equation will be satisfied if 
des 8 (6.7.57) 


Theorem 6.15. The KdV equation in the form (6.7.56) and (6.7.57) is 
satisfied by the Wronskian w defined as follows: 


ee) | 5 
where 
p; = exp (4b?z) 93, 
$i = pies’? + aie, '/*, 
e, = exp(—b;x + bt). 


z is independent of x and t but is otherwise arbitrary. b;, pj, and q; are 
constants. 


When z = 0, p; = ;, and q; = p;, then yw; = ¢; and w = W so that this 
theorem differs little from Theorem 6.14 but the proof of Theorem 6.15 
which follows is direct and independent of the proofs of Theorems 6.13 and 
6.14. It uses the column vector notation and applies the Jacobi identity. 


PROOF. Since 
(Dp + 4D?) 4; = 0, 
it follows that 


(D, + 4D?) y; = 0. (6.7.58) 
Also 
(Be D0. (6.7.59) 
Since each row of w contains the factor exp (7b?z), 
ee 
where 


W =|Dr (bd) |, 


and is independent of z and 


B= 4) ti. 
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De: 
Hence, ww, — we = 0, 


F = wwot — Wei + 3w?., — 4We Were + WWeeer + 3(Wwz, — w?) 
= w|(w: + 4Ween)e — 3(Waeee — Wez)| 
—wz(we + 4Were) + 3(w2, — w?). (6.7.60) 
The evaluation of the derivatives of a Wronskian is facilitated by expressing 


it in column vector notation. 
Let 


We= (CpG GC, <4 (Cha Co Cran s (6.7.61) 


where 


Cj = [DE(d1) DE (a) --- D2 (n)]"- 
The significance of the row of dots above the (n — 3) columns Cy to C,,_4 
will emerge shortly. It follows from (6.7.58) and (6.7.59) that 
Dz (Cj) = C741, 
D,(Cj) = Dz (Cj) = Cj+2, 
D,(C;) = —4D3(C;) = —4C 543. (6.7.62) 


Hence, differentiating (6.7.61) and discarding determinants with two 
identical columns, 


Wz =|Co C1---Cr-4 Cn-3 Cn 2 Cn 


> 


etc. ‘The significance of the row of dots above columns Cop to C,_4 is 
beginning to emerge. These columns are common to all the determinants 
which arise in all the derivatives which appear in the second line of (6.7.60). 
They can therefore be omitted without causing confusion. 

Let 


Vee nO C me, Cnc, . (6.7.63) 
Then, Vpgr = 0 if p, q, and r are not distinct and Vopr = —Vpgr, etc. In this 
notation, 
w = Vn-3,n-2,n-1) 
Wy = Yn—3,n—-2,n» 
Wer = Vn—3,n-1,n + Vn—3,n—2,n415 
ee = Vee toi tt CVn anole! + Vn 3 n—2nt2; 
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Werer = 2Vn—3,n,n-+1 +. 3Vn—3,n—1,n+2 =f; 3Vp-2,n-1,n41 i Vn—3,n—2,n43) 


Wz = =Va=sn- in + Vaan 2 ne Ns 
Wzz = 2Vn—3,.n,n+1 = Vn—3,n—1,n+2 i Vian tinal 

Wt = AV, oneie ai Vn—3,n—1,n41 aie Wea a) Say | 
Wet = 4(Vn—3,n,n41 = Vn—3,n—2,n43): (6.7.64) 


Each of the sections in the second line of (6.7.60) simplifies as follows: 


wt + 4Were = 12Vn—3.n—1,n+1; 
(we + 4Wz22)2 = 12(Vn—2,n-1,n+1 + Vn-3,n,nt1 + Va—3,n—1,n42); 
Weeer — Wzz = 4(Vn—2,n-1,n41 + Vn—3,n—1,n42); 
(we a Arras aa Ongar aa Des) = 123 n,n 


typ We = AV a etn Vane (6.7.65) 
Hence, 
jor = Vn—3,n—2,n—1Vn—3,n,n+1 + Vn—3,n—2,n Vn—3,n—1,n+1 
+ V3. Verse (6.7.66) 
Let 
Ts 
Crai oe [ay QQ.. nelge| ; 
Ie 
Cr+2 = [G1 .. Gal ’ 
where 
a, = D7 (vr) 
B. =: DE (f,). 
Then 


Vn-3,n—2,n—-1 = An, 
Van— 3,n— an = Darr 


Viana 5s GAD. 
Van—3,n—2,n41 = Tas ee 
Vn=3.n-1,n = — ‘ Opa, 
A Tee De (6.7.67) 
rs 


Hence, le the Jacobi identity, 


aF An DD ar BoArin- fe) oA Dens | 


6.8 The Kadomtsev—Petviashvili Equation “OT 


os oe pA oy De BAM) 
r 3 


A™ A) 
= DD orbs nA PG Oe 
r 8 ae Age 
= 0, 
which completes the proof of the theorem. 0 


Exercise. Prove that 
log w = k + log W, 


where k is independent of x and, hence, that w and W yield the same 
solution of the KdV equation. 


6.8 ‘The Kadomtsev~Petviashvili Equation 


6.8.1 The Non-Wronskian Solution 
The KP equation is 
(uz + 6uttz + Uren) + 38Uyy = 0. (6.8.1) 
The substitution wu = 2v, transforms it into 
(vz + 62 + Vere)z + 3¥yy = 0. (6.8.2) 
Theorem 6.16. The KP equation in the form (6.8.2) is satisfied by the 
function 
v = D,(log A), 
where 


A= larslns 
] 
bp +.¢,° 
€r = exp [—(b, era + (bh, — cry + 4(b} + ¢f)t + Er| 
= exp[—Arz ee ie + 4\,(bo = be. c2)\t + ay 
Ap = Up Gr; 


se oor 


Org = Ors€r + 


The <, are arbitrary constants and the b, and cs are constants such that 
b- +c, #0,1<1r,s <n, but are otherwise arbitrary. 


Proor. The proof consists of a sequence of relations similar to those 
which appear in Section 6.7 on the KdV equation. Those identities which 
arise from the double-sum relations (A)—(D) in Section 3.4 are as follows: 
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Applying (A), 


v = D,(log A) = — }> Are, A™, (6.8.3) 
D,(log A) = )0 ArtrerA™, (6.8.4) 
D,(log A) = 1v (02 —beeaeecs les Ae (6.8.5) 
Applying (B), 
D,(A%) = d drer A AY, (6.8.6) 
D,(A¥) = — Samer Aa (6.8.7) 
D,(A¥) = “D> (G2 = tee eye, At Ae, (6.8.8) 


Applying (C) with 
i, f, = by, Gr = Cry 


ij, = 6 =e 
ii, f,=03, gp =e; 
in turn, 
Deal 4 i ae 2 (6.8.9) 
Ted + 2 by — C5) A? = ae (6.8.10) 


er b? re bree = c*)e,A™ + 1 (b2 = DCs at eA’ 


= S0Ar(B2 — bre +c). (6.8.11) 


Applying (D) with (i)—(iii) in turn, 


2 AT ATI + 0 AB AT = (b; +6) AY, (6.8.12) 
T,8 
SmerAtat + So (br —¢5) AA = (6? — 2) AY, (6.8.13) 


Dorr (OF — bpCr + 2)ep AA + “(2 — bpcy + 02) A AMI 


= (b3 + 3) AY. (6.8.14) 


Eliminating the sum common to (6.8.3) and (6.8.9), the sum common to 
(6.8.4) and (6.8.10) and the sum common to (6.8.5) and (6.8.11), we find 
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new formulae for the derivatives of log A: 


= D,(log A) = $7) A? — >), (6.8.15) 
Dy (log A) = — $0 (b, — cs) A"? + D> Apbir, (6.8.16) 


D, (log A) = —4 Se — bres + eA 


T,s 


+4} ~A,(b? — ber + €2). (6.8.17) 


Equations (6.8.16) and (6.8.17) are not applied below but have been 
included for their interest. 

Eliminating the sum common to (6.8.6) and (6.8.12), the sum common 
to (6.8.7) and (6.8.13), and the sum common to (6.8.8) and (6.8.14), we 
find new formulas for the derivatives of A’): 


D,(A%) = (bj +-¢;)A% — S0 APA, 


D,(A”) a —(b3 c5) AY au dalbr - c,)A¥ AM, 
D,( A”) = —4(b3 + 3) A¥ + Le bcs +. c2)A* A. (6.8.18) 


T,s 


Define functions h,;, H;;, and Hi; as follows: 


255 sy bicl AT, 


7s 
Hy = = hs =F hji = = Gs 
Hy = hy — hy =—Hy. (6.8.19) 


The derivatives of these functions are found by applying (6.8.18): 


Di(hg)= >be be ea)A — > AAP? 


Pq 
= SU bicd(br + e5)A" — Db, A™ D | ch A”? 
r,s rq p,8 
eet re a4) = 00; 
which is a nonlinear differential recurrence relation. Similarly, 
Dy, ) = high, — Gop ita, 7 Fey, 
Di (hij) = 4(hiohas — hirhiy + hizhog — hita,j — M543), 
Dy (Hi) = Hi+1,5 + Hi,j+1 — hiohog — hoihjo, 
Dy(Hij) = (hiohiy + hoshji) — (hathog + hiihjo) 
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—Hj40; + Hija. (6.8.20) 
From (6.8.15), 
v = hoo — constant. 


The derivatives of v can now be found in terms of the h;; and H,; with the 
aid of (6.8.20): 
Se = Jehu an. 
Une = Haq + Hi, — 3ho0Hi0 + 2hGo; 
Urer = 12h29H19 — 3H 4 — 4hooH20 — 3hooH11 + 3H21 
+H39 — 2hioho1 — 6hgo, 
iy == hoofio = H49 
Vyy = 2(hioh2o + horho2z) — (hioho2 + hoiheo) 
—hoo(hig — hiohor + ho1) + 2hgohir 
—2hoo Ha + H22 + hooHs0 — Hao, 


v4 = A(hoo 20 — hiohoi — H30). (6.8.21) 

Hence, 
vu, + 6u2 + Uren = 3(h2q + h2, — hooHi1 + Hor — H30). (6.8.22) 
The theorem appears after differentiating once again with respect tor. O 


6.8.2 The Wronskian Solution 
The substitution 

u = 2D? (log w) 
into the KP equation yields 


G 
eet OUleet Unger) arr stg — 2 Bs (5) ; (6.8.23) 
where 
G = wWWet — We + 3u2,, — 4WeWrer + WWerer + 3(wWWyy — wz). 
Hence, the KP equation will be satisfied if 
Ge). (6.8.24) 


The function G is identical in form with the function F in the first line 
of (6.7.60) in the section on the KdV equation, but the symbol y in this 
section and the symbol z in the KdV section have different origins. In this 
section, y is one of the three independent variables x, y, and t in the KP 
equation whereas x and t are the only independent variables in the KdV 
section and z is introduced to facilitate the analysis. 
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Theorem. The KP equation in the form (6.8.2) is satisfied by the 
Wronskian w defined as follows: 


w= |D2-* (wi) |, 
where 


dy, = exp (Fb2y) di, 

oi = pie,” a “ies, 

e; = exp(—byx + b3t) 
and b;, p;, and q; are arbitrary functions of i. 


The proof is obtained by replacing z by y in the proof of the first line of 
(6.7.60) with F’ = 0 in the KdV section. The reverse procedure is invalid. If 
the KP equation is solved first, it is not possible to solve the KdV equation 
by putting y = 0. 


6.9 The Benjamin—Ono Equation 


6.9.1 Introduction 


The notation w? = —1 is used in this section, as i and j are indispensable 
as row and column parameters. 


Theorem. The Benjamin—Ono equation in the form 
A,A* — 4[A*(Age + wAz) + A(Agz + wAz)*] =0, (6.9.1) 


where A* is the complex conjugate of A, is satisfied for all values of n by 
the determinant 


A = |aij|n, 
where 
2c; 6. Sh 
(js = AE} Y j a ‘ (6.9.2) 
aj A 
Pe0. 9 =% 
6; = Civ — ct ra Nis (6.9.3) 


and where the c; are distinct but otherwise arbitrary constants and the A; 
are arbitrary constants. 


The proof which follows is a modified version of the one given by 
Matsuno. It begins with the definitions of three determinants B, P, and Q. 
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6.9.2. Three Determinants 


The determinant A and its cofactors are closely related to the Matsuno 
determinant F and its cofactor (Section 5.4) 
A k,b, 
2¢, Arg = KnErs, 
Gy Cy Avene = Pensa 


where 
ie ||| [or (6.9.4) 
i 
The proofs are elementary. It has been proved that 
n n n 
pS 2 = SS yy Er s, 
ol nes — i) 
ae n n nr 
Ps Beare = -2)> SE Cs Ers 
pall s={l r=1 s—l 
It follows that 
a= = 3 eo (6.9.5) 
Tal tls —1 


> Dic Gi Arles =— SS i eC Ars- (6.9.6) 


r— es —l lees 


Define the determinant B as follows: 


Uo | ae 
where 
aij —1 
bj = =o jFi (6.9.7) 


w,, Gee == 1); 


It may be verified that, for all values of i and j, 
bi =—by, Fi, 
io 


a; —l= iyi (6.9.8) 


b;-—1=-a 


When j # 1, aj, = ayy, etc. 
Notes on bordered determinants are given in Section 3.7. Let P denote 
the determinant of order (n+ 2) obtained by bordering A by two rows and 
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two columns as follows: 


C1 N 
C2 1 
P= laagln ie (6.9.9) 
@, Il 
ee - —c, 0 
ae el U9 are 


and let @ denote the determinant of order (n + 2) obtained by bordering 
B in a similar manner. Four of the cofactors of P are 


1 
1 
Prtint = [ais|n En : (6.9.10) 
i 
-1 -1 = n+l 
Cl 
C2 
Weg eetes ie [geal 
Cn 
—1 -1l = 1 SOR 
= SS ic. (6.9.11) 
(f s 
1 
1 
Prt2n4+1 = — (Gain bas ; (6.9.12) 
1 
Be c= Cp Songs leita 
C1 
C2 
Prt2.n+2 = [aij]n 
Cn 
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= > eee: (6.9.13) 


The determinants A, B, P, and Q, their cofactors, and their complex 
conjugates are related as follows: 


B= Onin doe n2) (6.9.14) 
A=B+ Oreiner ls (6.9.15) 
A® = (-1)"(B — Qn4i,n41); (6.9.16) 
Pr+in+2 = Qn4i,n425 (6.9.17) 
te = (—1)" i Qaeanan (6.9.18) 
Pr+2,n+2 = Qn+2n+2 + Q, (6.9.19) 
Prtant2 = (—-1)"**(Qn+2,n42 — Q). (6.9.20) 
The proof of (6.9.14) is obvious. Equation (6.9.15) can be proved as follows: 
1 
1 
B+ Qntint = [bisln ve ; (6.9.21) 
Sl) 1) ee le, 


Note the element 1 in the bottom right-hand corner. The row operations 


RaSh ee 7. (6.9.22) 
yield 
0 
0 
B+ Qntint = [bij + Un Date (6.9.23) 
0 
Se i An 


Equation (6.9.15) follows by applying (6.9.7) and expanding the determi- 
nant by the single nonzero clement in the last column. Equation (6.9.16) can 
be proved in a similar manner. Express Qn+i,n+1 — B as a bordered deter- 
minant similar to (6.9.21) but with the element 1 in the bottom right-hand 
corner replaced by —1. The row operations 


R; =R;+Rnays, 1<i<n, (6.9.24) 


leave a single nonzero element in the last column. The result appears after 
applying the second line of (6.9.8). 


6.9 The Benjamin—Ono Equation 285 


To prove (6.9.17), perform the row operations (6.9.24) on Patins+e 
and apply (6.9.7). To prove (6.9.18), perform the same row operations on 
Po+in+2) apply the third equation in (6.9.8), and transpose the result. 

To prove (6.9.19), note that 


C1 il 
(6) 1 
bap Be 
Q + OM = ee i (6.9.25) 
@.- Il 
{eq = 65) —-Cn 0 
-1 -1 —1 0 if 


The row operations 
RR; = Boe i < 1, 


leave a single nonzero element in the last column. The result appears after 
applying the second equation in (6.9.7). 

To prove (6.9.20), note that Q — Qnie2n+2 can be expressed as a deter- 
minant similar to (6.9.25) but with the element 1 in the bottom right-hand 
corner replaced by —1. The row operations 


R= B+ Raye, a= 2, 


leave a single nonzero element in the last column. The result appears after 
applying the second equation of (6.9.8) and transposing the result. 


6.9.38 Proof of the Main Theorem 


Denote the left-hand side of (6.9.1) by F. Then, it is required to prove that 
F = 0. Applying (6.9.3), (6.9.5), (6.9.11), and (6.9.17), 


_ yn 0A a 
i —~ 00, Ox 
= ove (6.9.26) 


= wy aac, An 


= WPrtin+2 
= WQn+1,n42: (6.9.27) 


Taking the complex conjugate of (6.9.27) and referring to (6.9.18), 


A; 


zd *& 
A; = a. eee 


= (—1)"wOQn+2,n41:- 
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Hence, the first term of F is given by 
A; Ay = (=1)"" QnvinteQntantt- (6.9.28) 
Differentiating (6.9.26) and referring to (6.9.6), 


OArr 
Age =W 2 
OA,, OO 
- ae 5, Oz 
a De ps CrCg Arg ire 
= y > ieoeAee (6.9.29) 


_ yn A 
‘ £4 060, ot 
= —wW ca (6.9.30) 


Hence, applying (6.9.13) and (6.9.19), 


Age + WA; = DD "ercoA rs + ee Apr 


=D VecsAn 
te 


= £n+2.n+2 
= Qn+2,n+2 + Q. (6.9.31) 


Hence, the second term of F' is given by 


A*(Azz ar wAy) = GDMe a Qn+1.n+1)(Qn+2,n42 at Q). (6.9.32) 


Taking the complex conjugate of (6.9.31) and applying (6.9.20) and 
(6.9.15), 


(Ars + wA;)* = Arey n+2 
= (—1)"**(Qniente — Q). (6.9.33) 
Hence, the third term of F is given by 
Nel ce wA;)* = (-1)"*1(B Ss Qn+1,n+1)(Qn42,n+2 =e (6.9.34) 
Referring to (6.9.14), 
lL [A* (Azz ee wAr) te A(Azz ae wA;)*| 
a BQ — Qn+1,n+1Qn+2,n4+2 
= QO n+iatont lake a Qn+1,n+1Q9n42,n42- 
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Hence, referring to (6.9.28) and applying the Jacobi identity, 


ele = Qn+in+1 Qn+1,n4+2 
Qn+2,n+1 Qn42,n42 
= 0, 


= OO n41n42in+1n+2 


which completes the proof of the theorem. 


6.10 The Einstein and Ernst Equations 


6.10.1 Introduction 


This section is devoted to the solution of the scalar Einstein equations, 
namely 


p (Go + wp + bu:) —¢—¢t+wr+y3 = 0, (6.10.1) 


) (Yer 7 Mp ar ves) = 2(bo¥o + O22) = 0, (6.10.2) 


but before the theorems can be stated and proved, it is necessary to define 
a function u,, three determinants A, B, and EF, and to prove some lemmas. 
The notation w? = —1 is used again as i and j are indispensable as row 
and column parameters, respectively. 


6.10.2 Preparatory Lemmas 


Let the function u,(p,z) be defined as any real solution of the coupled 
equations 


OUr+1 Our TUr+1 

soo = = (ciesem 0 Bel Lote tere 6.10.3 
aot Oz z ( ) 

0 Se es ee ee (6.10.4) 
Op Oz p 


which are solved in Appendix A.11. 
Define three determinants A,, B,, and E, as follows. 


An = leap 
where 
Gye = wl" Neg), (w? = —1). (6.10.5) 
B, — \Grale 
where 


b am Ur—s; ir = § 
Sa (a1)? "User, r < 8 
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Cee = WI” "Ops: (6.10.6) 
1 +1 
Ex, = leveln = (1) AU = (-DPAR (6.10.7) 


In some detail, 


WU uo WU —U2 
An = =U Wu) Go WU, + (w? =—1), (6.10.8) 
—WU3  —UQ WU1 Uo 
AEC CceoUPHoH DEH o UO EME EEA GNG 6 o a 
Uo —Ut U2 sm Ui) 
Ul uo = thy U2 all 
B;, = | U2 U1 uo ae CU) ene ; (6.10.9) 
U3 U2 U1 uo soces 
SOR OO apo eee doo one nO OD ri 
WU 27%) C027 cee CL 
a 07) WU) Uo CU eee 
E,=|—wu3 —Ug wu. Uo °°: (wu? = —1}, (6:10:10) 
UA —WU3 —UQ WU, 
Sct SACO NE PAPER OG OMY Oto Guo Pe 
Apt) B a (6.10.11) 


A, is a symmetric Toeplitz determinant (Section 4.5.2) in which t, = 
w'u,. All the elements on and below the principal diagonal of B,, are 
positive. Those above the principal diagonal are alternately positive and 
negative. 

The notation is simplified by omitting the order n from a determinant 


or cofactor where there is no risk of confusion. Thus A,, A‘, A‘ 


ij» An, etc., 


may appear as A, A,;, A”, etc. Where the order is not equal to n, the 
appropriate order is shown explicitly. 
A and E, and their simple and scaled cofactors are related by the 
following identities: 
Ait = Ann = An-1; 

Aig = Ann=(=1)"" Bear, 

Eni = (N=! Aan: 

Enq a (-1)"" Aig, 


Epp = e))os Ape (6.10.12) 

A 2 Er 2 
@ Me (Fr) (6.10.13) 
Eon?! eS ae (6.10.14) 


Lemma 6.17. 


os 
lI 
&S 
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PROOF. Multiply the rth row of A by w~", 1 <r < nand the sth column 
by w*, 1 < s <n. The effect of these operations is to multiply A by the 
factor 1 and to multiply the element a,,; by w°~". Hence, by (6.10.6), A is 
transformed into B and the lemma is proved. D 


Unlike A, which is real, the cofactors of A are not all real. An example 
is given in the following lemma. 


Lemma 6.18. 


Ain = C= Bin (w? = —1). 


PROOF. 
] 
Ney jaa (-1)"* lee eae 
where 
Crs = Ar+1,s 
—s+l 
ew" lebip et} 
= Gr,s—I 
and 
il 
Bin a (1) a Oraleet 
where 
Brs = br+1,5 
aoe bys—1; 
that is, 


eyo 
ors ean Oe Crs: 


Multiply the rth row of A(”) by w-?!, 1 <r <n-—1 and the sth column 
by w*, 1 <s<n-—1. The effect of these operations is to multiply Aw by 
the factor 

plots terest tn 1) | ln 


and to multiply the element e,, by w*~’~'. The lemma follows. - O 


Both A and B are persymmetric (Hankel) about their secondary diag- 
onals. However, A is also symmetric about its principal diagonal, whereas 
B is neither symmetric nor skew-symmetric about its principal diagonal. 
In the analysis which follows, advantage has been taken of the fact that A 
with its complex elements possesses a higher degree of symmetry than B 
with its real elements. The expected complicated analysis has been avoided 
by replacing B and its cofactors by A and its cofactors. 
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Lemma 6.19. 
epg OApq (2 za °) 
Big a SE = || = | in 
a Be p i 
a e p—qtl 
me Pq Pq _ oper i). 
ap °° az ( p ) on 4 


Proor. If p>q—1, then, applying (6.10.3) with r — p—4q, 


Re De OP! aan 
(35+ p Jen= (55+ pag) aia ic 


‘a pegetonces 
= idl Pl tg—p) 
OAng 
ae ye 
which proves (a). To prove (b) with p > q — 1, apply (6.10.4) with r > 
p—q+1. When p < q—1, apply (6.10.3) with r — gq—p-1. Oo 
Lemma 6.20. 
Bm ni mtd 2 yin 
7 pe? eee _(m 1)E°E . 
Op Oz p 
OA OE (n —2)A7A™! 
b. AZ 2 2 aes 
5 te Ae . (w 1) 
PROOF 


E == Leonia. pe ae = Car: 
pa 
Applying the double-sum identity (B) (Section 3.4) and (6.10.12), 
OE” Cine 
=— ——et AP! pnd 


Cy apg 
_——_ pn Alq 
Oz 2d Oz gee 
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E\* Oa 
es ce Pd ppl png 
Gq) =e 
| 
Hence, referring to Lemma 6.19, 
One A\* 0A”! Ona Ban 
eas a a Pq Fng 
ae G )e ye d Gy ‘ a) a 
~p ae LP ~ Q)€pq EP! EM 


= ys pE?! es pee — SoGe"?) csnee 
q Pp 
= = bY PE” Syn — gE" %5q1 
Pp q 
_ = (nE™ << PoE): 


which is equivalent to (a). 


oA™ = oA" - x as 5a OGpq apn 4lq 


Op 
oe ny ye Be _ EP! pn4 


_-(4 , Ey 


Hence, 


& => OO . 0€pq Apr Ala 
Op Oz 
Pp 4q 
== See — a. AA" 
p a oH 


= : SA"? > 4A" = Vp sp He Tn 
q P P 


q 


=- 3 gA" ban — (p+ aren 
p 


q 


= ae = 2A'") (A™ = A), 
p 
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which is equivalent to (b). This completes the proof of Lemma 6.20. 0 


Exercise. Prove that 


1 _— 
(os = ae APY = ey OA Ara 2 (a ? a OAPI} 
ae 


Op p mt Ee Oz \aueAy, on 
n n+1) 
PM AST Bek Pee — ars (el 
Oz An Op pj) ” "\0p p An 
= (3 - a ae (2) Aptila 
Opp 
(w* = —1) 


Note that some cofactors are scaled but others are unscaled. Hence, prove 


that 
oO n-2 En-1 _ ££, 0 An-1 ae: En 
“1p A, eae ee A oe ae 


6.10.38 The Intermediate Solutions 


The solutions given in this section are not physically significant and are 
called intermediate solutions. However, they are used as a starting point in 
Section 6.10.5 to obtain physically significant solutions. 


Theorem. Equations (6.10.1) and (6.10.2) are satisfied by the function 
pairs P,(¢n,;Yn) and P(b,,P,), where 


A _ p *An-1 _ p?? 
n ae Ve ’ 
ie _ wp En-1 _ (— 1)" wp 2 _ (-1)" twp? 7 Ain 
itis Ae Eee : An-2 
All 
c On = pr—2? 
Lae Di vee 
The first two formulas are equivalent to the pair Pnii(On41,Wn41), where 
ol 
e&. dn4i = p> 


(—1)"twpr-} 


f. Wn4+1 = Er 
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Proor. The proof is by induction and applies the Backlund transforma- 
tion theorems which appear in Appendix A.12 where it is proved that if 
P(¢,W) is a solution and 


ae 
=r, 
t= -gip (6.10.15) 


then P’(¢’,~’) is also a solution. Transformation ( states that if P(¢, w) 
is a solution and 


eee 
a 

ta eel en 

Op sob? Oz’ 

ee te 

ee = G0 (w? = -1), (6.10.16) 


then P’(¢’, 7’) is also a solution. The theorem can therefore be proved by 
showing that the application of transformation y to P, gives P’ and that 
the application of Transformation @ to P’ gives Pn+1. 

Applying the Jacobi identity (Section 3.6) to the cofactors of the corner 
elements of A, 


Aft — Ain = AnAn-2. (6.10.17) 
Hence, referring to (6.10.15), 


=f, (6.10.18) 
n—2 
> Ane 
5 eo ae 
All 
~ pen-2 
=e, 
Vn = WEn—1 
G2 ae oe A, 
(—1)? 1wAl" 
= pr-2 


ae 
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Hence, the application of transformation y to P, gives Py. 
In order to prove that the application of transformation ( to PY’ gives 
P,,+41, it is required to prove that 


Pp 
On+1 = #, 
which is obviously satisfied, and 
OVn+1 = Wp On 
Op (g,)? Oz 
On, wp Op, 
Pats = 77 ze (6.10.19) 
that is, 
8 [(-1)*F4wp"! saa 2 a [(-1)"wAl” 
=7 | | = ae at eee ee 
Op Eri Oz pr 2 
oO (—1)"+ wp"! . *d [(-1)"wAlr pees 
Oz Ens ~ Seat Op 
(w? = —1). (6.10.20) 


But when the derivatives of the quotients are expanded, these two relations 
are found to be identical with the two identities in Lemma 6.10.4 which 
have already been proved. Hence, the application of transformation @ to 
P’ gives P,41 and the theorem is proved. Oo 


The solutions of (6.10.1) and (6.10.2) can now be expressed in terms of 
the determinant B and its cofactors. Referring to Lemmas 6.17 and 6.18, 


n—2B _ 
n=, 
Yn = a (ow? ==) 23, (6.10.21) 
g- Ba, 
n p-2B, 
Vn = eae n> 2. (6.10.22) 


The first few pairs of solutions are 
—w 
Pi(dv) = (£2), 
Uo Uo 
P2(¢,v) = (uo, 11), 
P3(o,%) = (ata ate) , 


ue tu?’ u2 + u? 


P3($,) = (oe “elgin “)) (6.10.23) 


Uo Uo 
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Exercise. The one-variable Hirota operators H, and H,, are defined in 
Section 5.7 and the determinants A, and E,, each of which is a function of 


p and z, are defined in (6.10.8) and (6.10.10). Apply Lemma 6.20 to prove 
that 


n—-1 


Ho (An—1; io) i Wit z\ An; ln—1) = ( ) Anil, 


2 
H,(An, En-1) a WH, (An—1,; En) = = p ) AnEn-1 (w? =—1). 
Using the notation 


K*(f,9) = (Hop + 2 Hp + Hoe) (f.9). 
where f = f(p,z) and g = g(p, z), prove also that 


n(n — 2 
KC A, ) = a TEA 


2 
{K+ ue *} A Ne ley. oy 
p p 
K*{p CER EN Gie ne tet? A \ = 
K2 {o” —4n+2)/2 4 pr(n— 2)/2 4 = =o 
K?2 {p'" pays p84} ay 


(Sasa and Satsuma) 


6.10.4 Preparatory Theorems 
Define a Vandermondian (Section 4.1.2) V2, (x) as follows: 
Van(x) = tt lon . 
= G AnD ear ee By (6.10.24) 
and let the (unsigned) minors of V2,(c) be denoted by nae (cy. Also, let 


M,(c es MOM (¢ eS V (Cie Cosgt GC ae eon) 


4,2n 
Mon(c) = Mgndn(€) = Van—1(C)- (6.10.25) 
Bap Os 
Lj = 7 J 
e,= eo /1 +27? (w? =—1) 
Eg (6.10.26) 
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where 7; is a function which appears in the Neugebauer solution and is 
defined in (6.2.20). 


Wr = . ZL (6.10.27) 
j=! vd 
Then, 
Ly - 25, — coal independent of z, 
ees = 142%. (6.10.28) 


Now, let H. ae (ec) denote the determinant of order 2n whose column vectors 
are defined as follows: 


Z eer aT" 
CH (e) = [ey eres fey ef ey Leg Gg I 
Ls 9 = 27. (6.10.29) 
Hence, 
7 
1 tere. cs (lies 
E Ej Ej &% Ej 
2n 
1 2 1 co 1 L 
ea GS C5 Se) CHE; a i Eilon: 
j 
But, 


eae) = |e; cy; Grey nes eae; ire am (6.10.31) 


The elements in the last column vector are a cyclic permutation of the 
elements in the previous column vector. Hence, applying Property (c(i)) 
in Section 2.3.1 on the cyclic permutation of columns (or rows, as in this 
case), 
-1 
2n—- 
Hf (2 )= (= 1D ie 1) He He ™)(e), 
j=1 
Hoe (1/e) _ Hie Hae) 


HO(I]e) “ey (6.10.32) 


Theorem. 
Wi4j-2 + Witglm = (—p?2)~™™-1/24 Von (c)}™- LH” (e), 


Ds ey =(- =p 5S maior LEB Vays (Co) tay) (= 


a. 


The determinants on the left are Hankelians. 
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ProoF. Proof of (a). Denote the determinant on the left by Wyn. 
2n af 
Wirg-a + wiry = > yay? ?, 
k=1 
where 


yk = (—1)*te, M;(c). (6.10.33) 


Hence, applying the lemma in Section 4.1.7 with N — 2n and n > m, 
2n _ 
Snel 
k=1 


2n m 
= > Y( Els") bel 


Keiconena Kr 0 


Won = 


where 
m 
goe=i\(lbat (6.10.34) 
r=] 


Hence, applying Identity 4 in Appendix A.3, 


1 2n k1,ko,..-Kkin ™m 
= r—1 
Saar Die ie. tae 


; k1,k2,...,km=1 J1;92s+009Jn r=2 
(6.10.35) 
Applying Theorem (b) in Section 4.1.9 on Vandermondian identities, 
1 2n : 
Wm = — ie Gi Green} (6.10.36) 
Ohh ker) 


Due to the presence of the squared Vandermondian factor, the conditions of 
Identity 3 in Appendix A.3 with N — 2n are satisfied. Also, eliminating the 
x’s using (6.10.26) and (6.10.28) and referring to Exercise 3 in Section 4.1.2, 


Se 2 
{(V (kis Thos +++12km)} =e AV caceece, > (OUD) 
Hence, 


Win = pom™m-2) Sy Yin {V (Ch Ckys+++sCkm)} + (6.10.38) 
ISkihoen <kyesere 


From (6.10.33) and (6.10.34), 


Vel) Il M;,(c), 


m1 
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where 
Ens => [[e.- 
Fal 
R= Cae (6.10.39) 
r=1 


Applying Theorem (c) in Section 4.1.8 on Vandermondian identities, 


Vico 3 Ck 423 aeons Ckon ) {Van (cy 


Yn, =(-1)*E 
m ( ) ae V (Gee, Ckoy-+° SCk) 


(6.10.40) 


Hence, 


CDA ein 


Wn = pm(m—1) 


1<ky <ke<...<km <2n 
Ble V (Cha Chay» + «ete Cr eee ts ons Chang )s (G10 AR) 


Using the Laplace formula (Section 3.3) to expand HS™ (e) by the first 
m. rows and the remaining (2n - m) rows and referring to the exercise at 
the end of Section 4.1.8, 


(m) 
Hp, (€) a > N12..-m3ky ko y.-.sKm AL2-msky kes. 
1<ky <ko<-<ky, <2n 
(6.10.42) 


Maras Rays, kin — EmV (Ck Ckay+++4 Ce) 
Ay 2..-msh so y+-sKan ay (= Miua.-rrtes ea, 
= (=1) Vie as Ch enet eel) 9G. 10ids) 


where M is the unsigned minor associated with the cofactor A and R is 
the sum of their parameters. Referring to (6.10.39), 


k= 5m(m+1)+>_ k; 


nl 
= K + 4m(m-—1). (6.10.44) 
Hence, 
He G1)" SS ExmV (Chey 1Ckas +++ sCkm) 
1<ki<ko<-<km<2n 
Vi@ivee: ; = parte) Cis) 


(Se Ce - 
— {Van(c)ye-t 


which proves part (a) of the theorem. Part (b) can be proved in a similar 
manner. g 


(6.10.45) 
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6.10.5 Physically Significant Solutions 


From the theorem in Section 6.10.2 on the intermediate solution, 


dont = prt Aan 
10) oo ? 
Aon—1 
2n—1 4(2n+1) 
wp A 
ee = 1). (6.10.46) 
2n—1 


Hence the functions ¢; and ¢_ introduced in Section 6.2.8 can be expressed 
as follows: 


C+ = danti t wont 
_ PP Aan — Avante) 


, 6.10.47 
Aon ( ) 
es = gban+1 ca WPon+1 
2n-1( 4 ate Alert) 
_ Pn (Aan + Alani) | (6.10.48) 


Moni 
It is shown in Section 4.5.2 on symmetric Toeplitz determinants that if 
Ay, = (ges ln then 
Aon-1 = 2Pn—-1Qn, 
Aon = PaQn ar Pa—~1Qn41; 


Ate te) re PrQn zm Js 9) ns (6.10.49) 
where 
Pr = 5 \t)s-3) ~ titsl, 
Qn = 3th] + tets-2|,: (6.10.50) 
Hence, 
C a Om One 
Oe 
2n—1 
Pein 
= ae 6G: 10-51 
G ja ( ) 
In the present problem, t, = w"u, (w? = —1), where u, is a solution of the 


coupled equations (6.10.3) and (6.10.4). In order to obtain the Neugebauer 
solutions, it is necessary first to choose the solution given by equations 
(A.11.8) and (A.11.9) in Appendix A.11, namely 


2n 
=a ejfr(tj) ey (6.10.52) 


’ j ’ 
jot 4/1 +27 e 


e; = (—1)7-1M;(c)e**s. (6.10.53) 


and then to choose 
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Denote this particular solution by U,. Then, 
tr = (-w)"Up, 
where 
j=l ej 


and the symbol *« denotes the complex conjugate. This function is of the 
form (4.13.3), where 


= (= Eseie) (6.10.55) 
ej 


and N = 2n. These choices of a; and N modify the function k, defined in 
(4.13.5). Denote the modified k, by w,, which is given explicitly in (6.10.3). 

Since the results of Section 4.13.2 are unaltered by replacing w by (—w), 
it follows from (4.13.22) and (4.13.23) with n — m that 


pre Oe aaa Tae ap wit4al_.s 
One (—1ymer- D722) ay jal (6.10.56) 
Applying the theorem in Section 6.10.4, 


P= OP Toga, (€) ee "HEM (e ‘ 


2 ™m— il 
Qi 20" Dre iy lc) Vee Ee (=). (6.10.57) 
Hence, 
Pa g2n-1y-2in-Dyp, (g) Han (6)_ 
Se Dap oo) Vean(e = (6.10.58) 
au Han (e) 
Also, applying (6.10.32), 
Qnt1 2n-1 ae Hy. a (ie> 
ai Van(c caro 
Qn n (1/e*) 
on—1 2 We) 
— _92n—-1,—2n 
a p "Vo, (c) He) z (6.10.59) 


Since 7; = pé;, (the third line of (6.10.26)), the functions F and G defined 
in Section 6.2.8 are given by 


FS ee) =p ee) 
C= HY) =p ae ©) (6.10.60) 
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Hence, 


Ona 7 a ie {r\ (6.10.61) 
‘ 


¢ =2*"-1y,,(c) (FH. ~~ (6.10.62) 


Finally, applying the Backlund transformation ¢ in Appendix A.12 with 
i eo V5. (CG), 
Ch = Ca ae) 
ou Ce + 92n—-1 Von(c) 
oe ae) 
1+ (F/G) 
Similarly, 
clea c*) 
14+ (F*/G*)" 
Discarding the primes, ¢~ = ¢}. Hence, referring to (6.2.13), 
b= 3(C4 +) = 9(C4 + 4), 
il Ih 
j= ay Ae Cc = AG: 
v= 5G - C= 5G -G) W=-1, (6:10.64) 
which are both real. It follows that these solutions are physically significant. 


ct (6.10.63) 


Exercise. Prove the following identities: 
Aon = On(GG* — FF"), 
Aant+1 = BnF CG, 
Agn—1 = Bn-1F'G", 
Ait) = an(GG* + FF*), 
where 


(Sjeg2e 1) Vers 1) 


Ay = on ’ 
p2n(n—1) I] ee 
cl 
s n2172n—1 
Bn = (ae Ws We ; 


a 2n 

2n2— * 

fe” INNES 
il 
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6.10.6 The Ernst Equation 
The Ernst equation, namely 

(€€" — 1)V7E = 26*(VE)’, 
is satisfied by each of the functions 


- pU,,(x) — wqU,,(y) = = 
eS ea 


where U,,(x) is a determinant of order (n + 1) obtained by bordering an 
nth-order Hankelian as follows: 


En 


oy 


L 
z°/3 
oF: 5 
Un(2) =| lake a : 
po /(2n = 1) 
i) Lae ° a, 
where 
1 2,.2(i+j—1 2,,2(i+j—-1 
eee eS eae 


and x and y are prolate spheriodal coordinates. The argument zx in U,(x) 
refers to the elements in the last column, so that U,(1) is the determinant 
obtained from U,,(x) by replacing the x in the last column only by 1. 
A note on this solution is given in Section 6.2 on brief historical notes. 
Some properties of U,,(xz) and a similar determinant V,(x) are proved in 
Section 4.10.3. 


6.11 The Relativistic Toda Equation — A Brief 
Note 


The relativistic Toda equation in a function R,, and a substitution for R,, 
in terms of U,_, and U,, are given in Section 6.2.9. The resulting equation 
can be obtained by eliminating V, and W, from the equations 


H®)(U,, Un) = 2(VaWn — U2), (6.11.1) 
aH (0, Une) = Gen 1 ee Wan, (6.11.2) 
Vi Wee 0, =e UU ee, (6.11.3) 


where H?) is the one-variable Hirota operator (Section 5.7), 
1 
V1 +e?’ 
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t 
c=t 1-0? = (6.11.4) 


Equations (6.11.1)—(6.11.3) are satisfied by the functions 
Up ees scence 


n= eatin 
We int jis (6.11.5) 


where the determinants are Casoratians (Section 4.14) of arbitrary order 
m whose elements are given by 


uig = Fj + Gij, 
1 

Vij = aiFy; + 5 Cia 
a 


w= =F ass Gate (6.11.6) 
where 
y= (2 Ye 
oy = (2) ein, 
Gis 2 + be 
a = ax + cj, (6.11.7) 


and where the a;, b;, and c; are arbitrary constants. 


Appendix A 


A.1 Miscellaneous Functions 


The Kronecker Delta Function 
= jee sm) 


eat — JO ts 4, 
yes" ) 0, otherwise. 


L, = [6ij]n, the unit matrix, 


fj 1 
he 


, ae 


1, 7 even, 
ieven = fe i odd. 
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hee 1. >t odd, 
todd") 0, 4 even. 


Lite ete) 


Ce 
414235152 0, otherwise. 


(*) 6 { eo US Sp 
7" 0, otherwise. 


()-Cer)oC) 


The lower or upper limit r = i (— 7) in a sum denotes that the limit 
was originally i, but z can be replaced by j without affecting the sum since 
the additional or rejected terms are all zero. For example, 


CO 


ee ; aaa denotes that Sa =a can be replaced by » Ga 
n(—0o) ha n Pe oo - 
X @ ) ay denotes that d i a, can be replaced by 2S C ) Oe: 


This notation has applications in simplifying multiple sums by changing 
the order of summation. For example, 


32 (B)oe=D2(Sti)m 


= p=0 


Proor. Denote the sum on the left by S, and apply the well-known 


identity 
Ss n\_ (qt 
ae) © Pa! 


| 
| 
cS 
3 
— 
ca —) 
+ + 
pay 
Nee 


The result follows. Oo 
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Other applications are found in Appendix A.4 on Appell polynomials. 


00 
re | e tds 
Ji eal T(z) 
Din + Dian! pl 253... 
The Legendre duplication formula is 
Va T (Qa) = 277 8 (e\ (2 +E), 
which is applied in Appendix A.8 on differences. 


Stirling Numbers 


The Stirling numbers of the first and second kinds, denoted by s,; and S;,, 
respectively, are defined by the relations 


- 
k 
(x), = 5 Seed ’ Sro = 5r0; 
k=0 


z” = > ere CATS cet OF ry 
k=0 


where (x), is the falling factorial function defined as 
(poe — i e2y ae 2 oa 
Stirling numbers satisfy the recurrence relations 
Sey Si-1j-1 oe 
Sig = Se-1,5-1 + JSi-1,3- 


Some values of these numbers are given in the following short tables: 
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Further values are given by Abramowitz and Stegun. Stirling numbers ap- 
pear in Section 5.6.3 on distinct matrices with nondistinct determinants 
and in Appendix A.6. 

The matrices s,,(x) and S,,(x) are defined as follows: 


1 
=F i 
a 2x7 —3x it 
S,(x) = [si2°7] = —6z2 llz? -6r 1 : 


2474 —5Ox? 3522 —1027 1 


1 
96 1 
oa x2 63a i) 
ee Pelee) 6a 1 
x4 152° 2527? 102 1 


Ae2 Permutations 


Inversions, the Permutation Symbol 


The first n positive integers 1,2,3,...,”, can be arranged in a linear se- 
quence in n! ways. For example, the first three integers can be arranged in 
3! = 6 ways, namely 


WN DK Re 
Pe wr Ww Nb 
rm bo ke Co ND CG 


3 2 


Let N,, denote the set of the first n integers arranged in ascending order of 


magnitude, 
Nee {123---n}, 
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and let J, and J, denote arrangements or permutations of the same n 
integers 

In =A a at, 

Jn = {omnes Jat 
There are n! possible sets of the form J, or J, including N,,. The num- 
bers within the set are called elements. The operation which consists of 
interchanging any two clements in a set is called an inversion. Assuming 
that J, # In, that is, j, #7, for at least two values of r, it is possible to 
transform J, into I, by means of a sequence of inversions. For example, it 


is possible to transform the set {3 5 2 1 4} into the set Ns in four steps, 
that is, by means of four inversions, as follows: 


a po. 2 ae 
thes 1: 2 
22 125 3 4 
Pee ee oe, 
4: P23 40 


The choice of inversions is clearly not unique for the transformation can 
also be accomplished as follows: 


oe oe cea ee 
Ee ao: 2 oo 
Pee 3 12 4 5 
on 2 t . 41-5 
4: 123 4 5 


No steps have been wasted in either method, that is, the methods are 
efficient and several other efficient methods can be found. If steps are wasted 
by, for example, removing an element from its final position at any stage 
of the transformation, then the number of inversions required to complete 
the transformation is increased. 

However, it is known that if the number of inversions required to trans- 
form J, into I, is odd by one method, then it is odd by all methods, and 
Jn is said to be an odd permutation of J,,. Similarly, if the number of in- 
versions required to transform J, into I, is even by one method, then it is 
even by all methods, and J, is said to be an even permutation of J. 

The permutation symbol is an expression of the form 


ete ig ig +++ tn 
a a Ja js Me ae / 


which enables I, to be compared with Jy. 
The sign of the permutation symbol, denoted by a, is defined as follows: 


Me ty 12 13 ena te 4 
o = sen = seh ee : : =(—1)"; 
2 ie (e dP ARS FEE ike ( ) 
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where m is the number of inversions required to transform J, into I,,, or 
vice versa, by any method. o = 0 if Jp is not a permutation of I,,. 


ea 
8) 9 


ne 2 ales 
ea) ai Th maa 


Permutations Associated with Pfaffians 


Examples. 


Nw ££ NY 
PP Fw 
QO > 
ees 

I 

| 

— 


Let the 2n-set {71 J1 22 J2---in jn}on denote a permutation of Non subject 
to the restriction that i, < js, 1 < s < n. However, if one permutation 
can be transformed into another by repeatedly interchanging two pairs 
of parameters of the form {i,j,} and {i,j,} then the two permutations 
are not considered to be distinct in this context. The number of distinct 
permutations is (2n)!/(2"n!). 


Examples. 

a. Put n = 2. There are three distinct permitted permutations of Na, 
including the identity permutation, which, with their appropriate signs, 
are as follows: Omitting the upper row of integers, 

sen{1234}=1, sgn{1324}=-—1, sgn{1 423} =1. 


The permutation P,{2 3 1 4}, for example, is excluded since it can be 
transformed into P{1 4 2 3} by interchanging the first and second pairs 
of integers. P, is therefore not distinct from P in this context. 

b. Put n = 3. There are 15 distinct permitted permutations of Ne, includ- 
ing the identity permutation, which, with their appropriate signs, are 
as follows: 
senj123456}=1, sgn{123546}=-1, sgn{123645}=1, 
sen{132456}=-—1, sgn{132546}=1, sgn{132645}= —1, 
sen{142356}=1, sgn{142536}=~—1, sgn{1 4263 5} =1, 
sen{152346}=—1, sgn{152436}=1, sgn{152634}=—1, 
sen{i62345}=1, sgn{162435}=-—1, sgn{16253 4} =1. 
The permutations P,{1 4 3 6 2 5} and P2{3 6 1 4 2 5}, for example, 
are excluded since they can be transformed into P{1 4 2 5 3 6} by 
interchanging appropriate pairs of integers. P; and P2 are therefore not 
distinct from P in this context. 


Lemma. 


en a ae oa 
sen 4 . 
ES a i LG 
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Die ela) (a 


1 
ff Senet 
= (oy) sen, ” 


where l<r,y<m—2, ry, #i, and3<k<m. 


Proor. The cases i = | andi > 1 are considered separately. When i = 1, 
then 2 < ry, < m-—1. Let p denote the number of inversions required to 
transform the set {r3 T4...Tm}m-—2 into the set {2 3...(m—1)}m-—a, that 


is, 
(1 =sen{ 2 eee vee) . 
ey RA aoa Tm me 
Hence 
{ = eel cal 
sen 
TS A Tm i 
2 m 
es (I De 
ae san {| m 2 3 me 
2 L253 me (m —1)m 
= p+m—2 
sen {| 298 ee on oe 
mi gpyPationene 
= (1 gn f : (es mt , 
a Ue Tm Te 


which proves the lemma when i = 1. 


When 7 > 1, let q denote the number of inversions required to transform 
the set {r3 r4---Tm }m—2 into the set {1 2---(i—1)(é+1)-++(m—1)}m—2. 


(m—1) } 
Tm m—2 


Then, 
(1) = 90 { 2 2. @-1)G4) 
Rg v4 ae ee 
Hence, 
* ee | a 
sen 
4m 73 74 Tm J mn 
la: ef tear nae 
=(- | 
( yen { mal 2 (¢—1)(@+1) 
ey aril 
a —j)jatm 
= san {| 1s G=2)ear 
- 1 293 4 os am 
(IN Geere il 
on sen {| 23 4 = ae 


za (— il peta 2 if 


. it 
ey, 1 at a 
(—1) san 


(m — 1) 


m 


(m—2) (m-—1) 


(m — 
(m— 


1) m 
1) 


, 


h, 
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which proves the lemma when i > 1. oO 


Cyclic Permutations 


The cyclic permutations of the r-set {i, ig iz ... ip} are alternately odd 
and even when r is even, and are all even when r is odd. Hence, the signs as- 
sociated with the permutations alternate when r is even but are all positive 
when r is odd. 


Examples. If 


sgn{i j} = 1, 

then 

sgn{j i} = —1. 
If 

Send7 ge) 1, 
then 

soni7 ki} = 1, 

See 9} = 2, 
If 

sgn{i j km} = 1, 

then 


sen{j7 k mi} = —-1, 
son{k mig} = 1, 
sen{mijk}=-1. 


Cyclic permutations appear in Section 3.2.4 on alien second and higher 
cofactors and in Section 4.2 on symmetric determinants. 


Exercise. Prove that 


Pil Pear Sp 9 or 
lSresjn = 98n Oe 
§; $2 S83 Sn 


1<i,jgn 
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it 


nr 
f= esas Pe 2 — 1, 
j=l 


ole Appendix 


where c;; = 0 when i,j <1 or i,j >n, then 


2n—1 a 2n—1 


io vad ye I s bis I) 
i=1 


g=1 t=nt+1 j=i4+1—-—n 


se Sacer. 


i=1 j=l 


The last step can be checked by writing out the terms in the last dou- 
ble sum in a square array and collecting them together again along 
diagonals parallel to the secondary diagonal. 

2. The interval (1,2n + 1—i-—) can be split into the two intervals (1,n + 
1—j) and (n+2—j, 2n-+1—i- 7). Let 


n dive —2—7 


i. as Dd, Fie. 


g=)! pei S— 
Then, splitting off the 2 = n term temporarily, 


n—-1 n 2n+1-i-7 n n+1—3 


S= ye De Rg ee 


desl) gail s=1 


n-l n nt+l—-j 2n+1-i-j n nt+i-j 


= Se S++» Hee 2 De Fats 


— s=1 s=n+2—) 


The first and third sums can be recombined. Hence, 


n n n+l1—j - n 2n+1—7-3 
a5 aS ee 
tle — es t=1 g=l s=n+2-79 


The identities given in 1 and 2 are applied in Section 5.2 on the 
generalized Cusick identities. 

3. If Feko...k,, iS invariant under any permutation of the parameters k;,, 
1 <r<™m, and is zero when the parameters are not distinct, then 


S bk ee S Fay ckins te N, 
Kika 1<ki<ko<-<km<oN 


PROOF. Denote the sum on the left by S and the sum on the right by 
T. Then, S consists of all the terms in which the parameters are distinct, 
whereas T consists only of those terms in which the parameters are in 
ascending order of magnitude. Hence, to obtain all the terms in S, it is 
necessary to permute the m parameters in each term of T. The number of 
these permutations is m!. Hence, S = m!T, which proves the identity. a 
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4. If Fy.x...,, iS invariant under any permutation of the parameters k,, 
1<r<m, then 


: 1 ky K25-++yKan 
> Pekertk C Rakes ben — ml! EE eee Sy C7, ae ) 
k1,k2,...Kan : k1,k2,.-..km JisJ2y-++ jm 


where the sum on the left ranges over the m! permutations of the param- 
eters and, in the inner sum on the right, the parameters j,, 1 <r <m, 
range over the m! permutations of the k,. 


PROOF. Denote the sum on the left by S. The m! permutations of the 
parameters k, give m! alternative formulae for S, which differ only in the 
order of the parameters in Gx, x,...k,,- The identity appears after summing 
these m! formulas. Oo 


Illustration. Put m = 3 and use a simpler notation. Let 


S= 3 FijnGijn- 


i,j,k 
Then, 
a » et; = S Piping 
1,k,9 2,J,k 
o= a Pe iGig = Sy Fi jp Grji- 
ky jut i,j,k 


Summing these 3! formulas for S, 


SH fey = Di Pes Gaie 1 any + +> Gra), 


ishik 
Onis 
= 3 “>> Fijx >) Gar: 
a,j,k PQsr 
5. 
nr 
5 Fy kea..-Fem Gk ke2..-kem 
k1,k2,....km=1 
1 n ki ,k2,...,hm 
i ml! S. Pie Ken > Gin 
; ky, k,.-ykm=l J sJ2y--+yJam 


The inner sum on the right is identical with the inner sum on the right 
of Identity 4 and the proof is similar to that of Identity 4. In this case, 
the number of terms in the sum on the left is m”, but the number of 
alternative formulas for this sum remains at m!. 


The identities given in 3-5 are applied in Section 6.10.3 on the Einstein 
and Ernst equations. 
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A.4_ Appell Polynomials 


Appell polynomials ¢,,(2) may be defined by means of the generating 
function relation 


aes — — bm(x)t™ 


er m! 
eae 
= oy, oe (A.4.1) 
m—) a: 
where 
atl 
=e +o (A.4.2) 
r=0 . 


Differentiating the first line of (A.4.1) with respect to x and dividing the 
result by t, 


/ a 1 
e's) _ al Pm(x yer ~ 
m=0 
m1 

=i aye i alle (A.4.3) 
Comparing the last relation with the second line of (A.4.1), it is seen that 
oo = constant, (A.4.4) 
dm = MPm-1, (A.4.5) 


which is a differential difference equation known as the Appell equation. 
Substituting (A.4.2) into the first line of (A.4.1) and using the upper and 
lower limit notation introduced in Appendix A.1, 


—— Gala yt™ a 1) ae 
yar See SF 


m=0 =O " m=r(-0) 
oe) #m co(—m) F 
= ae j= 
a Sl lex 
m=0 P=) 


Hence, 


bm(0) = Om: (A.4.6) 
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TABLE A.1. Particular Appell Polynomials and Their Generating Functions 


(1+a)™ 
m(1l+2)"—! 


(Q4a2y"+1 —_m +1 
m+1 


2” Lm (+) (Laguerre) 


_ (=))"2r)! 


Q2r 
: oer | 2-™ Hy, (x) (Hermite) 


Qart+1 = 0 
Bm(a) (Bernoulli) 


E,,(a) (Euler) 


Note: Further examples are given by Carlson. 


The first four polynomials are 


go(z) = a0, 
Dit) ene, O1, 
¢2(x) = apr’ + 2012 + ag, 


$3(z) = agx?® + 3a; 27 + 38aer +03. (A.4.7) 


Particular cases of these polynomials and their generating functions are 
given in Table 1. When expressed in matrix form, equations (A.4.7) become 


bo(z) 1 Qo 
1(x) x 1 (onl 
g2(z) | = Qr 1 a2 |. (A.4.8) 


3(z) 
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The infinite triangular matrix in (A.4.8) can be expressed in the form 
e™2 where 


Identities among this and other triangular matrices have been developed 
by Vein. The triangular matrix in (8) with its columns arranged in reverse 
order appears in Section 5.6.2. 

Denote the column vector on the left of (A.4.8) by ®(x). Then, 


@(x) = e7 26(0). 


Hence, 
(0) = e722 6(z) 
that is, 
Qo i go(x) 
Q —£ 1 o1(x) 
Oy || = o —20 1 p2(z) ’ 
a3 —z> 32% —32 1] | ¢3(z) 


which yields the relation which is inverse to the first line of (A.4.6), namely 


m 


am = (7) d(a)(-2"— (A49) 


nO 


@m(zx) is also given by the following formulas but with a lower limit for 
m. in each case: 


m—1 
= Ar OAr+1 m—r—1 
om(z) _ = z zt ? m = 1, 
r=0 
m-2|}Q, 2Ar41 OAp+e2 
bm(x) = -1 ¢ ae 2 om 2, HAO) 


7—O —l H bf 


etc. The polynomials ¢,, and the constants a, are related by the two- 
parameter identity 


Pp q 
S-(-1)" (?) dptq-rt™ = Sg (7) One", P,Q >= 0, Ls 260 0 


PS 
(A.4.11) 
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Appell Sets 


Any sequence of polynomials {¢m(z)} where @m(z) is of exact degree m 
and satisfies the Appell equation (A.4.5) is known as an Appell set. 
The sequence in which 


-1 
a — ee Cae) eee = 1,2. 3.2.5, 


satisfies (A.4.5), but its members are not of degree m. The sequence in 
which 
g2m+lm!t (m+ 1) (a+ C2) 


$m(Z) (2m +2)! 


satisfies (A.4.5), but its members are not polynomials. Hence, neither 
sequence is an Appell set. 
Carlson proved that if {¢,,} and {w,} are each Appell sets and 


Om =2°™ ae ) PrYm—r: 
7—0 


then {6,,} is also an Appell set. 
In a paper on determinants with hypergeometric elements, Burchnall 
proved that if {¢,} and {wm} are each Appell sets and 


n 


Om = So(-1)" (*) omtin—-rYr, n=0,1,2,..., 


p=10) 


then {6,,} is also an Appell set for each value of n. Burchnall’s formula can 
be expressed in the form 


n 


i. = (1) 


r=0 


Ur omtn—r 


le 
Wr41 Omtn—r41 


The generalized Appell equation 
GF, =] Oreo f = f(z), 
is satisfied by 


Om = mf); 

where ¢m(zx) is any solution of (A.4.5). For example, the equation 
ay = (ppt) oe 
eo Maas) 


is satisfied by 
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If 

(1 ae ae ars cr™mtl 

a 
then 
gmth + (—1)™c 
~ (m+1)\i tay" 
Gere 
%=T55° 


The Taylor Series Solution 


Functions ¢,,(2) which satisfy the Appell equation (A.4.5) but are not 
Appell sets according to the strict definition given above may be called 
Appell functions, but they should not be confused with the four Appell 
hypergeometric series in two variables denoted by F\, Fo, F3, and Fy, which 
are defined by Whittaker and Watson and by Erdelyi et al. 

The most general Taylor series solution of (A.4.5) for given ¢9 which is 
valid in the neighborhood of the origin is expressible in the form 


me 


dm => ("") ail [ do(u)(a—u)™-!du, m=1,2,3,.... 


r=1 
A proof is given by Vein and Dale. Hildebrand obtained a similar result by 
means of the substitution ¢, = Mm! fm, which reduces (A.4.5) to 


fe = nei. 


Multiparameter and Multivariable Appell Polynomials 


The Appell equation (A.4.5) can be generalized in several ways. The two- 
parameter equation 
Ui; = 1j-1,j7 + JUi,j-1 (A.4.12) 


is a differential partial difference equation whose general polynomial 
solution is 


a j ; ; 
we), de (*) (z) age, 1, ON... 


where the a,, are arbitrary constants. 


Uuo0 = 00; 
uig(0) = ay. 


A proof can be constructed by applying the identity 


COD OE 0-0) 
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These polynomials can be displayed in matrix form as follows: 
Let 


Uod Uo1 Uo2 
U(z) = Ulo Ui U2 
U20 «U21) =—Ua2 


Then, 
U(z) = e*2U(0)(e72)”. 
Hence, 
U(0) = e~*@U(z)(e~79)", 
that is, 
Og = SS e (2) wees’, 1,7 =0,1,2,.... 


Os —O 


Other solutions of (A.4.12) can be expressed in terms of simple Appell 
polynomials; for example, 


Uig = Di); 
| & Oy 
Be es j41 | 


Solutions of the three-parameter Appell equation, namely 
Wig, = Uji j,k + Jus gtk + hte e—1, 
include 
Uijk = Pid Pr, 
di 03 Pk 


Uigk =19i41 741 Pr41 
Pit2 742 Pk+2 


Carlson has studied polynomials ¢(2, y, z,...) which satisfy the relation 


O 
(D, + Dy + Dz +-::)bm =™Mom-1; D, ze az’ etc., 
and Carlitz has studied polynomials ¢mnp...(Z,y,2,..-) which satisty the 
relations 
DN Onn) = MOm-—1,np...s 
Ding) =a ROmn—1.p...4 
Duna) = PPOmn,p-l,...* 
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The polynomial 


satisfies the relations 


Vian = MYm-1n4+1) 
Wan oo Vm—1,n = Dien 


== MIEVm—iHn-+1- 


Exercises 
1. Prove that 


bm(z — h) = De (™) (—h)"om_r(z) 
(0) 
= Apdo. 
2. ah 
Sm(x) = yy OrPs; 
r+s=m 
Tie) a yD orbsPt, 
r+st+tt=m 
prove that 
oo — (m oe LSmats 
Sm(e+h)=S0(™*) ArSnar(a) 
7Z—0 


sake = (m ae 128 ae 


m 


m+2 
Talat h) =e ( / ) Woe weir), 
p=) 
3. Prove that 
1 [e <) 
=. Seite (=1) "cage 
Am n=0 
where 
Cm0 = ily 
1 m 
aoe es: >. 
Cmn Qn (aig Sree nol 


This determinant is of Hessenberg form, is symmetric about its sec- 
ondary diagonal, and contains no more than (m+ 1) nonzero diagonals 
parallel to and including the principal diagonal. 
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4. Prove that the vector Appell equation, namely 
Ci = jCj-1, ji 


is satisfied by the column vector 


j\ 4 (pti\" g+2\"" 
ce[()"9 CH) om CRY os 


: = T 
+n—1 
o(? ) bien tt. 
vies 


n—1 


fam = dy i) OrPn—-r, NZM, 


prove that 


Sain rae (n om ™m) fn—1,m- 


A.5 Orthogonal Polynomials 


The following brief notes relate to the Laguerre, Hermite, and Legendre 
polynomials which appear in the text. 


Laguerre Polynomials L'°)(x) and Ly (x) 


Definition. 
L(x) = (n+)! y peas) 
2 a ea) 


Ln(a) = L940) = (ty (") 5 


7—O0 
Rodrigues formula. 


rn peg Dia 
ne el e ; a 


Generating function relation. 
(1 ee ie can) pe wea; 
n=0 


Recurrence relations. 


(n +1)En41(z) — (2n+1—-—2)Ly(x) = +nLyp_-1(z) = 0, 
tL,,(x) = n[Ln(x) — Ln-1(2)); 
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Differential equation. 

tL! (x) + (1 — 2) LE) (x) +nLz(z) = 0; 
Appell relation. If 


then 
bn (x) = non-1(2). 


én(x) is the Laguerre polynomial with its coefficients arranged in reverse 
order. 


Hermite Polynomial H,,(x) 


Definition. 


N =e (OS PAP 
nls) = a N = [4n]. 


Rodrigues formula. 


H,(e)= (Cire? Deas 


Generating function relation. 


2 ~~ Hy (xyt" 
gant? _ By soe 
Recurrence relation. 
Ay41(z) — 22H, (x) + 2nHy,_1(x) = 0; 
Differential equation. 
Hy (x) — 22H} (x) + 2nHy (x) = 0; 
Appell relation. 
Hy (2) = 2n He). 


Legendre Polynomials P,,(x) 


Definition. 


1 (=U) (Gia 2rylage=?" 
Pal®) = 95 a Ge N = [$n]. 
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Rodrigues formula. 

1 
Zt 
Generating function relation. 


Rene 


d 
Dp” 2 \" ii. 
(x Nae dx’ 


(1 — 2h +h?)-? = > P,(x)h"; 
n=0 


Recurrence relations. 
(n+ 1)Pr4i(z) — (2n4+1)2P, (2) + nPp-i1(x) =0, 

(2? —1)Pl(x) = nlwPp(2) — Pps (2)} 
Differential equation. 

(1 — 2?) P" (x) — 2aP! (x) + n(n + 1)Pa(z) = 0; 
Appell relation. If 

n(x) = (1—27)-"/?P, (2), 
then 
$;,(z) = nF bn-1(2), 
where 
aaa)? 


A.6 The Generalized Geometric Series and 
Eulerian Polynomials 


The generalized geometric series ¢,(z) and the closely related function 
Um (x) are defined as follows: 


Oe | = ea (A.6.1) 
r—0 

Wm(a) = rs”. (A.6.2) 
nik 


The two sums differ only in their lower limits: 


Onl e) =v et), mm = 0; 


bo(2) =, 
WES Se 
= xG (2) 


= ae (A.6.3) 
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It follows from (A.6.2) that 

ob, = Unan, mm = 0: (A.6.4) 
The formula 

Ci Tie ne ae 
is proved in the section on differences in Appendix A.8. 


Other formulas for w,, include the following: 


Mm ¢__4\M+T p|} 
ey eae SO (Comte) © Re) 


ar: (1 —g)rt! 
ge en (—1)™*r! Sine 
= _ aa = WU. 
in 7 een (A.6.6) 


a 


where the S,,, are Stirling numbers of the second kind (Appendix A.1). 


er ail ae 
a [p (; = ==x)| Di an (Zeitlin). (A.6.7) 
Let 
1 
t=¢o=7—- 

Then, 

Wo = = aa 1), 

w= t+? 

= —t(1 —t), 


tho =Eaae toe 
=r — 1) (ee), 

Wa Eo ate ee ie 
= —t(1 —t)(1 — 6¢ + 6¢7), 

iq =t — 15t? 500° — GOE? + 24z° 
= t(1 — #)(1 — 14¢ + 36? — 24¢°). 


The function 7, satisfies the linear recurrence relations 


r—O 
i 
=: = f+ yD @L , m>1 (A639) 
ae Um+r = bei eS Um+r 
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Lawden’s function S,,,(x) is defined as follows: 
Ba(c) = (1—2)"" (2), m=20. (A.6.11) 


It follows from (A.6.5) that S,, is a polynomial of degree m in (1 —r) and 
hence is also a polynomial of degree m in x. Lawden’s investigation into 
the properties of 7, and S,, arose from the application of the z-transform 
to the solution of linear difference equations in the theory of sampling 
servomechanisms. 

The Eulerian polynomial A,,(x), not to be confused with the Euler 
polynomial E,,,(z), is defined as follows: 


Ania) = (1 —2)""'d,,(2), m> 0, (A.6.12) 
Apne 7 ee > 0, 

Ao(z) = 1, 

So(xz) = (A.6.13) 
Ayn (2) a 3 Apiat (A.6.14) 


7s 


where the coefficients A,,,, are the Eulerian numbers which are given by 
the formula 


=e if ec: —r)™, m>0,n>1, 


= Se (A.6.15) 
These numbers satisfy the recurrence relation 
Amn = (m—1+1)Am-1yn—1 + MAm-1,n- (A.6.16) 


The first few Eulerian polynomials are 
Ania) = S (aa 
Ao(x) = S2(x) = 2+ 2°, 
A3(x) = 53(r) = 2 + 4a? 4 23, 
Aq(z) = S4(x) = & + 11a? + 112° + 2%, 
As(z) = S5(x) = + 262? + 662° + 2624 + 2°. 


Sm satisfies the linear recurrence relation 


(1 — 2)Sy = (-1)"" Si = (™)a-2)"s, 


and the generating function relation 


Ve (aloe = Sin (2a 


 — et(z—1) 
m0 
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OV 
an = Viv +1 — z) 


from which it follows that S,, satisfies the nonlinear recurrence relation 


m 
Sm =(1—-2)5m + >> (a CES aa 
(e—0) 
It then follows that 


Adm a Um+1 — Ym = S- ("") VrUm—r- 


(pil) 


A.7 Symmetric Polynomials 


) 


Let the function f,(z) and the polynomials os in the n variables z;, 


1 <i<_n, be defined as follows: 


fe) =e 2) =D ee (A.7.1) 
p=il p=0 
Examples 
ol) =1, 


n 
ee 
wy = Lr, 

P= 
Guy. SS oe 
Gs = Lr s, 


l<r<s<n 


(n) _ 
(ety Lele Le, 


l<r<s<t<n 


These polynomials are known as symmetric polynomials. 
Let the function g,,(z) and the polynomials o® in the (n—1) variables 
x;,1<i<n,i#r7, be defined as follows: 


n—-1 


dor(a) = 2 = D(ayrofar (A.7.2) 
Gnn({z) = Jn2i2) (As) 


for all values of x. Hence, 


0) = gl), (A.7.4) 
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Also, 
Gaiae) = 0, p72. (A.7.5) 
Examples 
(3) _ 
05° = 21X%Q9+7%12%3 + LX3, 
of”) =1, l<r<n, 
of =%1+ Z3, 
0 =-2 
22 = 1143, 
(Ayres 
03, =%1+22+ 24, 
of = %1%2+%1%4 + F224, 
sO a 
33 — 11 L2QL4. 
Lemma. 


p=0 
PrRoor. Since 
CSG 
Gr = s a 
Suey cS y’ 
t, “o\rr : 
it follows that 
n—-1 n fore) (n) Bes 
es —l)?o, (xP ta 
ST (-yttolarts =o Uae 
s=0 p=0 q=0 ue 


Equating coefficients of 2”—1~, 


n 
(bic ea-1)’o ae? 
p=s+1 


Hence 
n 


8 
(-1)°F0f9) + D(-1Pos ag? = D(-1)Pop ar? 
p=0 p=0 


rp" f (xr) 


= 0. 


| 


The lemma follows. 


Symmetric polynomials appear in Section 4.1.2 on Vandermondians. 
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A.8& Differences 


Given a sequence {u,}, the nth h-difference of uo is written as Aj'uo and 
is defined as 


The first few differences are 
AP uo = Uo, 
A}uo = U1 — huo, 
Aj}uo = ug — Qhuy =F hu, 
A? uo = ug — 3hug + 3h7u, — h3uo. 
The inverse relation is 
ie a ae) ia 
L < r h ’ 
r= 


which is an Appell polynomial with a, = Ajuo. Simple differences are 
obtained by putting h = 1 and are denoted by A’up. 


Example A.1. If 
Up = 2", 
then 
puo = (x —h)”. 
The proof is elementary. 


Example A.2. If 


1 
= => il 
ae DF mae Pee 
then 
=| ngan 12 
A" up = (-1)r2nl" 
(2n + 1)! 
PROOF. 
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where 


ger ti 


3G in (") Orel’ 
f"(0) = Zz. (yes 


(Pid) 
Sl 27) 


fa) = f "(1-2)" dt, 
eis [ (1— #2)" dt 


n/2 
= | cos2"*+! 6 d@ 
0 


_Gyr@+t) 
2r(n + 3) 
The proof is completed by applying the Legendre duplication formula for 
the Gamma function (Appendix A.1). This result is applied at the end of 
Section 4.10.3 on bordered Yamazaki—Hori determinants. Oo 
Example A.3. If 
gett? 


tl —c 
a ar 
then 
Noy, EY SECS 
n+1 
PROOF. 
arw= Du (1) a a 
ie ys (x) + (e- 1)S(0)], 
where 


2r-+2 __ 1 


ste)= Diy (1) 


7 =e ye a. 


n+l 


a 1 ae “ i" ” (z?" —1), (The r = 0 term is zero) 
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l n+l ~{n ae l . ntl F mee l 
Se re ee 
= r=0 
1 
= S ites Zyl 0 
——|(1-24)"*! 0) 
1 
i) 
(0) iso 
The result follows. It is applied with c = 1 in Section 4.10.4 on a particular 
case of the Yamazaki—Hori determinant. O 


Example A.4. If 


CO 
Um = a ar, 
el 
then 
Gg = Oa 
Wm is the generalized geometric series (Appendix A.6). 
PROOF. 


1" = ey" rae 


s—=0 


Multiply both sides by x” and sum over r from 1 to oo. (In the sum on the 
left, the first term is zero and can therefore be omitted.) 


ax —1)"g"-! = yey @ rs, 


co m CO 
a ae wen @ Sore’, 
si s=0 r=1 
- m 
mm = ony () 
s—O 
=p. 
This result is applied in Section 5.1.2 to prove Lawden’s theorem. Oo 


A.9 The Euler and Modified Euler Theorems on 
Homogeneous Functions 


The two theorems which follow concern two distinct kinds of homogeneity 
of the function 


FS > fGen tron) (A.9.1) 
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The first is due to Euler. The second is similar in nature to Euler’s and can 
be obtained from it by means of a change of variable. 
The function f is said to be homogeneous of degree s in its variables if 


TO ip G1 AD, ae, ALy,) = Ao (A.9.2) 


Theorem A.5 (Euler). Jf the variables are independent and f is differ- 
entiable with respect to each of its variables and is also homogeneous of 
degree s in its variables, then 


eae snip, 


The proof is well known. 
The function f is said to be homogeneous of degree s in the suffixes of 
its variables if 


f (v0, At1,A722,... Aaa) = eT: (A.9.3) 


Theorem A.6 (Modified Euler). Jf the variables are independent and f 
is differentiable with respect to each of its variables and is also homogeneous 
of degree s in the suffixes of its variables, then 


PROOF. Put 
Us=A x,, 10 = Pen li A'S). 
Then, 
f (uo, U1, Ua,...,Un) SAF. 
Differentiating both sides with respect to A, 


OF tate 
Ou, dA 


_ ae 


r=0 


oY ae == SAGe sf. 
0 Our 


Put A = 1. Then, u, = xz, and the theorem appears. 0 


A proof can also be obtained from Theorem A.5 with the aid of the 
change of variable 


eee 


Both these theorems are applied in Section 4.8.7 on double-sum relations 
for Hankelians. 
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Illustration. The function 
Bauotorizs _ Cx3x\23 + Dz 


A.9.4 
Li Exgc, + Fxt ( ) 


i = Axrpr2 L426 ae 


is homogeneous of degree 4 in its variables and homogeneous of degree 12 
in the suffixes of its variables. Hence, 


6 


Yooh =4f, 


r=0 


dra gt = 125, 


A.10 Formulas Related to the Function 


(c+ Via?) 


Define functions A,,, and pn, as follows. If n is a positive integer, 


n NT 
(waeie/ +27)?" = SON ee a/l ae See” ', | AIO) 
r=0 Pall 


where 
ee oe C 3 ") g?r (A.10.2) 
n+r Dap 
A 
ae (A.10.3) 


nm 


Define the function v; as follows: 


(14 2)-¥? = Se Dee (A.10.4) 
i=0 
Then 
(-1)° (2i 
seer ; 
= Po,(0), 
Y= iF (A.10.5) 


where P,,(x) is the Legendre polynomial. 
Theorem A.7. 


n 
bin : 
DS igaivinses = 92(n—1) ? l<tcsn. 
j=1 
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PRooF. Replace z by —z~! in (A.10.1), multiply by x2”, and put x? = z. 
The result is 


n 
(-14+ v1 = apm = | + ana" | ~ (142)? So pniz™™ 

i=1 

n+l 

a a 
= DO nn=j i! — (1 a a z) )2 Yh Ape 2 
j=l 
Rearrange, multiply by (1 + z)~!/? and apply (A.10.4): 


n+l 


n 
Sout Demet = aos 42) VTE. 
j=l 


1=0 


In some detail, 


al ap HAS ae Voz? qr o8 ‘(Ann ar ae +---+2 Rie =F Anoz, ) 

a il an 
= (Lnn + fnn—12 +°- ihe 1) 4 (5) (ee) +/? (1-j+--) 
Note that there are no terms containing 2”, z”+!,...,z?"—! on the right- 
hand side and that the coefficient of z2” is 2~?”. Hence, equating coefficients 

Oe. | aren + I, 


pee 0, Weaar 
Do rns-Miti-2 = 49-9 Gon 41. 
j=l 


The theorem appears when n is replaced by (nm — 1) and is ap- 
plied in Section 4.11.3 in connection with a determinant with binomial 
elements. O 


It is convenient to redefine the functions A,, and py, for an application 
in Section 4.13.1, which, in turn, is applied in Section 6.10.5 on the Einstein 
and Ernst equations. 

If n is a positive integer, 


(x -+ V 1+ g2)?n = dn ae ion V 1+ ae (A.10.6) 


where 
nr 
— > Anr(2x)?", an even function, 
go = 1; 
n 
ale) = > Lnr(2x)7"—', an odd function, 


ho = 0. (A.10.7) 
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tno — 0 th 0: (A.10.8) 
Changing the sign of x in (A.10.6), 
— fi +22)" = gn, —hnV1 +22. (A.10.9) 
Hence, 
=a{(e+ v1.40)" + (e— V1 +2?)"}, 
hn = 3{(a + V1 + 22)?" — (@ — V1 + 2?)?"} (9/1 + 2?) (4.10.10) 
These nce satisfy the recurrence relations 


gna = (1+ 207 )Gn ae 7g hese in 


Ang = (1+ 227)hy + 229n. (A.10.11) 
Let 
fa = A{(a + V1 4.22)" + (a — 1 422)"}. (A.10.12) 
Lemmas. 
a. fon =9n 
ae oon Gn+1 — In 


2a 
PRrooFr. The proof of (a) is trivial. To prove (b), note that 


font = 3{(@ + V1 +2?)(Gn + hnV1 + 2”) 
+(x — V1 +2?)(Gn — hn V1 +2%)} 
= 29n + (1+27)An. (A.10.13) 
The result is obtained by eliminating hy from the first line of (A.10.11). 0 
In the next theorem, A is the finite-difference operator (Appendix A.8). 
Theorem A.8. 


a Jmtn + Jm—n = 29m9n; 

b. A(Gmtn—1 + Om—-n=1) = 2gnAgm-1, 

Cc. pe (a sr pve) = Agm-1Agn-—1, 

d. A(Gm+n—1 — Gm—n) = 29mAQn-1; 

€&. Iminti t Im—n = 2(1 + Go) (ges + thm)(9n + Zhn), 
f. A(g@m—n-Gmon) = 400 2 oe an), 

€- Imin — 9m—n = 2(1 + TEM CE 

h. A(9m+n-1 == 9m—n~1) = Axr(1 a ©" iin (Gm aa Dhim). 
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PROOF OF (A). Put x =sh @. Then, 
ne 1 (¢2nd 4 e72n8) 
= chy 270, 
Gm+n + Jm—n = ch(2m + 2n)0 + ch(2m — 2n)0 
=2 ch 2m@ ch 200 
= 29m9n- 
The other identities can be verified in a similar manner. O 
It will be observed that 
9n(z) = i7"T, (iz), 


where T,,(x) is the Chebyshev polynomial of the first kind (Abramowitz 
and Stegun), but this relation has not been applied in the text. 


A.11 Solutions of a Pair of Coupled Equations 


The general solution of the coupled equations which appear in Sec- 
tion 6.10.2 on the Einstein and Ernst equations, namely, 


Oye Ot TUr+41 
lates ee p= (12 Aol 
ao GE 7 r ( ) 
OUr—1 Ou, TUr-1 

= — =e A.11.2 
Be «Ce tC ( ) 


can be obtained in the form of a contour integral by applying the theory 
of the Laurent series. The solution is 
1-r Phra?) 
p*w* —2zw—-1\ dw 
© Se 


277% Ww 


where C is a contour embracing the origin in the w-plane and f(v) is an 
arbitrary function of v. 
The particular solution corresponding to f(v) = v7? is 


eS / dw 
auger OF cw" (p2w? — 2zw — 1) 


| eee eee 


where 


a= alt VPP} 
B= ale- Ve +}, (A.11.5) 
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This solution can be particularized still further using Cauchy’s theorem. 
First. allow C to embrace a but not @ and then allow C' to embrace ( but 
not a. This yields the solutions 


but since the coupled equations are linear, the difference between these two 
solutions is also a solution. This solution is 


pra" +6") _ ("fr (2/p) (A.11.6) 


(aB\r(a—B) ft Pzefp?’ 


where 
fr(z) = 9{(e+ Vi +a?) +(e — V1 +27)"}. (A.11.7) 


Since z does not appear in the coupled equations except as a differential 
operator, another particular solution is obtained by replacing z by z+ c;, 
where c; is an arbitrary constant. Denote this solution by u,;: 


—1) f(z; 
fos (ap frtj) oe z+ C; (A.11.8) 
Alas xs p 
Finally, a linear combination of these solutions, namely 
2n 
Ur = eas: (A.11.9) 
j=1 


where the e; are arbitrary constants, can be taken as a more gencral scries 
solution of the coupled equations. 

A highly specialized series solution of (A.11.1) and (A.11.2) can be ob- 
tained by replacing r by (r —1) in (A.11.1) and then eliminating u,_, using 
(A.11.2). The result is the equation 


a a a ce a 0, » ATG) 
which is satisfied by the function 
Ur =p > {anJp(np) + bnY,(np)}e*””, (A.11.11) 


where J; and Y, are Bessel functions of order r and the coefficients a,, and 
b, are arbitrary. This solution is not applied in the text. 


A.12 Backlund Transformations Sols 
A.12 Backlund Transformations 


It is shown in Section 6.2.8 on brief historical notes on the Einstein and 
Ernst equations that the equations 


Get ¢.)V7 Ge = (VG)?, 


where 
C4 =Ptuwp (w* =-1), (A.12.1) 
are equivalent to the coupled equations 
oV7b — (Vo)? + (Vp)? = 0, (A.12.2) 
OV? —2Vb-Vy~ =,0 (A123) 


which, in turn, are equivalent to the pair 
1 Pe ane v3 2 a ‘A 
p Pop a ae? et: Pez 25 Qz alr Ws Vy re 0, ( .12.4) 


O (pvp 10. pve _ 
ap (Gt) +a (Gr)=9 as 


Given one pair of solutions of (A.12.1), it is possible to construct other 
solutions by means of Backlund transformations. 


Transformation 6 

If ¢, and ¢_ are solutions of (A.12.1) and 
ch =ac_ — 5, 
GL = ay +6, 


where a,b are arbitrary constants, then ¢/, and ¢! are also solutions of 
(A.12.1). The proof is elementary. 


Transformation ¥ 
If ¢, and ¢_ are solution of (A.12.1) and 


/ = d, 
+ oe " 
Cc 
/ ee ee a d, 
Ge C 


where c and d are arbitrary constants, then ¢4, and ¢" are also solutions of 


(A.12.1). 


PROOF. 
c(Ga ec) 


5 (G4 oe a 264.¢_ u 
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Ve = Gs 

+ 
ees he . 2 (v¢.)| 
Ce on 
Hence, 
2 
Gea (y as iGo (ved 

= ((), 


This identity remains valid when ¢/, and ¢/ are interchanged, which proves 
the validity of transformation ‘y. It follows from the particular case in which 
c= landd = Othat if the pair P(¢, w) is a solution of (A.12.4) and (A.12.5) 
and 


/__¢ 

Ogee 
4 

ORR 


then the pair P’(¢’,~’) is also a solution of (A.12.4) and (A.12.5). This 
relation is applied in Section 6.10.2 on the intermediate solution of the 
Einstein equations. o 


Transformation € 


Combining transformation y and 6 with a = d= 1 and c = —2b, it is found 
that if ¢; and ¢_ are solutions of (A.12.1) and 
Gs = = As b 
ee Ga 
sat cy es 


then ¢/. and ¢/ are also solutions of (A.12.1). This transformation is ap- 
plied in Section 6.10.4 on physically significant solutions of the Einstein 
equations. 

The following formulas are well known and will be applied later. (p, z) 
are cylindrical polar coordinates: 


OV OV 
Lo OF 
Beeee z 
ap Oke) ae Be? (A.12.7) 
OV 10V~ &V 
VAY = ee 
ame ea (A.12.8) 


V-(VF)=VV-F+F.-UVV, (A.12.9) 
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V- (=) = Flo —V¢-Vy), (A.12.10) 
V-: (SF) = qa (OV —2V¢- Vw), (A.12.11) 
V" (log) = Z5|0V*# — (V8)?}, (A.12.12) 
V7 (log p) = 0. (AulaT3) 


Applying (A.12.12) and (A.12.11), the coupled equations (A.12.2) and 
(A.12.3) become 


¢°V"7 (log ¢) + (Vw)? = 0, (A.12.14) 
Vv: (=F) = 0) (A.12.15) 


Transformation 3 (Ehlers) 


If the pair P(¢, w) is a solution of (A.12.4) and (A.12.5), and ¢’ and y” are 
functions which satisfy the relations 


a $= 4 
ay! _ _wp Ov 
Op ~— b?- Oz’ 


Cc. cay oe Op’ wW 
then the pair P’(¢’, ~’) is also a solution. 
Proor. Applying (A.12.6) and (A.12.7) to (A.12.15), 


1 Op 1 Op\ | 
¥ (gap ge oe) ~° 


i, 55) + 5 (Bae) =? 
Op \ ¢? Op Oz \ gd? dz 


which is satisfied by (b) and (c). Eliminating 7 from (b) and (c), 


a eerily #* ex 

Op \ p Op ee | 
OP yp)! 7 il Ou! O2y! is oe de Ow! ag ) 
OF pop 022 \Opsdp 9d2%02 )- 

Hence, referring to (A.12.8) and (a), 

Be Ea 
@ 9 Op 


Op. @* Cz 702 


ae (oi 2 (2) 
~ p \Op\o/) dp dz\¢e/) Oz 
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1 (oe 
d' \ 0p Op Oz Oz 
Hence, 

¢'V2y)' — 2V¢'- Vu! = 0. (A.12.16) 
Referring to (a) and applying (A.12.13), 


log $’ = log p — log 4, 
V7 (log ¢’) = —V? (log 4). 
From (b) and (c), 


a 


2 
# (Vip). 


(Vy)? = 
Hence, referring to (A.12.14), 
$'V? db! — (V9')? + (Vu')? = 4?V? (log ’) + (Vy')? 
= - £16? Vlog) + (V9)? 
=) (A. 12eie) 


Equations (A.12.17) and (A.12.16) are respectively identical in form with 
(A.12.2) and (A.12.3), which proves the validity of transformation 6. 0 


A third transformation denoted by a is merely y (with c = 1 and d = 0) 
followed by £: 


a0 o7, 
Note that 
(Bo7)Pr = Pati, 
whereas 
(7° 8)Pn = Pr-1. 


The solutions P’, n > 1, and P,, n > 2, and their relationships with 
transformations a, @, and y (with c = 1 and d = 0) are displayed in the 
following diagram: 


a o 
PS) Sg 


oy n+l 
By A te 1 4B WA 
2 
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